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Chapitre 1

INTRODUCTION

Dans cette thése nous nous sommes intéressés a trois types de problémes :

— Etude de la convergence en loi du supremum du temps local d’'une diffusion
transiente en milieu brownien ou Lévy spectralement négatif.

— Etude du comportement presque str du supremum du temps local d'une telle
diffusion.

— Etude des fonctionnelles exponentielles de certains processus de Lévy condi-
tionnés a rester positif.

Bien que le troisieme probléme ait été traité séparément et semble peu lié au deux
autres, il joue en réalité un role crucial pour ’étude de ces derniers. Nous montrerons
notamment qu’il existe un lien trés explicite entre le comportement presque stir du
supremum du temps local que nous étudions et les propriétés que nous établissons sur
les fonctionnelles exponentielles des processus de Lévy conditionnés a rester positif.

— Chapitre 2 : Nous étudions la convergence en loi du supremum du temps lo-
cal et du point favori d’une diffusion transiente dans environnement brownien
r-drifté W, ot 0 < k < 1. Les lois limites obtenues sont exprimées comme
des fonctionnelles d’un subordinateur s-stable bidimensionnel. Notre étude
consiste en particulier & mettre en évidence une structure de renouvellement
pour la diffusion.

— Chapitre 3 : Nous étudions les propriétés des fonctionnelles exponentielles
fOJrOO e~ X"Wdt ou X1 est un processus de Lévy spectralement négatif ou positif
conditionné a rester positif. Nous avons en particulier étudié leur finitude, leur
auto-décomposabilité, 'existence de moments exponentiels, leur queue en 0,
I'existence et la régularité de leur densité.

— Chapitre 4 : Nous étudions la convergence en loi du supremum du temps
local et du point favori d’'une diffusion transiente en environnement Lévy
spectralement négatif. Il s’agit en grande partie d’une généralisation des ré-
sultats du Chapitre 2 a des environnements plus généraux. Ce travail passe
en particulier par ’étude des h-vallées de I’environnement et de la répartition
asymptotique des h-minima.
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— Chapitre 5 : Nous étudions le comportement presque stir du supremum du
temps local d'une diffusion transiente en environnement Lévy spectralement
négatif. Nous montrons en particulier que ce comportement est lié a la queue
en 0 de la fonctionnelle exponentielle de ’environnement conditionné & rester
positif.

La suite de cette introduction présente les différents objets étudiés ainsi que les
principaux résultats obtenus.

1.1 Diffusion en milieu aléatoire

La notion de marche ou de diffusion dans un environnement aléatoire généralise
la notion de processus Markovien dans le sens otl une telle marche ou diffusion
est un mélange de processus Markoviens. Ces marches ou diffusions modélisent le
probléme d’'un déplacement aléatoire dans un milieu qui est lui-méme aléatoire et qui
présente, selon le modéle choisi, une certaine hétérogénéité qui influe grandement sur
le comportement global du processus. Dans le cas discret cela revient a considérer
une marche aléatoire au plus proche voisin dont les probabilités de transitions sont
elles-méme choisies aléatoirement. De telles marches s’appellent marches aléatoires
en milieu aléatoire (abrégé en RWRE pour le terme anglais Random Walk in Random
environnement) et ont été introduites en 1967 par Chernov [23| pour modéliser la
réplication de ’A.D.N. Plus récemment, Lubensky et Nelson [49] font aussi usage de
ces marches pour modéliser d’autres phénomeénes en génétique. Notons également
Temkin [71]| pour des applications de ces marches a la métallurgie.

1.1.1 Définition et propriétés de la diffusion

Dans le cas continu auquel nous nous sommes intéressés, on considére le processus
de diffusion (X¢):>p qui se déplace dans un potentiel aléatoire (V(z), = € R), c’est-
a-dire la solution de I’équation différentielle stochastique suivante :

{ dX, = —LV'(X,)dt + dB; (1.1.1)

X[):O

ol B est un mouvement brownien indépendant de V. Dans ce qui suit nous prenons
comme potentiel V' un mouvement brownien drifté ou non, ou plus généralement un
processus de Lévy (indexé par R et nul en 0 par convention). Pour de tels potentiels
qui ne sont pas dérivables I’équation (1.1.1) est purement formelle et la diffusion X
doit étre définie conditionnellement & V' par son générateur :

1 d d
Ay = —V(@) 2 =Viz) =
v 26 dxe dx

Sous des hypothéses de régularité du potentiel, le calcul stochastique permet d’ex-
primer une diffusion ayant ce générateur comme un mouvement brownien changé en
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temps et en espace, ce qui autorise des calculs explicites sur la diffusion. Plus pré-
cisément, soit B un mouvement brownien indépendant de V', définissons Sy (z) :=
Jy €V du et pour 0 < s < 7(B, f0+°° eVWdu), ot 7(B, a) est le temps d’atteinte de
a par B, posons

Ty(s) = / =2V S (B gy
0

On montre qu’en posant
X(t) = Sy (B(Ty (1)),
on définit une diffusion qui, conditionnellement & V', a pour générateur Ay .

Pour I’étude d'une telle diffusion comme pour celle des RWRE il faut tenir compte
d’une part de ’aléa du au milieu et d’autre part de celui du au déplacement aléatoire,
cela implique de travailler avec plusieurs mesures de probabilité. On note en général
PV pour la loi de X conditionnellement & ’environnement V. Sous cette loi, appelée
communément loi quenched, la diffusion X est un processus Markovien. On note P
pour la loi de probabilité dite annealed qui est la moyennisation de la loi quenched
sur tous les environnements : P := PV (.)P(dV) (ot P(dV) désigne ici la loi de
I'environnement). Le caractére Markovien de X est perdu sous la loi annealed mais
cette derniére bénéficie des éventuelles propriétés d’invariance que présente la loi
de l'environnement. L’étude d’un processus en environnement aléatoire nécessite
de bien choisir la mesure de probabilité utilisée, on parle selon le cas de méthodes
quenched ou de méthodes annealed.

Si V = W est mouvement brownien sans drift (dans ce cas la diffusion est appelé
processus de Brox) la diffusion X est récurrente et converge en loi :

Theorem 1.1.1 (Brox [17], 1986). Pour le processus de Brot,
(log(£)) *X () 5 e,
0l My, est une variable aléatoire non dégénérée dépendant de [’environnement.

Notons que le probléme analogue pour le cas discret a aussi été étudié par Sinai
[63] qui, en 1982, avait obtenu la convergence en loi des RWRE récurrentes avec la
méme renormalisation. La distribution limite des RWRE récurrentes a été explici-
tée indépendamment par Kesten [47| et Golosov [42] en 1986, il s’agit de la méme
distribution limite que pour le processus de Brox.

La lenteur du processus de Brox et des RWRE récurrentes par rapport respective-
ment au mouvement brownien et & la marche aléatoire simple classique (qui ont une
vitesse en /f) vient de I'’hétérogénéité des environnements aléatoires. Ceux-ci pré-
sentent en effet des puits de potentiel au fond desquels les diffusions (ou les RWRE)
resteront piégées un certain temps avant d’en sortir, ce qui va considérablement les
ralentir. Les puits de potentiels jouent un role extrémement important pour étudier
la localisation des processus en milieu aléatoire et déterminer les points qu’ils ont le
plus visités. La preuve du Théoréme 1.1.1 se base d’ailleurs sur la localisation de la
diffusion au fond d’un certain puits de potentiel et la loi limite m., correspond & la
distribution asymptotique du fond de ce puits.
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Si V(xz) = We(z) := W(z) — 52 est mouvement brownien drifté, la diffusion X
est transiente et son comportement, qui dépend de la valeur de k, a été étudié par
Kawazu et Tanaka [45] :

Theorem 1.1.2 (Kawazu, Tanaka [45]|, 1995). On suppose que V = W,; :
— $10 < Kk <1 alors t "X (t) converge en loi vers une distribution de Mittag-
Leffler d’indice k,
— si k=1 alors (t/log(t)) ' X (t) converge en probabilité vers 1/4,
— si k> 1 alors t71X(t) converge presque stirement vers (k — 1) /4.

Ces résultats ont par la suite été précisés par Kawazu et Tanaka [46], Tanaka [70]
et Hu, Shi et Yor [44] qui, lorsque x > 1, exhibent plusieurs comportements possibles
et prouvent des théoremes de type central limite. Notons aussi que, comme pour le
Théoréme 1.1.1, le Théoreme 1.1.2 a également été précédé d’un résultat analogue
pour les RWRE prouvé en 1975 par Kesten, Kozlov et Spitzer [48]. Ils observent,
pour les RWRE transientes, les mémes trois types de régimes possibles en fonction
d’un paramétre k, dépendant de I’environnement et qui joue un roéle analogue a celui
du cas continu. Dans le cas des RWRE transientes a vitesse nulle, leur résultat a
été récemment retrouvé et explicité par Enriquez, Sabot et Zindy [35] avec d’autres
méthodes.

Le comportement de la diffusion a également été étudié dans le cas ot le potentiel
est un processus de Lévy par Carmona [18], Cheliotis [21] et Singh [66], [64], [65].
Dans [66], Singh généralise notamment les résultats de Kawazu et Tanaka au cas ou
I’environnement V' est un processus de Lévy spectralement négatif.

Notons également que la diffusion en milieu aléatoire a été étudiée en dimension
supérieure a 1 par Tanaka [68] et Mathieu [50], [51].

1.1.2 Temps local et point favori

Pour la diffusion X que nous venons de définir, il existe un phénomeéne de lo-
calisation dans les puits ou wvallées du potentiel. Le taux d’occupation d'un point x
de l'espace par la diffusion avant le temps ¢ est "mesuré" par Lx (¢, x) ot Lx est le
processus temps local de X, c’est-a-dire la version continue en temps et cad-lag en
espace de la densité de la mesure d’occupation de la diffusion :

Vi >0, Vf € L™, /0 F(X,)ds = /R ) Lx(t,y)dy.

Cette relation implique en particulier I'approximation

1t
Lx (t, .1') = lim — ]lX(s)e[:p,ache} ds
=0 € Jg
qui donne du sens a l'affirmation selon laquelle £x (¢, ) "mesure" le taux d’occupa-
tion de x jusqu’au temps £, et qui peut étre utilisée comme définition alternative du
temps local.
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Nous nous sommes intéressés plus particulierement a L%, le supremum du temps
local au temps ¢ :
L (t) =sup Lx(t, ).
zeR
Dans le cas ou le potentiel V' de la diffusion est mouvement brownien sans drift
(c’est-a-dire dans le cas du processus de Brox) Shi [61] a étudié le comportement
presque str de L% et montré que
P-p.s. limsup Ly (t) > i (1.1.2)
t—+o0 tlog(log(log(t))) — 32

Plus tard Andreoletti et Diel [5] ont établi la convergence en loi de L% (t)/t :

Theorem 1.1.3 (Andreoletti, Diel [5], 2010). Pour le processus de Broz,

L% (t) i> 1
t totoo fj;o e—R@) dg

Y

ot —=» désigne la convergence en loi sous la probabilité annealed P et ou R(x) :=
Ry(—2)1,<0 + Ro(x)1,>0, Ry et Ry étant deux processus de Bessel de dimension 3,
1ssus de 0 et indépendants.

Diel |29] a ensuite poursuivi I’étude de Shi [61] en obtenant les renormalisations
exactes pour les limites supérieures et inférieures ainsi qu’un encadrement de ces
limites :

Theorem 1.1.4 (Diel [29], 2011). Pour le processus de Broz,

Lx(t)
P-p.s. limsu X <
e BEEE Hlog(log(log (1)) =

Py

e? > L3 () e*n?
— et = < liminf < ,
2 64 7 t—+oo t/log(log(log(t))) 4

ol jo est la plus petite racine strictement positive de la fonction de Bessel Jj.

Dans le cas ou le potentiel V' de la diffusion est W, le mouvement brownien
r-drifté, Devulder [28] a obtenu par des méthodes annealed la convergence en loi et
le comportement presque stir de L% danslescas k =1let K > 1:

Theorem 1.1.5 (Devulder [28], 2016). Si V = W, alors, pour les convergences en
loi :

sik =1, Li(t)/t"/" t% F(1,1/2), (1.1.3)
——+00
sir > 1, Li(t)/tF ti+> F(k, A2 (ks — 1)/8)Y/%), (1.1.4)

ot, pour a,, s > 0, F(a, s) est la distribution de Fréchet de paramétres « et s, c’est-
a-dire la lot de fonction de repartition

Fla,s)([0,t]) = e /D7, (1.1.5)
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Pour les convergences presque sires : pour a une fonction positive croissante, Si
k>1ona

=1 < 4oo ciy o
; na(n) { — oo TR i) e { oo PP (1.1.6)
et P-p.s limin Lx() — A2 (K — 1/k
s lmint o o e = A= 1)/8) (1.1.7)
L5 (1)

Stk =1, P-p.s liminf <1/2. 1.1.8

L P-5 BENS 1/ Tog (1) log(log(t)) = / (1.1.8)

Dans le cas ou 0 < kK < 1 les méthodes annealed sont beaucoup moins efficaces

et Devulder [28] obtient des résultats partiels pour le comportement presque str du

temps local. Il prouve notamment que la renormalisation de la lim sup doit étre plus
grande que ¢ :

Lx(t)

P-a.s. limsup = +o0, (1.1.9)

t——+00

et que la renormalisation de la liminf est au plus ¢/log(log(t)) et plus grande que
t/(log(t))Y*(log(log(t)))/®*¢ (pour tout € > 0) :

. L5 (1)
-a.S. —— = < L
P-a.s 1%I—>n+1?of og(log®) = C(k), (1.1.10)

. Lx(t)
Ve >0, P-as. liminf t/(log(t))"/=(log(log(t)))2/m)+e

ot C'(k) est une constant positive non explicite.

= +o0, (1.1.11)

Peu de choses sont connus pour des environnements plus généraux. Notons tout
de méme Diel et Voisin [30] qui généralisent les résultats de [5] (et donc en parti-
culier la convergence en loi du Théoréme 1.1.3) au cas o 'environnement V' est un
processus de Lévy a-stable avec o € [1,2].

Dans le cas des RWRE le temps local au point x et a Uinstant n, noté £(n, ),
correspond tout simplement au nombre de visite du point x jusqu’a l'instant n. Le
supremum du temps local a 'instant n est noté &*. Pour les RWRE récurrentes,
la convergence en loi de £*(n)/n a été établie par Gantert, Peres et Shi [40] qui
obtiennent également la lim sup :

P-p.s. limsup&*(n)/n = C, (1.1.12)
n——+o0o
ou C' est une constante explicite dépendant de la loi de ’environnement. La lim inf
a ensuite été étudiée par Dembo, Gantert, Peres et Shi [26] qui obtiennent un ré-
sultat analogue a celui du Théoréme 1.1.4 (établi par Diel [29] pour le cas continu
récurrent) :

P-p.s. 0 < liminf &) < 4o00.

n—+oo 1/ log(log(log(n)))
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Remark 1.1.6. On constate une différence entre le résultat (1.1.12) et celui du cas
continu récurrent donné par (1.1.2) et par le Théoreme 1.1.4. Cela provient du fait
que le puits de potentiel contenant la diffusion au temps t peut étre beaucoup plus
abrupte dans le cas continu que dans le cas discret, ce qui autorise de plus grandes
valeurs pour le supremum du temps local et induit cette différence de renormalisation.

Pour les RWRE transientes, le comportement presque str du supremum du temps
local, plus précisément la lim sup, a été étudié par Gantert et Shi [41]. Tls distinguent
deux cas : 0 < Kk < 1l et k > 1, o k dépend de la loi de 'environnement et est
défini comme dans [48| (ou est prouvé 'analogue du Théoréme 1.1.2 pour les RWRE
transientes). Pour x > 1 ils obtiennent un résultat analogue a (1.1.6) (établi par
Devulder [28]) : soit a une fonction positive croissante, on a

+00

1 <+ * 0
E > & lim sup Ln)l = P-p.s. (1.1.13)
—t na(n) | =+oo oo (na(n))l/s + 00

Lorsque 0 < k < 1 leur résultat est similaire a celui du cas récurrent :

P-p.s. 0 < limsup &£*(n)/n < +o0. (1.1.14)

n—-+00

Pour en revenir au cas de la diffusion continue, un probléme trés lié a la fois au
comportement asymptotique de L% (t) et a celui de la localisation de la diffusion
est de déterminer le comportement du point favori au temps t, c’est-a-dire le point
F*(t) en lequel est atteint le supremum du temps local au temps ¢ :

F*(t) :=inf{z € R, Lx(t,z)V Lx(t,z—) = L%(t)}. (1.1.15)

La localisation des diffusions se fait généralement autour de minima locaux du
potentiel. On appelle h-minimum la position du fond d’un puits de potentiel de
hauteur au moins h (voir le Chapitre 2, un peu avant le Théoréme 2.1.2 pour une
définition rigoureuse des h-minima), et le puits de potentiel associé est appelé h-
vallée. La notion de A-minimum du mouvement brownien a été introduite et étudiée
par Neveu et Pitman [53|. Pour le processus de Brox, Cheliotis [22] a montré que le
point favori F*(t) est proche en probabilité du minimum de la log(t)-vallée contenant
0, qui est également le point prés duquel est localisée la diffusion au temps t. Ce
résultat est généralisé par Diel et Voisin dans [30] pour la diffusion en milieu Lévy
a-stable avec a € [1,2]. Notons que le probléme du point favori a aussi été étudié
pour les RWRE récurrentes par Hu et Shi [43].

Notre travail se situe dans la continuité des résultats présentés dans cette section.
Nous étudions des problémes de convergence en loi du supremum du temps local et du
point favori aux Chapitres Il et IV, et nous étudions des problémes de comportement
presque str au Chapitre 5 oti, notamment, nous améliorons les résultats partiels
(1.1.9), (1.1.10) et (1.1.11) dans un contexte plus général.
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1.2 Processus de Lévy et fonctionnelles exponen-
tielles

1.2.1 Processus de Lévy

Un processus de Lévy réel est un processus stochastique valant 0 a l'origine,
a accroissements indépendants et stationnaires, dont les trajectoires sont presque
strement cad-lag. Nous nous référons notamment aux livres de Bertoin [8] et Sato
[59] pour une vision d’ensemble sur ces processus et pour les preuves des propriétés
mentionnées dans cette section. Il est connu que la loi d’un processus de Lévy réel
(Y(t), t > 0) est caractérisée par les lois 1-dimensionnelles de celui-ci. Pour ¢ > 0,
la fonction caractéristique de Y'(¢) peut étre mise sous la forme

E [e6 ()] = ¢tor(©),

ou Yy est appelé exposant caractéristique de Y. 1y est donné par la formule de
Lévy-Khintchine :

Yy (§) = —%52 +iv§ + /(eigm — 1 — il y1)v(da), (1.2.1)

R

ou ) > 0,v € Ret v est une mesure de Lévy sur R, c¢’est-a-dire une mesure supportée
par R\{0} telle que [(1 A 2?)v(dx) < +oo. Un tel triplet (Q,7,v) est unique et est
appelé triplet générateur de Y. Réciproquement, & chaque triplet (Q,~,v) vérifiant
les propriétés ci-dessus correspond un (unique) processus de Lévy réel. Pour z € R,
Y, désigne en général le processus Y issu de x, qui est égal en loi & x + Y.

Les exemples les plus simples de processus de Lévy sont le mouvement brow-
nien (éventuellement drifté) et les processus de Poisson composés. Dans la formule
(1.2.1), le premier terme correspond & une composante Gaussienne, le deuxiéme a
une composante de drift et le troisiéme & une composante de sauts compensée par un
drift. Mouvement brownien et processus de Poisson composés sont donc en quelque
sorte les ingrédients de base a partir desquels peuvent étre construits tous les pro-
cessus de Lévy. Une telle représentation des processus de Lévy est en effet donnée
par la décomposition de Lévy-Ito qui illustre (1.2.1) en décomposant Y comme une
somme de deux processus indépendants : un mouvement brownien (éventuellement
drifté) et une limite de processus de Poisson composés (dont les petits sauts sont
éventuellement compensés par un drift).

Du fait de ses accroissements indépendants et stationnaires, un processus de Lévy
est généralement considéré comme l’analogue continu d’une marche aléatoire. Si en
particulier E[|Y(1)|] < 400 alors Y satisfait a la loi des grand nombres :

Y(t)/t 25 E[Y(1)].

t—+o00
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Plus généralement un processus de Lévy réel non nul posséde, comme pour les

marches aléatoires réelles, trois types de comportements asymptotiques possibles :
lim Y (t) = —oo, liminf Y (¢) = —oco et limsup Y (¢) = 400, lim Y (¢) = 400,

t—4o00 t——+o00 t—4oco t——+00

ou toutes les limites sont ici des limites presque siires. Dans le deuxiéme cas on dit

généralement que Y oscille. Un critére général pour déterminer le comportement de
Y est donné par la valeur des intégrales

I = /+OO tP(Y(t) <0)dt et I, := /+OO t'P (Y (t) > 0)dt.

Sil_ < +oo alors Y converge vers —oo, si I, < 400 alors Y converge vers +o00, et
si [_ =1, =+o0 alors Y oscille.

1.2.2 Processus de Lévy spectralement négatif

Nous considérons le cas d’un processus de Lévy réel V' ne possédant presque
stirement aucun saut positif. Si (Q),~, v) désigne son triplet générateur, ’absence de
sauts positifs se traduit par le fait que v(]0, +00[) = 0. Un tel processus V' est dit
spectralement négatif. L’exemple le plus simple de processus de Lévy spectralement
négatif est celui du mouvement brownien, drifté ou non. Il est possible de montrer
que V (t) admet une transformée de Laplace sur le demi-plan complexe positif {\ €
C, R(\) > 0} et dont la forme est la suivante :

Vi, A >0, E [V 0] = T,
Wy est appelé exposant de Laplace de V' et est un prolongement de 1)y sur le demi-
plan complexe positif : ¥y (§) = Wy (i€). Par prolongement analytique, 1'expression
de Wy se déduit de (1.2.1) :

\I’V(/\) = %)\2 + YA+ /0 (6)‘:0 —-1- /\:Bll‘x|<1)1/(daj). (1.2.2)

Comme cela est habituellement le cas dans ’étude des processus de Lévy spectra-
lement négatifs, nous excluons le cas ot V' est monotone. La restriction de Uy a la
demi-droite des nombre réels positifs a alors la propriété de tendre vers 'infini en
+00, de plus elle est convexe et nulle en 0. Il est donc possible de définir pour tout
q positif : @y (q) := sup{\ > 0, Uy (A) = ¢}. On montre (voir [8]) que V tend vers
—00, oscille ou tend vers +oo selon que ¥/, (0+) < 0, ¥}, (0+) = 0 ou ¥{,(0+) > 0.
Dans le cas ou V tend vers —oo, le supremum du processus V' sur [0, +oo[ suit une
loi exponentielle de parameétre ®y(0).

Pour A un borélien, définissons le premier temps de passage de V dans A :

T(V,A) :=inf{t >0, V(t) € A},
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et nous notons plus simplement 7(V,y) pour 7(V,{y}). Comme nous venons de le
voir, le comportement asymptotique des processus de Lévy spectralement négatifs
se détermine assez simplement. L’intérét de ces processus vient souvent du fait qu’ils
atteignent chaque niveau positif contintiment : 7(V, [y, +oo]) = 7(V,y), ce qui per-
met d’appliquer facilement la propriété de Markov en 7(V, [y, +00[) et confére de
bonnes propriétés au processus des temps d’atteinte (7(V, [y, +00[), y > 0) qui est
un subordinateur (i.e. un processus de Lévy croissant) dont la transformée de La-
place s’exprime en fonction de ®y :

Yy, A >0, E [e " Vlvteol] = gmvtvid), (1.2.3)

Le fait de pouvoir appliquer facilement la propriété de Markov en 7(V/ [y, +00])
permet également de montrer que les processus de Lévy spectralement négatifs pos-
sédent une fonction d’échelle, W, qui vérifie

vy > x>0, P(r(Va, [y, +oo]) < 7(Va,] — 00,00)) = W(x)/W(y).

Cette fonction joue un role important pour conditionner le processus V' a rester
positif.

Comme cela a été mentionné a la fin de la Section 1.1.1, Singh [66] a généra-
lisé les résultats de Kawazu et Tanaka [45] et Hu, Shi et Yor [44] pour la diffusion
dans un environnement Lévy spectralement négatif. De méme qu’au Théoréme 1.1.2,
plusieurs régimes distincts peuvent se présenter. Le x dans ce théoréme, qui repré-
sente le drift du mouvement brownien et détermine dans quel régime on se trouve,
doit, dans le cas d’un environnement Lévy spectralement négatif, étre remplacé par
k = ®y(0) qui joue un roéle similaire. Comme nous le verrons aux Chapitres IV et
V, k := ®(0) joue également un role similaire au drift de I’environnement brownien
pour ce qui est du comportement du temps local d’une diffusion en environnement
Lévy spectralement négatif.

1.2.3 Conditionnement a rester positif

Nous introduisons ici la notion de conditionnement & rester positif pour les pro-
cessus décrits a la section précédente. Nous renvoyons le lecteur a [8] pour les preuves
ou pour plus de détails. Soit V' un processus de Lévy spectralement négatif et non
monotone. On définit un semi-groupe Markovien pz par la relation

Wt 0,0,y > 0, pl(r,dy) = W(y)P (ww € dy, iV, > o) W ().
P

Pour x > 0, on note V.| pour le processus Markovien issu de x, a valeur dans ]0, +00[
et dont le semi-groupe de transition est pz. VI est communément appelé processus
V issu de x conditionné a rester positif. Cette appellation est justifiée par le fait
que pour tous y > z > 0 le processus (V,[(t), 0 <t < 7(V.],y)) est égal en loi au

10
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processus (V,.(t), 0 <t < 7(V,,y)) conditionnellement a {7(V,,y) < 7(V,,]—0o0,0])}.
En d’autres termes, pour les processus tués en leur temps d’atteinte de y, V.| a méme
loi que V,, conditionné (dans le sens usuel) a rester positif. Dans le cas ot V' converge
vers +00 la méme relation reste vraie en remplacant le temps d’atteinte de y par
+00. Dans les cas ou V oscille ou tend vers —oo, il n’est pas possible de conditionner
V. a rester positif au sens usuel pendant un temps infini, puisque I’événement par
rapport auquel on veut conditionner est de probabilité nulle. Il est toutefois notable
que méme dans ces cas le processus V.| soit défini et ait un temps de vie infini. 11
est d’ailleurs possible de montrer que dans tous les cas, le processus V.| converge
presque stirement vers +00.

On peut montrer qu’il existe un processus VOT, noté plus simplement V7, issu de 0
qui est la limite en loi des processus V. lorsque x tend vers 0. VT est appelé processus
V' conditionné a rester positif, c’est un processus de Feller dont la restriction a
10, +00] des lois de transition est encore donnée par le semi-groupe pz.

Le processus V1 apparait de facon fondamental dans la loi des excursions du pro-
cessus de Lévy V' réfiéchi en son infimum, c’est cette propriété qui le fait apparaitre
dans I'étude des diffusions en milieu aléatoire. En effet, ces diffusions ont tendance
a rester piégées un certain temps autour des minima locaux du potentiel et il est
donc indispensable de connaitre la loi du potentiel a ces endroits.

Pour ce qui est du cas brownien drifté, il est connu que les processus W et Wj,{
ont méme loi. Ceci peut se voir par exemple a partir de 'EDS satisfaite par W
(pour la preuve voir par exemple [37], Lemme 6) :

dXt = dBt + /ﬁ?COth(/iXt>dt, XO = 0.

Dans I'étude de W il est donc suffisant de se restreindre au cas ot x > 0.

1.2.4 Fonctionnelles exponentielles

La fonctionnelle exponentielle d’un processus de Lévy réel Y est définie par :

+o0
I(Y) = / e YWt
0

et a été intensément étudiée, en particulier par Bertoin et Yor ([10], [11]) ou encore
Carmona et al. ([19], [20]). Une monographie assez compléte sur le sujet a été écrite
par Bertoin et Yor [12]. Cette fonctionnelle intervient dans de nombreux domaines
des probabilités : ’étude des processus Markoviens auto-similaires, les mathéma-
tiques financiéres, et également 1’étude des diffusions en milieu aléatoire. En effet,
lorsque V' est un processus de Lévy réel indexé par R, les valeurs en respectivement
+00 et —oo de la fonction Sy (dite fonction d’échelle de la diffusion en milieu V|
et définie en Section 1.1.1) ont méme loi que respectivement I(—V) et —I(V'). La
connaissance des conditions de finitude pour I(Y) et de ses queues de distribution

11
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est donc essentielle pour I'étude des diffusions en milieu aléatoire. La finitude de
I(Y) est reliée au comportement asymptotique de Y décrit a la fin de la Section
1.2.1.

Theorem 1.2.1 (voir par exemple [12]). Soit Y un processus de Lévy réel.
— Si'Y tend vers 400 alors 1(Y') est finie presque strement.
— Si'Y tend vers —oo ou oscille alors I(Y') est infinie presque strement.

Pour les queues de distributions de 7(Y'), un résultat connu et particuliérement
utile pour I’étude des diffusions en milieu aléatoire est le suivant :

Theorem 1.2.2 (Rivero [58], 2005, voir aussi [12]). Soit Y un processus de Lévy réel
non arithmétique (c’est-a-dire qu’il n’existe aucun v > 0 tel que presque sidrement
Y (1) € rZ). On suppose qu’il existe 0 > 0 tel que Ele™ ] =1 et E[|Y (1)]e Y V] <
+o00. Il existe alors une constante positive C telle que
-0
P(Y)>x) e Cx™".

Une étude plus générale de la queue a droite de la fonctionnelle 1(Y) a été
effectuée par Maulik et Zwart [52], notamment dans le cas ot la condition de Cramér
E[e=% (] = 1 n’est pas vérifiée. D’autres choses ont été étudiée sur les fonctionnelles
exponentielles des processus de Lévy, notamment le calcul des moments [19], [11]
(voir aussi [12]), I'absolue continuité [20], [9], et les propriétés de la densité [20], [54].

Dans le cas d’une diffusion dans un potentiel Lévy V' qui tend vers —oo, le
Théoréeme 1.2.1 permet de montrer que la diffusion est presque stirement transiente
vers +00. Le Théoréme 1.2.2 permet d’étudier le temps de sortie d’une vallée et de
montrer par exemple que ce dernier est dans le domaine d’attraction d’une loi stable,
de sorte que, dans certains cas, les temps d’atteintes de la diffusion convergent vers
une loi stable (ceci peut fournir une approche pour prouver ou généraliser le premier
point du Théoréme 1.1.2).

Comme nous I’avons mentionné dans la section précédente, VT apparait lorsqu’on
considére la loi du potentiel V' autour de ses minima locaux. De plus, I'expression
du temps passé par la diffusion & I'intérieur d’un puits de potentiel fait intervenir
I'intégrale (prise dans le puits) de exp(—V), ot V est le potentiel re-centré au fond
du puits. Ceci fait donc apparaitre la fonctionnelle exponentielle de VT dans 1'étude
de la diffusion en milieu V' . Pour I’étude précise du temps local d’une diffusion en
milieu V' nous avons donc besoin de connaitre certaines propriétés de la fonctionnelle
exponentielle de V7. Soit donc V un processus de Lévy spectralement négatif et non
monotone. Au Chapitre 3 nous nous sommes intéressés a la fonctionnelle

+o00
I(VT) = / eV Wqy.
0

Un cas particuliérement simple d’une telle fonctionnelle est celui ot V' est un
mouvement brownien drifté. On rappelle que W, désigne le mouvement brownien

12
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k-drifté et que W et WIK ont méme loi de sorte qu’on peut supposer x positif. Il est
connu que [(W]) est fini presque stirement et sa transformée de Laplace est connue
explicitement :

E[ef/\I(W;I)] — (2\/5)H (124)

2T (14 k) L(2V2X)

ou I, est une fonction de Bessel modifiée. Cette expression de la transformée de
Laplace de I(W]) a été démontrée et utilisée par Andreoletti et Devulder [3] pour
I'étude de la diffusion en milieu brownien drifté (voir le Lemme 4.2 dans [3], voir
aussi le Lemme 2.6.6 au Chapitre 2). L’é¢tude de cette transformée de Laplace (voir
par exemple Section 3.1.2 au Chapitre 3) permet de déduire I'existence de moments
exponentiels pour I(W]), existence d'une densité de classe C*, ainsi que de déter-
miner sa queue a gauche :

—log (P (I(W}) <)) ~ 2 (1.2.5)

z—0 T

Dans la suite, nous comparons nos résultats généraux obtenus pour [ (VT) avec
ceux mentionnés ici pour I(W]). Nous verrons en particulier qu’il existe, dans le cas
général, une grande variété de comportements pour la queue a gauche de I(VT), et
que cette queue détermine trés précisément le comportement presque str du temps
local d’une diffusion en environnement V.

1.3 Description des résultats obtenus

1.3.1 Chapitre 2 : Convergence en loi en milieu brownien
drifté

Ce travail est issu d’une collaboration avec Pierre Andreoletti et Alexis Devulder
et a fait 'objet d'un article [4] accepté pour publication dans le revue ALEA.

L’objectif de ce chapitre est d’établir la convergence en loi du supremum du
temps local L% dans le cas d’une diffusion en milieu aléatoire dont le potentiel est
W, le mouvement brownien x-drifté avec 0 < xk < 1.

Avant d’énoncer les résultats obtenus il nous faut au préalable introduire quelques
objets.

Soit R, une variable aléatoire ayant méme loi que la somme de deux copies indé-
pendantes de la variable I(W]) définie en Section 1.2.4. Soit ()1, Vs) le subordinateur
bidimensionnel x-stable dont la mesure de Lévy v est donnée par :

o Co K Co Y
Vo >0,y >0, v([z, +oo[x[y, +00]) = =K [R,{]lmd} + 2P (R > ;) (1.3.1)
yl{ —x K

ou Cy est une constant positive.

13
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Pour Z un processus croissant et cad-lag, et s > 0, on pose respectivement
Z(s—), Z%s) et Z7'(s) pour respectivement la limite & gauche de Z en s, le plus
grand saut de Z avant s, et 'inverse généralisée de Z en s :

Z(s—) =lim Z(r), Zh(s) = sup (Z(r) — Z(r—)), Z7(s) := inf{u >0, Z(u) > s},

r—s
P 0<r<s

ou inf () = 400 par convention. On définit le couple de variables aléatoires (Z;,Z5)
par :

Ny (1) =N (1)-)
Ya(¥y (1) = WPy (1))

Le résultat que nous obtenons sur la convergence en loi de L% peut alors s’écrire :

7= Vi N (1)-), = (1= 25 (1)-)) x

Theorem 1.3.1. Pour la diffusion dans le potentiel W, avec 0 < kK < 1 on a,

. c
L (t)/t e 7 = max(Zy,Z,).

La preuve de ce résultat repose sur la décomposition de I’environnement en h;-
vallées (définies a la fin de la Section 1.1.2), c’est-a~dire en puits de potentiel d’une
hauteur donnée h; (dépendante du temps t). Ces hi-vallées sont indépendantes et
visitées successivement par la diffusion sans retour en arriére, elles possédent chacune
un fond (le hy-minimum qui leur est associé) prés duquel la diffusion va rester piégée
un certain temps avant de s’échapper de la vallée. Chacune des h;-vallées visitées
contient donc un pic de temps local situé en son minimum, et elle correspond & une
dépense de temps de la part de la diffusion. Les contributions des vallées successives
au temps local et au temps dépensé par la diffusion forment une suite #d dont on
montre que la somme renormalisée par ¢ des termes converge vers un le subordinateur
k-stable (V1,)s). 1l s’agit alors d’exprimer la quantité d’intérét (le supremum du
temps local au temps ¢) comme une fonctionnelle de la suite iid, de montrer que
cette fonctionnelle est continue puis d’utiliser le continus mapping theorem pour en
déduire la convergence de la quantité d’intérét vers cette fonctionnelle appliquée a

(D1, V2).

La forme de la loi limite peut alors s’expliquer de la fagon suivante : Z; est définie
comme le plus grand saut de Y avant le saut qui fait que ), dépasse 1, elle représente
donc le plus grand pic de temps local avant ’entrée de la diffusion dans la vallée qui
la contient a I'instant ¢. Pour obtenir la loi limite il faut également tenir compte de la
contribution de la derniére vallée, celle qui contient la diffusion & I'instant ¢. Le pic de
temps local dans cette derniére vallée est représenté par Vi (Y 1(1)) — Y1 (V5 H(1)—)
(la premiére composante du saut de ()1, Vo) qui fait que Vs dépasse 1), or il ne faut
garder qu’une certaine proportion de ce pic de temps local : la partie qui date d’avant
I'instant ¢. La proportion de temps passé avant 'instant ¢ par la diffusion dans la
derniére vallée est représentée par (1 — Vao(Vy ' (1)=))/(De(V5 (1)) = Wo(V5 1 (1)-)).
En multipliant cette proportion par Y1 (Y, '(1)) — V1 (Y5 (1)—) qui représente le pic
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de temps local on obtient Z qui représente alors la contribution de la derniére vallée
au temps local avant I'instant ¢. Il est alors naturel que la loi limite soit le maximum
des variables 7; et Zs.

Il se trouve que la suite #id des contributions des vallées successives au temps
local et au temps dépensé par la diffusion contient des informations sur d’autres
quantités intéressantes. Il y a notamment F*(t), la position au temps ¢ du point
favori de la diffusion (défini en (1.1.15)). Il est donc possible d’appliquer la méthode
que nous avons développée pour étudier ces autres quantités. On a en particulier le
théoréme suivant sur la convergence en loi du point favori :

Theorem 1.3.2. Pour la diffusion dans le potentiel W, avec 0 < k < 1 on a,
« c
F (t)/X(t) t—j)oo B u[O,l] +1 B,

o B est une variable de Bernoulli de parameétre P(T) < I,), et Ujp1) est une variable
aléatoire de loi uniforme sur [0,1], indépendante de B.

La loi limite du Théoréme 1.3.2 peut aussi s’expliquer intuitivement : avec une
probabilité d’environ P(Z; < Z,) le supremum du temps local est atteint avant
la derniére vallée et il correspond & un maximum de variables id, la position de
ce maximum est alors uniforme. Sur I’événement complémentaire, le supremum du
temps local est atteint dans la derniére vallée, celle qui par définition contient la
diffusion au temps ¢, F*(t)/ X (t) est alors proche de 1. La forme de la loi limite
obtenue illustre le role prépondérant des vallées en ce qui concerne le comportement
du temps local de la diffusion, ceci explique que les méthodes annealed utilisées dans
[28] soient peu adaptées au cas 0 < k < 1, malgré leur grande efficacité pour le cas
k> 1.

Au Chapitre 2, nous présentons également les convergences d’autres quantités
qui nous semblent intéressantes : le supremum du temps local juste avant ’entrée
dans la derniére vallée et le supremum du temps local juste apreés la sortie de celle-ci.

1.3.2 Chapitre 3 : Fonctionnelles exponentielles

Ce travail a fait 'objet d’un article [72] actuellement en révision.

L’objectif principal de ce chapitre est I’étude de la fonctionnelle exponentielle
I(VT) définie en Section 1.2.4, ceci afin d’établir les propriétés nécessaires pour la
généralisation des résultats du Chapitre 2 au cas d’une diffusion dans un potentiel
Lévy spectralement négatif. De plus, comme nous le verrons au Chapitre 5, le com-
portement presque siir du supremum du temps local de la diffusion est étroitement
lié & la queue & gauche de la variable I(VT) qu’il convient donc d’étudier précisément.

L’extension au cas de certains processus de Lévy conditionnés & rester positif
des résultats connus pour les fonctionnelles exponentielles des processus de Lévy est
également une motivation & part entiere de ce travail. Nous nous intéressons donc,
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dans ce chapitre, a d’autres propriétés telles que l'existence et la régularité de la
densité pour la fonctionnelle I(VT).

Dans ce chapitre nous supposons que les hypothéses habituelles sur V' faites en
Section 1.2.4 (V est spectralement négatif et non monotone) sont satisfaites.

La premiére question qui se pose dans 1'étude de la fonctionnelle I(VT) est sa
finitude. De plus, pour I’étude du temps local de la diffusion en milieu V' il est utile
d’établir I'existence de moments exponentiels pour (V). Nous prouvons le résultat
suivant :

Theorem 1.3.3. La variable aléatoire I(V?) est finie presque stirement, elle admet
une espérance finie E[I(VT)] et

YA < 1/E[I(V1)], E [e)‘l(m)] < to0. (1.3.2)

Un point clé dans I'étude de I(VT) est de la voir comme la solution d’une équation
affine aléatoire : on montre que pour tout y > 0 il existe une variable aléatoire AY
telle que

(VY £ AY 4 evi(vh, (1.3.3)

ol les deux termes du membre de droite sont indépendants. Cela montre en parti-
culier que I(VT) est une variable aléatoire positive auto-décomposable et que par
conséquent elle est absolument continue et unimodale.

A y > 0 fixé, des itérations infinies de la relation (1.3.3) permettent d’écrire
I(V") comme la somme d’une série entiére aléatoire

IV E3 e hvay, (1.3.4)
£>0

ol les coefficients A sont iid de méme loi que AY. Cette décomposition est particu-
lierement utile pour I'étude des propriétés I(V?1), puisqu’elle permet de se ramener
a ’étude de la variable AY.

Les résultats suivants sont fondamentaux pour 'application aux diffusions en
milieu aléatoire : ils décrivent la queue & gauche de la fonctionnelle (V7). L’idée est
de relier cette queue au comportement asymptotique de Wy, .

Theorem 1.3.4. Supposons qu’il existe o > 1 et une constante positive C' tels que
pour tout \ suffisamment grand on ait Wy (X)) < CAX*. Alors pour tout § €]0,1[, on
a pour x suffisamment petit

P(I(V") <) <exp(—6(a— 1)/(C’x)1/(a’1)) : (1.3.5)

Supposons qu’il existe a« > 1 et une constante positive c tels que pour tout A suffi-
samment grand on ait Wy (\) > cA®. Alors pour tout 6 > 1, on a pour x suffisamment
petit

P(I(VT) <z) >exp (—5&“/(0‘_1)/(096)1/(0‘_1)) : (1.3.6)
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Avant d’énoncer d’autres résultats il nous faut définir une facon de quantifier le
comportement asymptotique de ¥y,. En nous inspirant de ce qui se fait pour 1’étude,
par exemple, de la dimension de Hausdorff des trajectoires des processus de Lévy,
nous définissons :

o = sup {a >0, lim A0y (\) = oo} ,
A—400

f = inf {a >0, lim AUy (N) = 0} :
A——+400
Si Wy est a variation a-réguliére pour un « € [1,2] on a 0 = § = «. Rappelons
que ) désigne la composante gaussienne de V' dans son triplet générateur. Il est
possible de voir sur I'expression (1.2.2) que, lorsque Q > 0, Uy (\) ~ QA?/2 et donc
que Wy est a variation 2-réguliére et, lorsque Q =0, 1 < o < # < 2. Nos résultats
sur les queues a gauche de I(V1) peuvent étre énoncés comme suit :

Theorem 1.3.5.

/ ; 1/(8'-1) T - _
VB > B, glclir(l) x log (P (I(V") <)) = —o0, (1.3.7)
sio>1, Yo' €]1,0], lim 21/ Vlog (P (I(VT) <z)) = 0. (1.3.8)
z—0

Le théoréme précédent donne pour P(1(VT) < ) une borne inférieure impliquant
o et une borne supérieure impliquant 5. Dans le cas o1 Wy est a variation a-réguliére
pour un « €]1,2] on sait que 0 = § = a, ce qui renforce la précision du résultat. En
renforcant les hypothése sur la régularité de Wy on peut encore préciser ce résultat :

Theorem 1.3.6. On suppose qu’il existe une constante positive C et a €]1,2] tels

que Wy () ~aLi00 CAY, alors

a—1

~log(P(I(V") <)) ~ ——.
Ce théoréme est vrai en particulier lorsque, pour un « €]1,2], V' est un pro-

cessus de Lévy a-stable sans sauts positifs (avec adjonction ou non d’un drift). En

particulier, la queue donnée dans 'expression (1.2.5) est un cas particulier du Théo-

réme 1.3.6. En effet, lorsque V' = W,, sa composante gaussienne vaut 1 et donc

Uy () ~ A%/2. L’équivalent donné par le Théoréme 1.3.6 est alors le méme que

I'équivalent (1.2.5).

Remark 1.3.7. Puisque Wy (\)/A\? a toujours une limite finie en +o00, le Théoréme
1.3.4 implique ’existence d’une constante positive K (dépendante de V') telle que
pour tout x suffisamment petit

P(I(V") <z) <e X/
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Remark 1.3.8. Le Théoréeme 1.3.5 s’applique lorsque B = 1, et ' peut alors étre
choisi de fagon a ce que 1/(6 — 1) soit aussi grand qu’on veut. Lorsque V est a
variation bornée on peut prouver un résultat plus précis : P(I(VT) < z) est nulle
pour x suffisamment petit.

Remark 1.3.9. On rappelle que I(VT) est unimodale. Si 0 était un mode, alors on
aurait P(I(V") < ) > cx pour une certaine constante positive ¢ et tout x suffisam-
ment petit, ce qui contredirait (1.3.7). Ainsi la densité de I(V7) est croissante sur un
voisinage de 0. Ceci implique que les Théorémes 1.5.4, 1.8.5, 1.53.6 et les Remarques
1.3.7, 1.8.8 sont vrais si on remplace la fonction de répartition P(I(V') <) par la
densité de I(VT).

Lorsque V' tend vers 400 nous établissons que la queue a gauche de I(VT) est
la méme que la queue & gauche de I(V'). Ceci implique que tous nos résultats sur la
queue & gauche de I(VT) s’appliquent aussi & la queue & gauche de I(V) :

Proposition 1.3.10. Lorsque V' tend vers 400, les Théoremes 1.53.4, 1.3.5, 1.3.6
et les Remarques 1.3.7, 1.3.8 sont vraies si on remplace I(VT) par I(V).

La derniére proposition illustre le fait que I’étude de la fonctionnelle exponentielle
d’un processus de Lévy conditionné a rester positif permet de déduire des résultats
pour la fonctionnelle exponentielle du processus de Lévy correspondant.

Nous savons déja, grace a l'auto-décomposabilité, que I(VT) est absolument
continue. Une question intéressante, bien qu’elle ne se pose pas pour l'étude de
la diffusion en milieu aléatoire, est de connaitre la régularité de cette densité. Le
résultat suivant est une condition sur ¥y pour la régularité de la densité :

Theorem 1.3.11. Si o > 1 et 8 sont tels que
2% =30 +0+p—1<0, (1.3.9)

alors la densité de I(V1) appartient a 'espace de Schwartz. Ses dérivées a tout ordre
convergent vers 0 en +oo et en 0.

Lorsque I(V') est finie, le théoréme précédent permet également d’étudier la
régularité de sa densité. On a en effet le corollaire suivant :

Corollary 1.3.12. Lorsque V tend vers +o0o et est tel que o > 1 et que (1.3.9)
est satisfaite, alors la densité de I(V') est de classe C* et ses dérivées a tout ordre
convergent vers 0 en +00 et en 0.

Remark 1.3.13. Si Uy est a variation a-réguliére pour un o €]1,2] alorso = f = «
et la condition (1.3.9) devient —(a—1)? < 0, ce qui est toujours vrai pour o > 1. On
peut donc appliquer le Théoréeme 1.3.11 et le Corollaire 1.3.12. En d’autres termes,
le fait d’étre a variation a-réguliere pour Wy implique la régularité des densités de
I(VT) (et de I(V') si cette fonctionnelle est finie) lorsque a > 1.
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Nous venons de présenter des résultats concernant I(V"). Lorsque V' converge
vers —oo certains de ces résultats sont fondamentaux pour 1’étude, aux Chapitres
IV et V, du temps local de la diffusion dans le potentiel V. Bien qu’elle joue un role
moins déterminant, la fonctionnelle exponentielle de —V conditionné a rester positif
intervient également dans cette étude et il nous faut donc aussi étudier les fonc-
tionnelles exponentielles des processus de Lévy spectralement positifs conditionnés
a rester positif.

Dans la suite de cette section, Z est un processus de Lévy spectralement positif
qui converge vers +oo, la définition de Z conditionné & rester positif, noté ZT, est
donnée au début du Chapitre 3. Nous étudions la fonctionnelle exponentielle I(ZT).
Le premier résultat concerne sa finitude et I'existence de moments exponentiels :

Theorem 1.3.14. La variable aléatoire 1(Z") est finie presque sirement et admet
des moments exponentiels, c’est-a-dire,

MN>0, E [e”@”] < o0,

La présence de sauts positifs pour Z et ZT alourdit les queues a gauche de I1(2)
et I(Z") par rapport a celle obtenue pour (V7). On a en effet :

Theorem 1.3.15. Si Z est a variation non bornée et que sa mesure de Lévy est non
nulle, alors il existe une constante positive c telle que

eelos@)® < P([(Z) <) <P(I(Z") <x).

La minoration pour P(1(Z) < x) ne nécessite pas l’hypothése de la variation non
bornée.

Remark 1.3.16. St la mesure de Lévy de Z est nulle, on voit sur la formule de
Lévy-Khintchine (1.2.1) que Z est un mouvement brownien drifté. La queue en 0 de
I(Z") est alors donnée par le Théoréeme 1.3.6 (qui s’applique avec o = 2) et elle est
plus fine que celle donnée par le Théoréeme 1.3.15 dans le cas ou Z a des sauts. La
présence ou l’absence de sauts joue donc un réle déterminant pour la queue a gauche
de la fonctionnelle exponentielle.

Il y a deux raisons pour lesquelles 1’étude du cas spectralement positif est moins
poussée que celle du cas spectralement négatif. La premiére est que nous n’avons
pas, dans le cas spectralement positif, de décomposition du type (1.3.3) pour la
fonctionnelle I(Z7), or presque toute notre étude du cas spectralement négatif repose
sur une telle décomposition. La deuxiéme raison est que nous n’avons pas besoin,
pour les applications aux diffusions en milieu aléatoire, de résultats aussi précis dans
le cas spectralement positif que dans le cas spectralement négatif. En effet, lorsqu’on
étudie la diffusion dans un environnement Lévy spectralement négatif V' qui tend
vers —oo, il apparait une variable aléatoire R dont la loi est la convolution de celles
de I(V1) et de I((—V)"). Les résultats précédents montrent que pour certaines choses
le comportement de (V) est dominant par rapport a celui de I((—=V)), lorsque V'
a des sauts. En particulier, la queue & gauche de R est la méme que celle de I(VT).
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1.3.3 Chapitre 4 : Convergence en loi en milieu Lévy spec-
tralement négatif

Ce travail a fait 'objet d’'un article [74] actuellement soumis.

L’objectif de ce chapitre est d’établir des résultats de convergence en loi du su-
premum du temps local L% (¢) et du point favori F*(¢) dans le cas général d’une
diffusion en milieu aléatoire dont le potentiel V' est un processus de Lévy spectra-
lement négatif et non monotone qui converge vers —oo en +oo. Comme cela a été
mentionné a la Section 1.2.2, il est connu que pour de tels potentiels k = ®y(0) =
sup{A > 0, ¥y (\) = 0} joue un role similaire, pour le comportement de la diffusion,
a celui du drift du mouvement brownien W, (voir notamment [66]).

Lorsque k > 1, nous utilisons une égalité en loi entre le temps local et un pro-
cessus d’Ornstein-Uhlenbeck généralisé, selon une méthode inspirée de [66]. Ceci
permet de généraliser la convergence (1.1.4) (obtenue par Devulder [28] dans le cas
d’un potentiel brownien drifté). Soient K et m définis comme dans [66] :

400 Kk—1 9
eV(t)dt) ot mi= — > 0. 1.3.10
(/0 Uy (1) ( )

Lorsque k > 1, nous obtenons la convergence en loi suivante pour le supremum
du temps local :

K =E

Theorem 1.3.17. Sik > 1,

L)/ £ Fi, 2(0(k)K2K /m)V/"),

t——+o0
ou F(.,.) désigne la loi de Fréchet définie en (1.1.5).

Remark 1.3.18. Si V = W, pour un k > 1, alors K = 257 /T'(x) (voir Exemple
1.1 dans [66]) et m = 4/(k—1). La loi limite donné par le Théoréeme 1.3.17 est alors
exactement la méme qu’en (1.1.4).

L’intérét de la méthode utilisée est qu’elle permet aussi d’étudier la convergence
en loi du point favori de la diffusion :

Theorem 1.3.19. Si k > 1,
« c
mE (1)t 5 o,

ot Uy 1) désigne une loi uniforme sur [0, 1].

Lorsque 0 < k < 1, la loi limite que nous exhibons pour L£%(¢)/t est proche de
celle obtenue au Chapitre 2. Rappelons que la finitude des fonctionnelles I(VT) et
I((=V)") est assurée par les Théorémes 1.3.3 et 1.3.14 de la Section 1.3.2. Soit R
une variable aléatoire dont la loi est la convolution des lois de I(VT) et de I((—=V)T).
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R est 'analogue de R, définie a la Section 1.3.1 (en effet, si V' = W, les lois de
I(V") et de I((=V)") coincident). Rappelons que C la constante apparaissant dans
le Théoréme 1.2.2 qui donne la queue a droite de la fonctionnelle I(—V), et posons
C' = (C/2) 0+°° ue~"2du. Soit Y, le subordinateur s-stable dont Iexposant de
Laplace est C'T'(1 — k) A" :

Vt, A > O, E [ef)\yl(t)} _ eftC/F(lfli))\ﬂ.

On considére le processus de Lévy (), )s) ou la composante ), est définie en multi-
pliant chaque saut de ) par une copie indépendante de R. ()1, Vs) peut également
étre définie par sa mesure de Lévy comme a la Section 1.3.1 :

C C
Vo >0,y >0, v([z,+oo[x[y, +oo]) = —E [R”]ln<g] + —P (72 > Q) .
e >z Tk T

I1 est possible de voir que ces deux définitions du processus (), Vs) sont équivalentes
et que ce dernier a pour transformée de Laplace
Vt, a, 5 Z 0’ E [e—oayl(t)—ﬁyz(t)} — e—tC’F(l—m)E[(a-&—ﬁR)n}.

On a alors la convergence en loi de L% (t)/t et la loi limite s’exprime grace a la méme
fonctionnelle qu’a la Section 1.3.1. On définit le couple aléatoire (Z;,Z,) par

N (1) =Ny (1)-)
Vo(¥2 (1)) = Pa(¥5 ' (1))

et la convergence en loi dont est 1’objet le supremum du temps local s’écrit

T =YV (1)), o= (1= M5 (1)-)) x

Theorem 1.3.20. Si 0 < k < 1, V est a variation non bornée et V(1) € LP pour

un p > 1 alors
c

£X(t)/t t—>—+o>o 1= Il’laX(Il,IQ>.

Ce théoréme inclut le cas ou V' = W, et est donc une généralisation du Théoréme
1.3.1. La différence entre le cas d’un environnement brownien drifté et le cas plus
général d’un environnement Lévy spectralement négatif vient de la variable R dont
la queue a gauche peut grandement varier selon les cas. Ceci induit une multitude
de possibilités pour le comportement presque sir du temps local. Nous verrons en
particulier au Chapitre 5 comment la renormalisation de L% (¢) dépend de la loi de
la variable R en ce qui concerne le comportement presque str.

La preuve du Théoréme 1.3.20 nécessite une étude précise de ’environnement V'
afin de généraliser les arguments de la preuve du Théoréme 1.3.1 qui repose sur des
estimés bien connus et explicites pour le mouvement brownien drifté W,. Il nous
faut en particulier généraliser la décomposition du potentiel en h-vallées et étudier
les propriétés de ces vallées, la distance entre deux h-minima consécutifs est par
exemple un élément important a connaitre. La hauteur h des vallées considérées
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doit étre adaptée a I’échelle de temps et notamment tendre vers l'infini lorsque le
temps t tend vers I'infini. Nous avons donc besoin d’étudier la distribution asymp-
totique des h-minima. Notons (my, ma, ...) la suite des h-minima, nous déterminons
le comportement asymptotique de cette suite dans le théoréme suivant :

Theorem 1.3.21. Lorsque h tend vers linfini, la suite renormalisée e =" (my, ma, ...)
converge en loi vers la suite des temps de sauts d’un processus de Poisson standard
de parametre q (qui dépend explicitement de la loi de V). Si V. = W, alors ¢ = k*/2.

L’intérét de ce théoréme est de nous informer sur la distance typique entre deux h-
minima consécutifs. Ceci permet en particulier de donner une explication heuristique
au fait que les méthodes et résultats obtenus sont différents dans les cas 0 < k < 1
et k> 1.

Comme le montre le Théoréme 1.3.21, la distance entre deux A-minima consé-
cutifs est de l'ordre de e®". Lorsque 0 < k < 1, cette distance est telle qu’on peut
négliger ce qui se passe en dehors des fonds des h-vallées, si bien que les principales
contributions au temps local et au temps dépensé par la diffusion sont localisées au
fond des h-vallées et fortement corrélées. Ceci se traduit par 'apparition du subor-
dinateur (), s) qui ne s’accroit que par sauts (chacun représentant une vallée) et
dont les deux composantes sont corrélées (l'une représente les pics de temps local
dans les vallées et l'autre les dépenses de temps associées a ces vallées). Lorsque
k > 1, la distance entre deux h-minima consécutifs est si grande que le temps passé
par la diffusion entre deux h-minima n’est pas négligeable comparée au temps passé
a proximité de ces h-minima. En particulier il existe également des pics de temps
local dans la zone entre deux h-minima. Il est alors impossible d’utiliser les puits
de potentiel pour localiser les pics du temps local, contrairement au cas 0 < k < 1.
Ceci explique la distribution asymptotiquement uniforme du point favori donnée au
Théoréme 1.3.19. De plus, le cas k > 1 correspond au cas ot X est a vitesse positive.
Le temps local au temps ¢ est alors proche du temps local en un temps d’atteinte
qui lui-méme est égal en loi au processus d’Ornstein-Uhlenbeck généralisé, introduit
dans [66]. Le supremum du temps local peut alors étre représenté comme la hau-
teur maximale dans un ensemble 7id d’excursions d’un processus Markovien. Ceci
explique la loi de Fréchet au Théoréme 1.3.17, puisqu’une telle loi est classiquement
I'une des trois limites possibles pour les maxima de suites #id.

1.3.4 Chapitre 5 : Comportement presque sir en milieu Lévy
spectralement négatif
Ce travail a fait 'objet d’un article [73] qui sera prochainement soumis.

L’objectif de ce chapitre est d’étudier le comportement presque siir du supremum
du temps local £%(t) pour une diffusion en milieu aléatoire dont le potentiel est V/,
un processus de Lévy spectralement négatif et non monotone qui converge vers —oo
en +o00. Ici encore nous posons k := Py (0) = sup{\ > 0, ¥y (A) = 0}. Un cas
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particuliérement intéressant est celui des valeurs extrémement grandes de L% (%)
dans le cas 0 < k < 1. Ces derniéres sont reliées aux propriétés de la variable R qui
intervient dans la loi limite du Théoréme 1.3.20 et qui peut étre étudiée grace aux
résultats du Chapitre 3.

Nous caractérisons le comportement presque str de L% (¢) lorsque 0 < k < 1
et k > 1. En particulier, la restriction de nos résultats au cas ou V = W, avec
0 < k < 1 améliore les résultats partiels (1.1.9), (1.1.10) et (1.1.11) de Devulder [2§]
en donnant la renormalisation exacte ainsi que la valeur exacte de la constante pour
la lim sup. Pour la lim inf on obtient aussi la renormalisation exacte et un majorant
explicite pour la constante.

Commencons par énoncer les résultats obtenus lorsque x > 1. L’étude de ce
cas est assez classique et utilise la méme méthode qu’au Chapitre 4, c’est-a-dire
I’exploitation des propriétés du processus d’Ornstein-Uhlenbeck généralisé introduit
par Singh dans [66]. Pour la limsup on a :

Theorem 1.3.22. Soit f une fonction positive et décroissante. Lorsque k > 1, on a

/*% ()", { SEO i LOLR D) {0
1 t =400  totoe  t/F + 00

P-p.s.

Ce résultat est 'analogue, pour la diffusion en milieu Lévy, de (1.1.13) qui a été
montré par Gantert et Shi [41] pour les RWRE transientes. Dans le cas on V = W,
(pour k > 1), notre résultat est une reformulation de (1.1.6) établi par Devulder [28]
(dont il est donc une généralisation).

Pour la liminf, il y a une valeur positive explicite. Soient K et m définis en
(1.3.10). On a :

Theorem 1.3.23. Lorsque k > 1, on a P-presque sirement

o L5 (1)
lim inf X = 2(D(r)K*K /m)"/".
I Toglog(Dy)7e — 2L )R /m)
Exemple : Si V = W, (pour k > 1) alors on rappelle que K = 2571 /T'(k)
et m = 4/(k — 1) (voir Remarque 1.3.18). La limite du Théoréme 1.3.23 est alors
4(k%*(k —1)/8)Y*, ce qui coincide précisément avec (1.1.7).

Le cas 0 < k < 1 est beaucoup plus subtil et nécessite de pousser encore plus loin
les méthodes utilisées aux Chapitres II et IV. La loi limite de £%(¢)/t est donnée par
le Théoréme 1.3.20 et elle dépend implicitement de la loi de la variable R, définie
comme la convolution des lois de (V") et de I((—V)'). Dans I’étude de la lim sup de
L% (t), on relie le comportement asymptotique presque str de L% (t) avec la queue
a gauche de I(V") (ou de R dans le cas ot V = W,,). Cette queue est reliée au
comportement asymptotique de Wy par les résultats du Chapitre 3. La proposition
suivante permet de relier précisément les queues des fonctionnelles exponentielles
trouvées au Chapitre 3 avec la limsup de L£%(%).
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1.3. DESCRIPTION DES RESULTATS OBTENUS

Theorem 1.3.24. — On suppose que 0 < k < 1, V est a variation non bornée,
V(1) € L? pour un p > 1 et V posséde des sauts négatifs.

Sl existe v > 1 et C' > 0 tels que pour x suffisamment petit

C
P(I(VT) <) <exp (— 1) , (1.3.11)
xAT
alors on a P-presque strement
Lx (1)
lim su X <C'. 1.3.12
5P Hlog log()) T (1312)
Sl existe v > 1 et C' > 0 tels que pour x suffisamment petit
T C
PIV) <z)>exp|—), (1.3.13)
Tt
alors on a P-presque strement
(T
lim sup Ex(®) cl. (1.3.14)

ts+00 t(log(log(t))) =t —

— On suppose maintenant que V = W, avec 0 < k < 1, alors les implications
précédentes ((1.3.11) = (1.3.12) et (1.3.13) = (1.3.14)) sont vraies, mais
avec R a la place de I(VT).

La proposition précédente fait la distinction entre le cas ot V' posséde des sauts
négatifs et celui ot V' est un mouvement brownien drifté W,. Notons que ces deux
cas sont complémentaires : la formule (1.2.2) permet de voir que si V' n’admet
pas de sauts négatifs alors V' est un mouvement brownien drifté qui s’écrit v/QW,
ol ), comme dans la la formule (1.2.2), est la composante gaussienne de V. Par
un changement d’échelle, ce cas se raméne a celui oun V = W,, d’ou l'alternative
considérée dans la proposition. La différence du résultat entre les deux cas vient de
la présence ou non de symétrie pour I’environnement. En effet, la loi de la variable R
est la convolution des lois de (V1) et de I((—V)). Si V posséde des sauts négatifs
seule la queue de I(V1) est a prendre en compte dans la queue a gauche de R (comme
le montrent les Théorémes 1.3.5 et 1.3.15). Si V = W, notons que (—W,)" a méme
loi que W', qui a lui-méme méme loi que W] (voir Section 1.2.3), ainsi (—V)! et
VT ont méme loi, et la loi de R est alors la convolution de deux lois identiques dont
aucune ne peut étre négligée.

Remark 1.3.25. Les limsup dans la proposition précédente sont presque stirement
égales a des constantes appartenant a [0, 4+o00] et les inégalités (1.3.12) et (1.3.14)
sont des inégalités pour ces constantes. Il en est de méme pour tous les résultats a
suivre : toutes les limsup et liminf considérées sont presque sirement égales a des
constantes. Ce fait sera justifié a la fin du Chapitre 5.
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1.3. DESCRIPTION DES RESULTATS OBTENUS

En combinant le Théoréme 1.3.24 avec ce que le Chapitre 3 nous apprend sur la
queue & gauche de I(VT1), plus précisément le Théoréme 1.3.5, on obtient :

Theorem 1.3.26. S: 0 < x < 1, V est a variation non bornée et V(1) € LP pour
un p > 1 alors on a P-presque stirement

o S
VI I e o ()71 (13.15)

et

: . L5 (1)
st de plus o > 1 alors Vo' €]1, 0], limsu X -
’ R T

Le Théoréeme 1.3.24 est tres précis dans le sens ou la connaissance exacte de
la queue & gauche de I(V") (ou de R si V = W,) entraine la connaissance de la
renormalisation exacte de L% (t) et de la valeur exacte de la limsup. En se placant
sous les hypotheses des Théorémes 1.3.4 et 1.3.6 on obtient des résultats plus précis
pour la limsup :

=+4o00. (1.3.16)

Theorem 1.3.27. — On suppose que 0 < k < 1, V est a variation non bornée,
V(1) € L? pour un p > 1 et V posséde des sauts négatifs.

S’il existe deux constantes positives ¢ < C' et a €]1,2] tels que cA* < Uy (A) <

CA\* pour X suffisamment grand. On a alors P-presque sirement

£ <limsu Ex(t) < ¢
o = e t(log(log(£))* T = (a—1)o 1

Si, plus précisément, il existe une constante positive C' et a €]1,2] tels que
Uy (A) ~ CA* pour X grand, on a alors P-presque stirement
L5 (1) C

lim su = .
i iee t(log(log()))* T~ (a—1)*1

— On suppose maintenant que V = W, avec 0 < k < 1, on a alors P-presque
stdrement £t .
lim sup # =—.
400 t(log(log(t))) 8
Remark 1.3.28. En combinant le Théoreme 1.3.24 et la Remarque 1.3.7 on a que
510 <k <1,V est avariation non bornée et V(1) € LP pour un p > 1, alors on a
toujours

: Lx(t)
limsup ——2"7 ___ ~ +00.
o se t(10g(log (1))

En d’autres termes, t(log(log(t))) est la renormalisation mazximale parmi toutes les
autres possibles pour la lim sup.
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1.3. DESCRIPTION DES RESULTATS OBTENUS

Remark 1.3.29. De méme que cela avait été constaté par Shi [61] et Diel [29] dans
le cas récurrent (voir Remarque 1.1.6), on constate ici aussi une différence entre la
renormalisation des RWRE transientes o vitesse nulle donnée par (1.1.14) et celles
des diffusions transientes a vitesse nulle données par les résultats précédents. Cette
différence peut s’expliquer de la méme fagcon que dans le cas récurrent, c’est-a-dire
par le fait que les vallées peuvent étre beaucoup plus abrupte dans le cas continu avec
un potentiel a variation non bornée que dans le cas discret, et donc les pics de temps
local peuvent potentiellement étre beaucoup plus grands dans le premier cas.

Les résultats précédents montrent que la renormalisation de L% (¢) pour la lim sup
dépend directement du comportement asymptotique de Wy,. En particulier, le Théo-
réme 1.3.27 montre que pour un environnement a-stable drifté (sans sauts positifs et
avec a > 1), la renormalisation de L% (t) est t(log(log(#)))*~!. On voit qu’il existe,
pour des environnements Lévy spectralement négatifs, une plus grande variété de
comportements presque siirs qu’avec des environnements browniens driftés. Méme
si, pour des raisons techniques, les résultats précédents ne s’appliquent pas dans le
cas oul I’'environnement V' est a variation bornée, on peut légitimement conjecturer
que le comportement de L% () reste lié a la queue a gauche de I(V") qui est donnée
par la Remarque 1.3.8. Ceci implique la conjecture suivante :

Conjecture 1.3.30. 5t V' est a variation bornée, on a P-presque strement

Lx(t)
t

0 < limsup < 400

t—+o0

Si cette conjecture est vraie on aurait, pour des environnements a variation bor-
née, la méme renormalisation que dans le cas discret transient donné par (1.1.14).
Ceci ne serait pas surprenant compte tenu du fait que le cas discret ne génére que des
potentiels & variation bornée. De plus, si V' est un processus de Lévy spectralement
négatif, non monotone, a variation bornée, alors V' est la différence d’un drift positif
et d’un subordinateur. Les vallées ne peuvent alors pas étre plus abrupte que le drift
ce qui, conformément & I'explication heuristique de la Remarque 1.3.29, impose que
la renormalisation de L% (t) soit la méme que dans le cas discret.

Pour la liminf, il n’y a qu'une seule renormalisation possible. Nous prouvons le
résultat suivant :

Theorem 1.3.31. Si 0 < k < 1, V est a variation non bornée et V(1) € LP pour
un p > 1 alors on a P-presque strement

. L5 (1) 1-&
0< 1£1+1Cr>10f t/log(log(t)) = REIVH]+EI((=V)N)])

(1.3.17)

Remark 1.3.32. Les espérances E[I(VT)] et E[I((—=V)1)] sont finies puisque I(VT)
et I((—=V)") admettent des moments exponentiels finis en vertu des Théorémes 1.5.3
et 1.5.14.

26



1.3. DESCRIPTION DES RESULTATS OBTENUS

Exemple : L’expression (1.2.4) permet de calculer le premier moment de I(W}]) :
E[I(W])] = 2/(1+k). On rappelle de plus que (—W,)T a méme loi que W, si bien que
E[I(WD]+E[I((=W,)")] = 4/(1+ k). Ainsi, pour la diffusion dans I’environnement
V =W, (avec 0 < k < 1), la borne supérieure du Théoréme 1.3.31 pour la lim inf
devient (1 — x?)/4x. En mettant ceci en relation avec les résultats obtenus par
Devulder [28], on voit que I'application du Théoréme 1.3.31 dans le cas spécial d’un
environnement brownien drifté améliore (1.1.11) et compléte (1.1.10) en donnant
une majoration explicite de la lim inf.

Il est intéressant de se demander pourquoi il existe, selon I’environnement choisi,
une multitude de renormalisations possibles pour la lim sup, mais seulement une pour
la lim inf. Nous proposons I’explication heuristique suivante : dans chaque vallée, le
temps passé est environ égal au pic de temps local au fond de la vallée multiplié
par une fonctionnelle exponentielle du fond de la vallée (qui est proche de R). La
lim sup est liée aux grandes valeurs prises par le temps local & un temps fixé ¢, elle
est approchée lorsque le pic de temps local au fond d’une vallée est tres grand tandis
que le temps passé dans cette vallée est de 'ordre au plus de ¢, une telle chose
arrive quand la fonctionnelle exponentielle du fond d’une certaine vallée est trés
petite. Un lien trés précis entre la limsup et les petites valeurs d’une fonctionnelle
exponentielle est d’ailleurs fait rigoureusement par le Théoréeme 1.3.24. La lim inf
est quant a elle liée aux petites valeurs prises par le temps local & un temps fixé
t, elle est approchée lorsque les pics de temps local au fond des premiéres vallées
sont trés petits tandis que la somme des temps passés dans ces vallées est de 'ordre
au moins de t, une telle chose arrive quand les fonctionnelles exponentielles des
fonds de quelques-unes de ces vallées sont grandes. On voit alors que la différence
de comportement entre la limsup et la lim inf vient de la différence entre la queue a
gauche et la queue a droite de R. La queue a gauche est principalement celle de I(V')
qui dépend du comportement asymptotique de ¥y d’aprés les Théoréemes 1.3.4-1.3.5-
1.3.6, et il y a plusieurs possibilités pour le comportement de ¥y, selon le choix de
I’environnement. Dun autre coté, la queue a droite est toujours exponentielle : elle
est au plus exponentielle d’aprés les Théorémes 1.3.3-1.3.14 et il sera justifié au
Chapitre 3 (Remarque 3.3.5) qu’elle est au moins exponentielle. Ceci explique la
différence des comportements entre les lim sup et liminf.

En comparant les Théoréemes 1.3.22, 1.3.26 et 1.3.27 on constate que la renorma-
lisation de la lim sup est plus grande dans le cas transient a vitesse nulle (0 < k < 1)
que dans le cas transient & vitesse positive (k > 1), ce qui est en accord avec 'intui-
tion. Il est cependant surprenant de constater que la renormalisation du cas transient
a vitesse nulle est également plus grande que la renormalisation du cas récurrent don-
née par (1.1.2) et par le Théoréme 1.1.4. Nous interprétons ce phénomeéne de la fagon
suivante : dans le cas récurrent la diffusion est piégée au fond d’une vallée assez large,
tandis que dans le cas transient a vitesse nulle la diffusion se retrouve successive-
ment piégée au fond de vallées qui sont beaucoup plus étroites. Cette différence de
largeur des vallées explique que les valeurs extrémement grandes du temps local ont
tendance a étre plus grandes dans le second cas, malgré la transience.
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1.4. QUELQUES PERSPECTIVES

Pour la liminf les comportements mis en valeurs dans les différents cas sont en
accord avec l'intuition : en comparant les Théorémes 1.1.4, 1.3.31 et 1.3.23 on voit
que la renormalisation de la liminf dans le cas transient a vitesse positive est plus
petite que la renormalisation du cas transient a vitesse nulle qui est elle-méme plus
petite que la renormalisation du cas recurrent.

1.4 Quelques perspectives

Nous présentons ici quelques travaux en cours et perspectives de recherche qui
s’inscrivent dans la continuité des travaux présentés dans cette thése.

Il serait intéressant de poursuivre 1’étude effectuée au Chapitre 3, sur la fonc-
tionnelle exponentielle I(VT), notamment en tentant d’étendre a ce probléme les
méthodes d’analyse complexe (transformée de Mellin) utilisées pour I’étude des fonc-
tionnelles exponentielles des processus de Lévy non conditionnés.

Pour la diffusion en milieu aléatoire, il serait intéressant d’utiliser les techniques
que nous avons développées dans cette thése pour étudier le probleme du temps
semi-local, c’est-a-dire déterminer la taille du plus petit intervalle ot une proportion
B €]0,1] du temps a été passée par la diffusion. Cela permettrait de mettre en
évidence des comportements spéciaux tels que la concentration dans un intervalle
arbitrairement petit ou au contraire un étalement dans l’espace des points les plus
occupés. Pour § €]0, 1], définissons S(¢,3), la taille du plus petit intervalle ou la
diffusion a passé un temps plus grand que St :

T+
S(t,5) := inf {a > 0, sup/ Lx(t,y)dy > ﬁt} )

z€R Jz—a

Nous nous proposons d’étudier la convergence en loi et le comportement presque str

de S(t, B).

Lorsque 0 < k < 1, notre étude du supremum du temps local exclu le cas
ou ’environnement est a variation bornée. Il serait intéressant de faire ’étude du
temps local de la diffusion dans ce cas. Dans ce sens nous pourrions par exemple
prouver la Conjecture 1.3.30 ou étudier I'existence, pour ces diffusions, d’un principe
d’invariance, c’est-a-dire déterminer s’il existe ou non une proximité entre le temps
local de la diffusion et celui d'une RWRE associée.

28



Chapitre 2

RENEWAL STRUCTURE AND LOCAL
TIME FOR DIFFUSIONS IN RANDOM
ENVIRONMENT

This work comes from a collaboration with Pierre Andreoletti and Alexis Devul-
der and has been the object of an article [4] published in the journal ALEA.

2.1 Introduction

2.1.1 Presentation of the model

Let (X(t), t > 0) be a diffusion in a random cadlag potential (V(z), = € R),
defined informally by X (0) = 0 and

AX (1) = dB(r) - SV (X (1)),

where (5(s), s > 0) is a Brownian motion independent of V. Rigorously, X is defined
by its conditional generator given V',

1 V(z) d —V(x) d
2¢ dz \© dz )~

We put ourselves in the case where V' is a negatively drifted Brownian motion :
V(z) = We(x) == W(r) — §x, v € R, with 0 < x < 1 and (W(z), z € R) is a two
sided Brownian motion. We explain at the end of Section 2.1.2 what should be done
to extend our results to a more general Lévy potential.

We denote by P the probability measure associated to W (.). The probability
conditionally on the potential W, is denoted by P"= and is called the quenched

probability. We also define the annealed probability as

P(.) := /]P’W“(.)P(WH € dw).
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2.1. INTRODUCTION

We denote respectively by E"=, E, and E the expectations with regard to PV~ P
and P. In particular, X is a Markov process under P"* but not under P.

This diffusion X has been introduced by [60]. It is generally considered as a
continuous time analogue of random walks in random environment (RWRE). We
refer e.g. to [76] for general properties of RWRE.

In our case, since kK > 0, the diffusion X is a.s. transient and its asymptotic
behavior was first studied by Kawazu and Tanaka : if H(r) is the hitting time of
r € R by X,

H(r) :=inf{s >0, X(s) =r}, (2.1.1)

[45] proved that, for 0 < x < 1 under the annealed probability P, H(r)/r'/* converges
in law as r — 400 to a k-stable distribution (see also [44], and [69]). Here we are
interested in the local time of X, which is the jointly continuous process (L(t,x), t >
0, x € R) satisfying, for any positive measurable function f,

—+00

f(z)L(t, z)dx, t>0.

[ et =

One quantity of particular interest is the supremum of the local time of X at time
t, defined as
L*(t) :=sup L(t, x), t>0.
z€eR

For Brox’s diffusion, that is, for the diffusion X in the recurrent case k = 0, it is
proved in [5] that the local time process until time ¢ re-centered at the localization
coordinate b; (see [17]) and renormalized by ¢ converges in law under the annealed
probability P. This allows the authors of [5] to derive the limit law of the supremum
of the local time at time ¢t as t — 400. We recall their result below in order to
compare it with the results of the present paper. To this aim, we introduce for every
Kk >0,

+o00 + +oo —
R/{ = / eiwn(m)dl’ +/ e*WK(ZE)dx’ (212>
0 0

where (W,i (x), z > O) and (Wg , T > 0) are two independent copies of the process
(W.(z), x > 0) Doob-conditioned to remain positive.

Theorem 2.1.1. (/5]) If kK =0, then

L* (t) £> 1
t R,

where 5 denotes convergence in law under the annealed probability P as t — +o00.

30



2.1. INTRODUCTION

Extending their approach, and following the results of [61], [29] obtains the non-
trivial normalizations for the almost sure behavior of the limsup and the liminf
of L*(t) as t — +oo when k = 0. Notice that corresponding results have been
previously established in [26] and [40] for the discrete analogue of X in the recurrent
case k = 0, the recurrent RWRE generally called Sinai’s random walk.

One of our aims in this paper is to extend the study of the local time of X in
the case 0 < k < 1, and deduce from that the weak asymptotic behavior of £*(t)
suitably renormalized as t — +oo0.

Before going any further, let us recall to the reader what is known for the slow
transient cases. For transient RWRE in the case 0 < k < 1 (see [48| for the semi-
nal paper), a result of [41] states the almost sure behavior for the limsup of the
supremum of the local time L£§(n) of these random walks (denoted by S) at time
n : there exists a constant ¢ > 0 such that limsup,_,_  £L§(n)/n = c¢ > 0 P almost
surely. Contrarily to the recurrent case ([40]) their method, based on a relationship
between the RWRE S and a branching process in random environment, cannot be
exploited to determine the limit law of L£E(n)/n.

For the transient diffusion X considered here, the only paper dealing with £*(t)
is [27], in which it is proved, among other results, that when 0 < k < 1,
limsup,_, ., £*(t)/t = 400 almost surely. But once again his method cannot be
used to characterize the limit law of £*(¢)/t in the case 0 < k < 1.

Our motivation here is twofold, first we prove that our approach enables to
characterize the limit law of £*(¢)/t and open a way to determine the correct almost
sure behavior of £*(t) as was done for Brox’s diffusion by [61| and [29]. Second we
make a first step on a specific way to study the local time which could be used in
estimation problems in random environment, see [1], [2], [6], [7], [24], [25], [38].

The method we develop here is an improvement of the one used in [3] about the
localization of X () for large t.

Before recalling the main result of this paper [3], we need to introduce some new
objects. We start with the notion of h-extrema, with h > 0, introduced by [53] and
studied more specifically in our case of drifted Brownian motions by [37]|. For h > 0,
we say that x € R is an h-minimum for a given continuous function f, R — R, if
there exist u < < v such that f(y) > f(z) for all y € [u,v], f(u) > f(z) + h and
f(v) > f(z) + h. Moreover, z is an h-mazimum for f iff x is an h-minimum for —f.
Finally, x is an h-extremum for f iff it is an hA-maximum or an hA-minimum for f.

As we are interested in the diffusion X until time ¢ for large ¢, we only focus on
the h;-extrema of W,,, where

he :==logt — ¢(t), with 0 < ¢(t) = o(logt), loglogt = o(¢(t)),

and t — ¢(t) is an increasing function, as in [3]. It is known (see [37]) that almost
surely, the h;-extrema of W, form a sequence indexed by Z, unbounded from below
and above, and that the h;-minima and h;-maxima alternate. We denote respectively
by (m;, j € Z) and (M;, j € Z) the increasing sequences of h-minima and of hy-
maxima of W, such that my < 0 < m; and m; < M; < m;y, for every j € Z.
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Define
Ny = max{keN, sup X(s) ka}, (2.1.3)
0<s<t
the number of (positive) h;-minima on Ry visited by X until time ¢. We have the
following result.

Theorem 2.1.2. (/3]) Assume 0 < k < 1. There exists a constant C; > 0, such that

tETOOPGX(t) —mpy,| < C@(t)) =1

This result proves that before time ¢, the diffusion X visits the N, leftmost
positive h;-minima, and then gets stuck in a very small neighborhood of an ultimate
one, which is my,. An analogous result was proved for transient RWRE in the zero
speed regime 0 < k < 1 by [34]. This phenomenon is due to two facts : the first one
is the appearance of a renewal structure which is composed of the times it takes the
process to move from one h;-minimum to the following one. The second is the fact
that like in Brox’s case k = 0, the process is trapped a significant amount of time
in the neighborhood of the local minimum my, .

It is the extension of this renewal structure to the sequence of local times at the
hs-minima that we study here. We now detail our results.

2.1.2 Results

Let us introduce some notation involved in the statement of our results. Assume
that 0 < x < 1. Denote by (D([O, —i—oo),]R2),J1) the space of cadlag functions

[0, +00) — R? with J;-Skorokhod topology and denote by S the convergence in
law for this topology. On this space, define a 2-dimensional Lévy process (Y, )Vs)
taking values in R, x R, which is a pure positive jump process with x-stable Lévy
measure v given by

Vo >0, Yy > 0, v([z, +00[x[y, +00]) = %]E [(Rn)ﬁ]lmsg} + %IP’ (RK > %) ,

(2.1.4)
where R, is defined in (2.1.2) and C, is a positive constant (see Lemma 2.4.1). The
Laplace transform of R, is given by

B 2,}/)5/2 2
E(e7 ") = ( >0 2.1.5
)= (Fonam) 77" (2.15)
as proved in Lemma 2.6.6 below, where I,; is the modified Bessel function of the
first kind of index k. Moreover, R, admits moments of any positive order (see also
Lemma 2.6.6). In particular E[(R,)"] is finite and v is well defined.

For a given cadlag function f in D(]0,+o0),R), define for any s > 0,a > 0 :

fi(s) == sup (f(r) = f(r7), [ Y(a):=inf{z >0, f(z) > a},

0<r<

32



2.1. INTRODUCTION

where f(r~) denotes the left limit of f at r. In words, f%(s) is the largest jump of
f before time s, whereas f~!(a) is the first time f is strictly larger than a. We also
introduce the couple of random variables (Z;,Z;) as follows,

(Y1) s
Vo (V' (1) = (Vs

TSR, T (- %050) el
2.

Ai—‘

1.6)
We recall that = denotes convergence in law under the annealed probability P as
t — +00. We are now ready to state our first result.

R<1

Theorem 2.1.3. Assume 0 < k < 1. We hawve,
£ t( ) & 57T = : max(Zy, Zy).

Contrary to the recurrent case k = 0, we have no scaling property for the po-
tential, and the diffusion X cannot be localized in a single valley as we can see in
Theorem 2.1.2. However in the transient case we can make appear and use a renewal
structure.

We now give an intuitive interpretation of this theorem, explaining the appearance
of the Lévy process (1, Vs).

First for any s > 0, )(s) is the limit of the sum of the first |se**® | normalized
(by t) local times taken specifically at the |se®*® | first hi-minima (see Proposition
2.1.4 below). Similarly, Vs (s) is the limit of the sum of the exit times of the | se®®) |
first h,-valleys, normalized (by t), where an h;-valley is a large neighborhood of an
hi-minimum. For a rigorous definition of these h;-valleys, see Section 2.2.2 and Fi-
gure 2.1.

So, by definition, Z; is the largest jump of the process ), before the first time ) is lar-
ger than 1. It can be interpreted as the largest (re-normalized) local time among the
local times at the h;-minima visited by X until time ¢ and from which X has already
escaped. That is to say, Z; is the limit of the random variable sup, <y, _; £(my,t)/t.
7, is a product of two factors : the first one, (1 —Vo(Vy 1(1)_)), corresponds to the
(re-normalized) amount of time left to the diffusion X before time ¢ after it has rea-
ched the ultimate visited h;-minimum my,, that is, to (¢t — H(my,))/t. The second
factor corresponds to the local time of X at this ultimate h;-minimum my;,, that is to
say Z is the limit of L(¢,my,)/t. Intuitively ); is built from Y by multiplying each
of its jumps by an independent copy of the variable R,. Therefore this second factor
can be seen as an independent copy of 1/R, taken at the instant of the overshoot
of )V, which makes it larger than 1. Notice that this variable R, plays a similar role
as Ry of Theorem 2.1.1. Indeed as in the case K = 0, the diffusion X is prisoner in
the neighborhood of the last hA;-minimum visited before time t.

We prove Theorem 2.1.3 by showing first that portions of the trajectory of X
re-centered at the local h;-minima, until time ¢, are made (in probability) with
independent parts. This has been partially proved in [3] but we have to improve
their results and add simultaneously the study of the local time.
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Second, we prove that the supremum of the local time is, mainly, a function of
the sum of theses independent parts, which converges to a Lévy process. We now
provide some details about this.

Recall that (W](s), s > 0) is defined as a continuous process, taking values in
R, , with infinitesimal generator given for every = > 0 by

1d & n( d

sa t 2 (3) &
This process W, can be thought of as a (—x/2)-drifted Brownian motion W, Doob-
conditioned to stay positive, with the terminology of [8], which is called Doob condi-
tioned to reach +o0o before 0 in [37] (for more details, see Section 2.1 in [3], where
W1 is denoted by R). We call BES(3,/2) the law of (W!(s), s > 0). That is,
(W1(s), s >0) is a 3-dimensional (x/2)-drifted Bessel process starting from 0. For
any process (U(t), t € R.), we denote by

7Y(a) == inf{t > 0, U(t) = a},

the first time this process hits a, with the convention inf() = +oo. For a < b,
(W2(s), 0 < s < 71"(a)) is defined as a (—#/2)-drifted Brownian motion starting
from b and killed when it first hits a. We now introduce some functionals of W, and
W1 which already appeared in (|3|, Section 4.1) :

TWe (1)
FE(z) = / exp(£W(s))ds, x>0, (2.1.7)
0

b
e (a)
G*(a,b) = / exp (£ W2(s))ds, a <b. (2.1.8)
0

Let 0 < 6 < 1, define
ne 1= Le’“p(t)(H‘s)J, t>0,

which is, with large probability, an upper bound for N; as stated in Lemma 2.3.1.
Let (S;,Rj,ej,j < n;) be a sequence of i.i.d. random variables depending on

t, with S;, R; and e; independent, S; = F*(h,) + G*(hy/2, hy), Ry £ F~(h/2) +
F~(hy/2) and e, £e (1/2) (an exponential random variable with parameter 1/2),

where F'~ is an independent copy of F~ and F* is independent of G*, and £ denotes
equality in law. Define ¢; := e;5; and H; := {; R;. Note that to simplify the notation,
we do not make appear the dependence in ¢ in the sequel. Intuitively, ¢; plays the
role of the local time at the j-th positive hy-minimum m; if X escapes from the j-th
hi-valley before time ¢, that is, if j < N;. Similarly, H; plays the role of the time X
spends in the j-th h;-valley before escaping from it.

Define the family of processes (Y1, Y2)" indexed by ¢, by

Lse”"’(t)j

Ys20, (Y= (6D =g Y ()
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2.1. INTRODUCTION

Recall that =5 denotes convergence in law under .J;-Skorokhod topology. Here is our
next result.

Proposition 2.1.4. Assume 0 < k < 1. We have under P, as t — +oo,

(V1,Y2)" 55 (0, D).

Once this is proved, we check that we can approximate, in law, the renormali-
zed local time L£*(t)/t by a function of (Y7,Ys)". We obtain such an expression in
Proposition 2.5.1. Then to obtain the limit claimed in Theorem 2.1.3, we prove the
continuity (in Ji-topology) of the involved mapping and apply a continuous mapping
Theorem (see Section 2.4.3).

It appears that with this method we can also obtain some other asymptotics.
Indeed, we obtain in the following theorem the convergence in law of the supremum
of the local time of X before X hits the last h;-minimum my, visited before time
t, of the supremum of the local time of X before X leaves the last h;-valley visited
before time t (the one around my,) approximately at time H(my,+1), and of the
position of the favorite site.

Theorem 2.1.5. Assume 0 < k < 1. We have the following convergences in law
under P as t — +o0,

L(Hmy)) g,
t

Let us call F}* the position of the first favorite site, that is, F} := inf{x € R, L(t,z) =
L*(t)}. Then,

Vi (1)7) =T (2.1.10)

F*
Ftt) 5 BUpy +1— B, (2.1.11)
where B is a Bernoulli random variable with parameter P(Z; < Iy), and Up, is a
uniform random variable on [0, 1], independent of B.

We remark that with probability one there is at most one point x such that
L(t,x) = L*(t) so F} is actually the favorite site. Note that similar questions about
favorite points for X have been studied in the recurrent case k = 0 by [22].

One question we may ask here is : what happens in the discrete case (that is, for
RWRE), or with a more general Lévy potential ?

For RWRE, we expect a very similar behavior because the renewal structures
which appear in both cases (RWRE and our diffusion X) are very similar (see [34]).
The main difference comes essentially from the functional R,., which should be repla-
ced by a sum of exponentials of simple random walks conditioned to remain positive
(see [36], [34]).
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For a more general Lévy potential, we have in mind for example a spectrally ne-
gative Lévy process (diffusions in such potentials have been studied by [66]). More
work needs to be done, especially for the potential. First, to obtain a specific de-
composition of the Lévy’s path (similar to what is done for the drifted Brownian
motion in [37]), and also to study the more complicated functional R, which is less
known than in the Brownian case. This is a work in preparation by |74].

The rest of the paper is organized as follows.

In Section 2.2, we recall the results of Faggionato on the path decomposition of
the trajectories of W,. Also we recall from [3] the construction of specific h;-minima
which plays an important role in the appearance of independence, under P, on the
path of X before time t.

In Section 2.3, we study the joint process of the hitting times of the h;-minima
m;, 1 < j < n;and of local times at these m;. We show that parts of the trajectory of
X are not important for our study, that is, we prove that the time spent outside the
hi-valleys, and the supremum of the local time outside the h;-valleys are negligible
compared to t. We then prove the main result of this section : Proposition 2.3.5.
It shows that the joint process (exit times, local times) can be approximated in
probability by i.i.d random variables (which are the H; and ¢;). This part makes
use of some technical results inspired from [3], they are summarized in Section 6.

In Section 2.4, we prove Proposition 2.1.4, and study the continuity of certain
functionals of (Y, J») which appear in the expression of the limit law Z. This section
is independent of the other ones, we essentially prove a basic functional limit theorem
and prepare to the application of continuous mapping theorem.

Section 2.5 is where we make appear the renewal structure in the problem we
want to solve. In particular we show how the distribution of the supremum of the
local time can be approximated by the distribution of some function of the couple
(Y1, Y3)!, the main step being Proposition 2.5.1.

Section 2.6 is a reminder of some key results and their extensions extracted from
[3]. For some of these results, sketch of proofs or complementary proofs are added
in order for this paper to be more self-contained.

Finally, Section 2.7 is a reminder of some estimates on Brownian motion, Bessel
processes, and functionals of both of these processes.

2.1.3 Notation

In this section we introduce typical notation and tools for the study of diffusions
in a random potential.
For any process (U(t), t € R,) we denote by Ly a bicontinuous version of the
local time of U when it exists. Notice that for our main process X we simply write
L for its local time. The inverse of the local time for every z € R is denoted by
oy(t,z) := inf{s > 0, Ly(s,z) > t} and in the same way o(t,z) := ox(t,x). We
also denote by U® the process U starting from a, and by P® the law of U?, with the
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2.2. PATH DECOMPOSITION AND VALLEYS

notation U = U°. Now, let us introduce the following functional of W,,
A(r) ::/ eV @Ay, r e R.
0

We recall that since K > 0, Ay, = lim,, o A(r) < oo a.s. As in [17], there
exists a Brownian motion (B(s), s > 0), independent of W, such that X(¢) =
A7YB(TY(t))] for every t > 0, where

T(r) = / exp{—2W,[A71(B(s))]}ds, 0<r<7(A). (2.1.12)
0
The local time of the diffusion X at location x and time ¢, simply denoted by L(¢, x),
can be written as (see [61], eq. (2.5))
L(t,z)=e V@O Lp(T(t), Az)), t>0,z€R. (2.1.13)

With this notation, we recall the following expression of the hitting times of X,

H(r)=T[tP(A(r))] = / ' e W@ LplrB(A(r), A(w)]du,  r>0. (2.1.14)

— 00

2.2 Path decomposition and Valleys

2.2.1 Path decomposition in the neighborhood of the i;-minima
my
We first recall some results for h;,-extrema of W,.. Let
V() = Wy(z) — We(m,), reR, 1 €N

which is the potential W, translated so that it is 0 at the local minimum m;. We
also define

(]

7i(h) = inf{s >m;, VO(s)=h}, h > 0. (2.2.2)

The following result has been proved by [37] [for (i) and (ii)]|, and the last fact
comes from the strong Markov property (see also ([3], Fact 2.1) and its proof).

77(h) = sup{s <my, VO (s)=h}, h >0, (2.2.1)

Fact 2.2.1. (path decomposition of W, around the hy;-minima m;)

(i) The truncated trajectories (VO (m;—s), 0 < s < my—7; (hy)), (V@ (m;+s), 0 <
s < Ti(hy) — mi), 1 > 1 are independent.

(ii) Let (W]l(s), s > 0) be a process with law BES(3,k/2). All the truncated trajec-
tories (V@O (m; —s), 0 < s <m; — 1, (b)) fori > 2 and (VO (m; +s), 0 < s <
7i(he) —m;) for j > 1 are equal in law to (W]l(s), 0 < s < TW'I(ht)).

(iii) For i > 1, the truncated trajectory (V(i)(s + 7i(he)), s> O) is independent of
(We(s), s < 7i(he)) and is equal in law to (Wl (s), s > 0), that is, to a (—k/2)-
drifted Brownian motion starting from hy.
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2.2. PATH DECOMPOSITION AND VALLEYS

2.2.2 Definition of h;-valleys and of standard h,-minima m;,
j e N

We are interested in the potential around the h;-minima m;, ¢ € N*, in fact intervals
containing at least [1; ((1 + x)h¢), M;]. However, these valleys could intersect. In
order to define valleys which are well separated and i.i.d., we introduce the follo-
wing notation. This notation is used to define valleys of the potential around some
m;, which are thanks to Lemma 2.2.1 equal to the m; for 1 < i < n; with large
probability.

Let

hi = (14 K+ 20)h,.

As in [3], we define L := 0, g := 0, and recursively for i > 1 (see Figure 2.1),
L =inf{e > L, We(z) < W(LE,) —h},
Fi(hy) = inf {z > LE, W(z) — infzs 0 Wi > Iy}, (2.2.3)
m; 1= inf {x > I?f, W(z) = inf[i’j,ﬁ(ht)] WH},
Lf :=inf{x > 7;(h), We(z) < W, (Fi(hi)) — by — b }.
We also introduce the following random variables for ¢ € N* :
M; == inf{s > 1, Wy(s) = MaXz, <y<f+ W(u)},
L; = inf{z > 7i(h), We(z) — W,(1m;) = 3he/4},

L; := inf{x > 7i(hy), Wy(x) — We(1;) = he/2}, (2.2.4)

7i(h) = inf{s > m;, W.(z) — W,(m;) = h}, h >0, (2.2.5)

7, (h) :=sup{s < my, Wy(z) — Wy(m;) = h}, h >0, (2.2.6)
L7 =7 (h).

We stress that these random variables depend on ¢, which we do not write as
a subscript to simplify the notation. Notice also that 7;(h;) is the same in defini-
tions (2.2.3) and (2.2.5) with h = h;. Moreover by continuity of W, W, (7i(h;)) =
W..(m;) + hy. Thus, the m;, i € N* are hy-minima, since W, (1m;) = inf[ijr_lii(ht)] W,

Wee(Fi(he)) = Wi(ims) + hy and Wi (L)) > W (;) + hy. In addition,
Lf <LF<wm;<%(h) <L<Li<Lf¥, ieN (2.2.7)
Lf | < L7 <m; <7i(h) < M; < L, i€ N*. (2.2.8)

Also by induction, the random variables E?, 7i(hy) and ll;r, © € N* are stopping times
for the natural filtration of (Wy(x), > 0), and so L;, L}, i € N*, are also stopping
times. Moreover by induction,

W (L) = inf W,,  We(m;) = inf W,,
[0,L%] (0,7 ()]

" (2.2.9)
WN(Lj) = inf W, = W,(m;) — hj,
[0,LF

]
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2.2. PATH DECOMPOSITION AND VALLEYS

i, it

FIGURE 2.1 - Schema of the potential between L | and L}, in the case L} < L.

for i € N*. We also introduce the analogue of V@ for 7, as follows :
V() = Wy () — W), reR, i e N

We call @ th hi-valley the translated truncated potential (f/(i) (x), f/; <z < f}i),
for i > 1.

The following lemma states that, with a very large probability, the first n, + 1
positive h;minima m;, 1 < ¢ < n; + 1, coincide with the random variables m;,
1 <7< n;+ 1. We introduce the corresponding event V; := ﬂ?j{l{mi =m;}.

Lemma 2.2.1. Assume 0 < § < 1. There exists a constant C; > 0 such that for t
large enough,

P (vt) S Clnte—nht/2 _ e[—m/2+o(1)]ht'
Moreover, the sequence <(‘~/(i) (r+L{y), 0<a<Lf—Lf)),i> 1), is 1.0.d.
Proof : This lemma is proved in [3] : Lemma 2.3. O

The following remark is used several times in the rest of the paper.

Remark 2.2.1. On V;, we have for every 1 < i < ng, m; = my;, and as a
consequence, VO (z) = VO(z), z € R, 77(h) = 7 (h) and 1,(h) = 7(h) for
h > 0. Moreover, M, = M. Indeed, M, is an hy-mazimum for W.., which belongs to
[, Myy1] = [mi, mi1] on Vy, and there is exactly one hy-maximum in this interval
since the hy-maxima and minima alternate, which we defined as M;, so MZ = M,;. So

in the following, on Vi, we can write these random variables with or without tilde.
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2.3 Contributions for hitting and local times

2.3.1 Negligible parts for hitting times

In the following lemma we recall results of [3] which say, roughly speaking, that
the time spent by the diffusion X outside the h;-valleys is negligible compared to
the amount of time spent by X inside the h;-valleys. This lemma also gives an
upper bound for the number of h;-valleys visited before time t. Finally, it tells
us that with large probability, up to time ¢, after first hitting the bottom m; of
each h;-valley [f/;, IN/j], X leaves this h;-valley on its right, that is on f/j, and that
X never backtracks in a previously visited h,-valley. We define H,_,, := inf{s >
H(z), X(s) =y} — H(x) for any x > 0 and y > 0, which is equal to H(y) — H(z) if
x <y. Let

Up=0,  Uj:=H(L)—H(n)=Hy ,;., i>1,
m k—1
Bi(m) =) {0 < H(iig) = Y U < @t} . om>1,
k=1 i=1
where v, := 2t/ log h; and Z?Zl U; = 0 by convention. Finally, we introduce
BQ(m) = ﬂ {H’ﬁ’bj%i/j < Hﬁlj%i}’ Hizj-)ﬁLjJrl < HEJ—)L;}7 m 2 1
j=1

Lemma 2.3.1. For any 6 > 0 small enough, we have for all large t,
P[H(ml) < @t] > P[Bl(ntﬂ > 1 — Cyuy, (2.3.1)

with v := ny - (log hy)e™®® = o(1) and Cy > 0. Moreover, there exists C3 > 0 such
that for large t,

P (By(ny)) > 1 — Cynge %he, (2.3.2)
P(N, <ny) > 1—e 0, (2.3.3)

Proof : The first statement is Lemma 3.7 in [3]. The second one follows directly
from Lemmata 3.2 and 3.3 in [3]. For the proof of (2.3.3) see Lemma 2.6.1. O

2.3.2 Negligible parts for local times

We now provide estimates for the local time of X at time ¢. We first prove that the
local time of X outside the first n; h;-valleys is negligible compared to t. Second, we
prove that for every 1 < j < n, the local time of X inside the h;-valley [ﬂ;, f}j] but
outside a small neighborhood of m; is also negligible compared to ¢.
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2.3.2.1 Supremum of the local time outside the valleys

The aim of this subsection is to prove that at time ¢, the maximum of the local
time outside the h;-valleys is negligible compared to ¢. More precisely, let f(t) :=
tels(430)-116(t) and, for m > 1,

Bitm) = {_sup £(tt(n).0) < 1)}

z€[0,m1]

“61 { o ]£<H<mj+1>,:c) < f(t)},
)= () (s, (E08y ). 0)~ £(01(15). ) < 560}

=1

Bs(m) := By(m) N B5(m).

.

This section is devoted to the proof of the following lemma.

Lemma 2.3.2. Assume that ¢ is small enough such that k(1+36) < 1. There exists
Cs > 0 such that for any large t

P (Bs(n:)) > 1 = Csuwy,

with wy = e~

Its proof is based on Lemma 2.3.3 below, for which we introduce the following
notation, depending only on the potential W, :

7 (h) = inf{u >0, W.(u) —inf. W, > h}, h >0,
mi(h) = inf{y >0, W,(y) = inf[gﬁ*(h)] W.}, h > 0.

Throughout the paper, Cy (resp. ¢_) denotes a positive constant that may grow
(resp. decrease) from line to line.

Lemma 2.3.3. Assume that k(14 36) < 1. For large t,

C
P (Supxe[o,mf(hm LIH (7} (b)), 2] > te[”“”“‘”“”) <—= (2.3.4)

- ntel‘f&ﬁ(t) '

Proof of Lemma 2.3.3 : Thanks to (2.1.13) and (2.1.14) there exists a Brownian
motion (B(s), s > 0), independent of W, such that

LIH(75(he)), x] = e V=@ L[ B(A(77 (), A(z)], xR (2.3.5)
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By the first Ray-Knight theorem (see e.g. [57|, chap. XI), for every a > 0, there
exists a Bessel processes @ of dimension 2 starting from 0, such that Lz(75(«a), x)
is equal to Q3(av — z) for every x € [0,a]. Consequently, using (2.3.5) and the
independence of B and W,,, there exists a 2-dimensional Bessel process ()5 such that

LIH(ti(h)), 2] = eV @Q2[A(r (b)) — A(x)]  0<a <7i(h).  (2.3.6)

In order to evaluate this quantity, the idea is to say that loosely speaking, Q% grows
almost linearly. More formally, we consider the functions k(t) := e () q(t) :=
4¢(t) and b(t) := 6k 1p(t)e", and define the following events

—+o00
m::{AW:/ dW%mgwﬁ,
0

A = {Vu e (0,k(1)], Q5(u) < 2eula(t) + 4logloglek(t)/ul] },
./42 = {lnfo.,- (ht)] W Z b(t)}
We know that P(A. > y) < Coy™" for y > 0 since 2/A,, is a gamma va-

riable of parameter (k,1) (see [32], or [15] IV.48 p. 78), having a denS.lty_equal
to e "z g, (x)/T(k), so P(.Ao) < Cik(t)™ = Cye . Moreover, P(A;) <
C exp[—a(t)/2] = Cre?*®) by Lemma 2.7.5. Also we know that — infio - ny Wi,
denoted by —f in ([37], eq. (2.2)) is exponentially distributed with mean
2k~ ' sinh(kh/2)e /2 ([37], eq. (2.4)). So for large t,
P(As) = Pl=infip ) Wi > b(t)]
= exp [ —b(t)r/(2 sinh(/iht/Z)e“ht/g)}
< e 20(1)
Now, assume we are on 4yN.A;NAy. Due to (2.3.6), we have for every 0 < z < 7/ (hy),
since 0 < A(71(ht)) — A(x) < A < k(2),
LIH (7 (h)), 7]
< e W@ e[ A7 (b)) z)]{a(t) + 4loglog [ek(t)/[A(r] (h)) — A(z)]] }.

We now introduce
fii=inf{u >0, Wy(u) < —i} = 75 (=), i1 €N,

and let 0 < x < 7/(h). There exists i« € N such that f; < = < f;11. Moreover,
we are on Ay, so i < b(t). Furthermore, © < fi11, so Wy(z) > —(i + 1) and then
e Wr(2) < gitl — o=Walfi)+1  All this leads to

71 (ht)
WA () — A@)] = ) [T gy

71 (ht)
e/ Ve =Welfi)qy, (2.3.8)
i

IA
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To bound this, we introduce the event

[b(1)] 7+ (he)
As = m {/ eWre(W=We(fi) qq, < 6(1ﬁ)htb<t)nt6'{6¢(t)}.
fv

=0

We now consider 7y (u, h;) = inf{y > u, Wi.(y) — infj, ) W > b} > (k) for
u > 0. We have

1 (ht) 71 (fisht)
E(/ ewfc(u)_wm(fi)du> S E(/ ewm(u)_wn(fi)du) — /Bo(h‘t)v
fi fi

by the strong Markov property applied at stopping time f;, where we define 5y(h) :=
E (fOTf(h) eW*‘(“)du>. By (2.6.15), Bo(h) < C,e'*="" for large h. Hence for large t by
Markov inequality,

_ 5] 1 (ht)
P(A3) < Z P(/ eWe(@)=Welf) Q> e(l—n)htb(t)nten&z)(t))
i=0 i
)+ Unlh) _C
e(I=mhih(t)n,erddt) = n,erdd®)

Now, on M?_yA;, (2.3.7) and (2.3.8) lead to

LIH (71 (ht)), 7]
< 262+(1_“)htb(t)nte“5¢(t){a(t) + 4loglog [ek(t)/[A({ (k) — A(z)]] }.(2.3.9)

We now consider only 0 < x < mj(h;). By definition of Ay, infig ) Wi > —b(2),
such that

71 (ht)
A(rf(hy)) — A(z) = / Ve dy

i (he)
> / Vel dy
> e PO (he) — mi(hy)]

on the event N A; with Ay := {77 (h;) — m}(hy) > 1}. Since m; = m}(hs) and
71 (hy) = 71 (hy) on {My < 0} by definition of hs;-extrema, we have

< P(O<M0 <m1)—|—P[7'1(ht)—m1 < 1]

< e ™ + P[WA(hy) — 75 (he/2) < 1]

< Cyhe™ 4+ Oy exp|—(c_)h}]

P (714)
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due to ([3], eq. (2.8), coming from [37]), Fact 2.2.1 (ii) and (2.7.4).

Now, we have ek(t)/[A(T (k) — A(x)] < ek(t)e’™® on Nt A;, and then, on this

event, (2.3.9) leads to
L[H (7] (ht)), z] 22T 1=Whep(H)n, e W { a(t) + 41og log [ek(t)e b(®) '}

<
< t¢() [k(1+6)—1](?) prdd( t)h

since ¢(t) = o(logt), hy = logt — ¢(t) and n, = [e*179?®) | We notice that for large
t, CLp(t)hy < e since loglogt = o(¢(t)). Hence, for large t,
LIH (7 (hy)), 2] < tel<0307100),
on NgA; for every 0 < x < mj(h;). This gives for large t,
Cy

nte'f&i)(t) ’

P (S0P o g oy £H (7 (), ] < tel-HF9-060) > P (L 4) > 1 -

due to the previous bounds for ]P’(AZ-), 0 <12 < 4. This proves the lemma. d
With the help of the previous lemma, we can now prove Lemma 2.3.2.

Proof of Lemma 2.3.2 : The method is to do a couphng, similarly as in the proof
of Lemma 3.7 of [3]. Recall the definition of L} < L; < L!, just above (2.2.5). Also,
let

7y (he) :=inf {u > L, Wi(u) — infiz. Wi > he} < Fia(he), i>1,

’L-‘rl (ht . lnf {u > L W (u) - inf[i*ﬁ'ﬁl(ht)] WK}? Z 2 1,

As =Nt T (he) = Ti+1(ht)}>
X;(u) ::X(u—i-H(Ll-)), X7 (u) ::X(u+H(if)), u>0,7i>1.
(2.3.10)
Let ¢ > 1. By the strong Markov property, X; and X are diffusions in the potential
W, starting respectively from L; and L;. We denote respectively by Lx,, Lxx, Hx,
and Hy: the local times and hitting times of X; and X;. We have for every z > L,
L(H (i) ) = LIH(Li),x) < L(H (i), x) — L(H (L), x)
== ﬁx* (Hx* (mi+1) JJ) .
Consequently, on A5 N Ag with Ag := NL; 1{HX (mjy1) < Hx, (L*)} for 1 <i <
ng — 1
sup (L(H(iis),) = £(H (L), x))
z€eR
= _ sup (‘C(H(miJrl)ax) - E(H(ii);fU))
Ly<z<mj41

< sup Ly (Hx: (M), x)

Ly <az<miy

S sup EXZ* (HXJF(%;J(ht)),l'), (2311)

Ly<a<iny,,
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since my,; = Mip1 < Tip1(he) = 771 (he) on As. Now, notice that the right hand side
of (2.3.11) is the supremum of the local times of X — L*, up to its first hitting time
of 7 1(he) — L*, over all locations in [0, 72} 1 — L}]. Since X — L} is a diffusion in
the potential (WN(L;* +a)—We(L}), z € R), which has on [0, +00) the same law as
(Wy(z), > 0) because L* is a stopping time for W,, the right hand side of (2.3.11)
has the same law, under the annealed probability P, as supyc(o m: (n,)) £1H (77 (he)), 2.
Consequently,

P("U {Sup <£(H(mi+1), x) — L(H(L;), 1:)) > te[n(1+36)—1]¢(t)} >

i=1 ‘TR

IN

ng [P(Supxe[omf(ht)] £ [H(Tl*(ht))v .'I}:| > te[’i(l—’—&s) } ) + ]P)(A5) (./_4 ):|
< C+efi€5¢>(t) (2.3.
by Lemma 2.3.3, since ]P)(./_45) < Cynghe ™ by (2.6.9), P(Zg) < P(B_g(nt))

Csnge~%%ht by (2.3.2) and since ¢(t) = o(logt). Notice that, as before, m; = m;
mj(ht) on V; N {My < 0}. Finally,

\_/

|IVAN

C —
]P’( sup L(H(my),z) > te[”(Hg‘s)’”d’(”) < 6—(;(15) P(V) + P(0 < My < my)
z€[0,Mm1] er
s
< erdo(t)

also by Lemma 2.3.3, Lemma 2.2.1, and since P(0 < My < m;) < Cyhye " due to
(2.6.8). This and (2.3.12) prove the lemma. O

2.3.2.2 Local time inside the valley [IN};, f/j} but far from m;

We introduce for t > 0 and j > 1,
Ty == Oo¢<t>, Dj = [Th] — T, ﬁ'Lj + Tt], (2313)

where Cy > 0 is a constant that can be chosen as large as needed. We also define

By(m) = ﬂ { sup (ﬁ(H(zj)w) — E(H(mj),x)> < t6_2¢(t)}

j=1 | =eD5nfF; (h). L))

for m > 1, where D; is the complementary of D;. Moreover, we recall that ZJ_ =
7 (h).
7 t

Lemma 2.3.4. There exists Cg > 0 such that if Cy is large enough, for large t,

P[B4(nt)} > 1 — Cynye 220,
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Proof : Let j € [1,n;]. Throughout the rest of the paper, for y € R, we denote
by ]P"y’VK the law of X starting from y instead of 0, conditionally on W,. As we

are interested in the local time at z after X reaches 1m; we work under ]PZVLJ*_‘. So
first, thanks to (2.1.13) and (2.1.14), under IP’?;‘_‘, there exists a Brownian motion
(B(s), s> 0), independent of V), such that

L[H(L), 2] = V@O Lp[rP(A(L), A(z)], weR,

where A7 (z) := [2 V7 ()ds. Let BI(.) := BI((AI(L;))%.)/A/(L;). By scaling, and

J ~ .
because B is independent from W, we notice that conditionally to Wy, B’ is a
standard Brownian motion. Therefore, even if W, appears in the expression of B,
B’ is (probabilistically) independent of W,. We still denote it by B in the sequel to
simplify the notation. With this notation, we have

LIH(L)), 2] = e VY@ A(L)LplrP (1), A(z)/A(L;)], xeR. (23.14)

In order to bound the factors £5[77(1),.] and A(L;) in (2.3.14), we first intro-
duce

Ay = {supyep Lp[rP(1),u] < X0}, Ay = {AI(L;) < 2eMT2W/51 0 (2.3.15)

We have P(A;) < 572%™ for large ¢ by Lemma 2.7.4 eq. (2.7.12) and (2.7.13).
Moreover on V;, we have by Remark 2.2.1 and Fact 2.2.1 (ii) and (iii),

Ly
A (Ly) < [Fi(he) — et +/ ") ds

a 7j(he)
B v
= [7j(he) — m;]e™ +/ eV ds
7j(ht)
"7 (hy) + G (he/2, h),
where W has law BES(3, k/2) and is independent of G (h;/2, h;), which is defined

in (2.1.8), and with L; = inf{s > 7;(h;), VU (s) = hy/2} as defined in (2.2.4), and
L; :=inf{s > 7;(h;), VY (s) = h;/2}. Consequently,

P (712)

£

P(TW*I(ht) > 200/R) 4 P(GT (b2, hy) > € P290/%) 4 P(V)

<
< C+6—2¢(t)

for large ¢ by Lemma 2.7.2 eq. (2.7.5), Lemma 2.7.3 eq. (2.7.10) and Lemma 2.2.1,
and since ¢(t) = o(logt) and loglogt = o(¢(t)).

Now, we would like to bound the factor e~V @) that appears in (2.3.14). To this
aim, let

Az = {F[rCoo(t)/8] < my + Cog(t)},

A = { inf VO > kCod(t 16},
! 75 [5Co(8)/8],73 (o)) 0P(t)/
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with 7; and 7;" defined in (2.2.5) and (2.2.6), and 7; and 7, in (2.2.1) and (2.2.2).
First, using (2.6.12), P(A3) < O e [8*Coo®)]/(16v2) < =26 if we choose C, large
enough. Moreover Fact 2.2.1 together with (2.7.3) (applied with h = Cyo(t), o =
k/8,v = r/16 and w = h;/(Cop(t)), see also the remark at the end of Lemma 2.7.2)
give P(Ay) < 2e 7 Cod/16 < ¢=2¢(1) for large t.

We notice that infps 1coet).7 (he)] V) > kCo¢(t)/16 on Az N Ay NV}, since 7; = 7,
and VW = V) on V), thanks to Remark 2.2.1. We prove similarly that

P(?L%) < C+67”200¢(t)/(16\/§) + P(Vt) < 2e~20(0),

where

./45 = { inf V(j) Z KJOQ¢(t)/16},

[7; (ht) 15— Cod(t)]

As = { inf VU > ht/Q}.
7 ()75 (o)
Also by (2.6.10), P(As) < e ""/8. We also know that VO (x) > hy/2 > kCoo(t)/16
for all 7;(h;) < x < L; by definition of L;, uniformly for large t. Consequently on
NS_sA; NV, for all x € D; N [7; (B)), L], we have e~V @) < =rCod(1)/16
Hence on NY_; A; NV, we have under Pﬁv‘;ﬁ, by (2.3.14) and (2.3.15),

sup ﬁ[H(Ej), :C} < 2te112/R)(t) o =rCod(1)/16 te*%’(t)’
2€D;N[7; (h),Ly)
if we choose Cj large enough. So, conditioning by W, and applying the strong Markov
property at time H(m,), we get

Pl sup  (L[H(Ly),x] — L[H(m;),2]) < te >

z€D; N7 (h),Lj]
W (6 , — —2¢(t)

uniformly for large t due to the previous estimates and thanks to Lemma 2.2.1. This
proves the lemma. O

2.3.3 Approximation of the main contributions

In this section we give an approximation of the exit time of each h;-valley [f/;, f/]] and
of the local time at the bottom m; of this hs-valley for every 1 < 5 < n;. More preci-
sely, we make a link between the family ((U; := H(L;)— H(;), L(H(L;),m;)),1 <
7 < nt), and the i.i.d. sequence ((Hj, l;),1 <5< nt) described in the introduction.

In the following, Fj" (hi), G (h¢/2,hi), Fy (h¢/2) and Fy (hi/2) denote inde-
pendent r.v. with law respectively F'*(h;), G (h/2,h), F~(hi/2) and F~(hy/2),
defined in (2.1.7) and (2.1.8).
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Proposition 2.3.5. For § > 0 small enough (recall that 6 appears in the definitions
of ny and h;" ), there exist dy = di(6,x) > 0 and Dy(dy) > 0 such that for large t,
possibly on an enlarged probability space, there exists a sequence ((S;, R;,e;), 1 <
J < ny) of i.i.d. random variables depending on t, with S;, R; and e; independent for
every j and S; £ Fyt (h)+G(h/2, ), R; £ Fy (hy/2)+Fy (hy/2) and e; = £(1/2)
(exponential variable with mean 2) such that

P (ﬂ}“zl{‘U] — H]‘ < é’:}Hj,

L(H(Ly), ;) — ;] < atej}> >1— e Dt (2.3.16)

o— G .a. = R - p—diht
where {; := S;e;, H; = R;l; and e, := ¢ .

The proof of the above proposition, which is in the spirit of the proofs of Propositions
3.4 and 4.4 in [3|, makes use of the following lemma :

Lemma 2.3.6. For § > 0 small enough, there exist constants d_ > 0 and D_ > 0,
possibly depending on k and d, such that the two following statements are true for
t > 0 large enough.

(i) There exists a sequence (e;, 1 < j < mny;) of i.i.d. random variables with exponen-
tial law of mean 2 and independent of Wy, such that

]P( ﬂ {‘U] — Hj‘ S ei(d_)htﬁj, E(H(i]),m]) = LJ}) 2 1— ei(D_)ht, (2317)

j=1

where L; = e, fﬂi; @Az, R = fT:i((};;//?) e V@ dr and Hy = L;R; for all

1 < j < ny. Moreover the random variables (]Lj,]I:]Ij), 1 <5 <mny, are i.i.d.

(ii) Possibly on an enlarged probability space, there exist random variables R; and
S, 1 < 5 < ny, such that all the random variables R;, S;, e;, 1 < j < ny are
independent, with S; £ Ff(h) + G (h/2, 1), and R; £ Fy (ht/2) + Fy (he/2) for
every 1 < 7 < ny, such that

dul

Proof of Lemma 2.3.6 : We start with (i). Recall that m; < L; < 7y, for
every j > 1, e.g. by (2.2.7). By the strong Markov property applied under P"=
at stopping times H(7;), the random variables (Uj,E[H(ij),Thj]), 1 < j < ny,
are independent under P"=. By the same Markov property and formulas (2.1.13)
and (2.1.14), the sequence (U;, L[H(L;),m,], 1 < j < n,) is equal to the sequence

Ly _
/ V@ g — S
m

S 6_(d7)ht5’j7 R] — Rj}) 2 1 — e—(D,)ht, (2318)
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Li[Hy(Ly),m;] = Lps [77 (A (Ly)),0],  A(u) = / "V @dz, ueR,
(2.3.19)

with (B/,1 < j < ny) a sequence of independent standard Brownian motions
independent of W, such that B’ starts at A7(m;) = 0 and is killed when it
first hits A7(L;). Recall that Lp; denotes the local time of B’. Define A; :=
{maxud; Lpi [P (AI(Ly)), A(u)] =0}, 1 < j < ny. By (2.6.6), there exists c_ > 0

(possibly depending on k and 4) such that IP( NiL, Aj) > 1 — e (=) for large t. So

for large t,
IP’< N {Hj(ij) - i}j}) >1 - e~(ehe (2.3.20)

J=1

where

Li . S .
hj = / e VWL, (77 (A7 (L)), A (u)]du, 1<j<ny.

We also notice that for every 1 < j < ny, (ﬁj,ﬁ [H;(L;),;]) is measurable with
respect to the o-field generated by (VW (z + L)), 0 <z < L} — L},) and B,
where by (2.2.7) and (2.2.8), L7, < L; <y < L; < L}. Hence the random
variables (hj,[, [H,(L;), ™ i), 1 < j < ng are i.i.d under ]P by the second fact of
Lemma, 2.2.1. For the same reason, (R],A' [ )) 1 <5 < n; are also i.i.d.

(L,
For 1 < j <my, let BI(.) := BI((A/(L;))%.) /A’(L;). Notice that

Lo [77 (W (L), A (w)] = A(L)L [P (), M)/ (L), L <us<l,
(2.3.21)
Moreover by scaling and because B’ is independent from W,,, B7 is, conditionally
to W, a standard Brownian motion starting from 0 and killed when it first hits 1.

Furthermore, even if W,, appears in the expression of B/, BJ is independent of W,.
Then, let

e; =L [r7(1),0] = L [7P (47(L;)), 0] /47 (L;). (2.3.22)

Notice that by the first Ray-Knight theorem, e; is exponentially distributed with
mean 2. Since B’ is independent of W,, e, is also independent of W,. Also, the
sequence €;, 1 < j < n; is i.i.d. because the B? are independent and the (E{j, Aj(ij))
are ii.d., so (L;,H;), 1 < j < ny, are also i.i.d. Moreover, (2.3.21) leads to

L;[H;(L;),my] = A (L)) L [77(1),0] = A (L;)e; = L. (2.3.23)

49



2.4. CONVERGENCE TOWARD THE LEVY PROCESS ()1,)») AND
CONTINUITY

Now, for small € > 0, thanks to Lemma 2.6.3, we have for large t,

nt ~ . ~ (1-3¢)hs . ~ O_l,_nt
P( ﬂl{ hy — A(Lj)e;Ry| < 2¢” (%0 /BAJ(Lj)ejRj}) = 1=
j:
o
> 1= elc—/2)eh:”’

since n; = e’ Finally, this, together with (2.3.20), (2.3.23) and the equality of
sequences at the start of this proof show (2.3.17) for some D_ > 0 and d_ > 0. So
(i) is proved.

We now prove (ii). The r.v. A;(L;) = ffsj V@ dz and R; are not independent,
so we want to replace them by r.v. having better independence properties. Applying
Lemma 2.6.4 with subscript 2 replaced by j for 1 < j < n; gives the existence of
R; and S;, independent and independent of e;, having the law claimed in (ii) and
satisfying (2.6.5) with 2 replaced by j. This gives (2.3.18) since n, = e°™" . The fact
that we can build these R; and S; with the claimed independence properties follows
from the fact that (ej, éj, Aj(ij)), 1 <j<n;areiid. O

Proof of Proposition 2.3.5 : The existence and the law of the e; come from
Lemma 2.3.6 (i). The existence and the law of the R; and S;, and the independence
of R;, S;, ej, 1 < j < mn; come from Lemma 2.3.6 (ii). Moreover, by Lemma 2.3.6
(i) and (ii), there exist d; > 0 and D; > 0 such that for large ¢,

P (ﬂ;‘;l{‘U] — eijRj‘ < 5teijRja

> 11— e*Dlhtj

L(H(L;),m;) — ;S| < fteij}>

which proves (2.3.16). So Proposition 2.3.5 is proved. O

2.4 Convergence toward the Lévy process ()i, )s)
and continuity

2.4.1 Preliminaries

We begin this section by the convergence of certain repartition functions. These
key results are in the same spirit as the second part of Lemma 5.1 in [3].

Lemma 2.4.1. Recall from Proposition 2.3.5 that {1 := €51 and H, := e1.51R;.
Then for any ¢ € (0,1/3),

lim sup ‘x”e”¢(t)P(€1/t > ) — Cg| =0, (2.4.1)
t——+o0 1‘6[67(1—25)¢(t)’+00[
t£+moo sup ’y“e”‘z’(t)IP)(Hl/t >y) — GE[(R)"]]| =0, (2.4.2)

ye [e_(1_35)¢(t)7+oo[
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with Cy a positive constant (see below (2.4.10)).

Moreover, for any o > 0, e**OP({/t > x,H1/t > y) converges uniformly when t
goes to infinity on [o, +00[X [a, +00[ to v ([x,+00[X [y, +00[), where v is defined in
(2.1.4).

Proof : Let € € (0,1/3).
Proof of (2.4.1) : We first prove that, as ¢t — +o0, 2%e**®P (S, /t > z) converges
uniformly in x € [e_(1_8)¢(t), +oo[ to a constant ¢, that is, we prove that

lim sup ‘x”e”‘b(t)]P’ (S1/t>x) —c|=0. (2.4.3)
=00 xe[e*(lfsms(t);‘,—oo[

For that, with the change of variables y = e(*=9¢(®) 2 we just have to prove that

lim  sup }y“e’“‘b(t)}P’ (Sl/ehf“‘b(t) > y) — c| =0, (2.4.4)
t—+o0 y€[l,+o00]

but this is equivalent to prove that for any function f : ]0, +oo[— [1, 400,
Hm  (f(t))"e™=?OP (S /et > f(1)) = c. (2.4.5)

t——+o0
First by definition (see Proposition 2.3.5), S; can be written as the sum of two inde-
pendent random variables, that we denote by F;"(h;) and G*(h/2, h;) for simplicity.
That is,

Si/t = (Fi (hy) + GT(he/2, b)) [t = e=?D (e FF (hye) + e G (he/2, b)) -
(2.4.6)

Since we know the asymptotic behavior of the Laplace transforms of F*(h;)/eM
and Gt (h:/2,h;)/e™, the proof of (2.4.5) is similar to the proof of a Tauberian
theorem. First by (2.7.1) and (2.7.2) we have, using the independence of F;"(h;) and
GT(h/2, hy),

1 ep(t
vy >0, wre(y) = > (1 _E [6*751/(f(t)eht+ o >)])
o YT e, (2.4.7)

where ¢ =I'(1 — k)2"/T'(1 + k). Note that by Fubini, wy; is the Laplace transform
of the measure dUy(z) := Lg, (2)P (S1/(f(t)e"T°®) > z) dz, that is, wpe(y) =
J° e7*dUy,(2). From (2.4.7), we have
V"}/ = 07 wf,t(ly) N H—l.
Wf,t(l) t——+o0

We can now follow the same line as in the proof of a classical Tauberian theorem,
making the link between a Laplace transform and the repartition function, (see for
example [39] volume 2, section XIII.5, Theorem 1, page 442), we can deduce that

Uy((0, 2]) 2"

Vz >0 _—
- ’ wri(l) o+ T(2 — k)

51



2.4. CONVERGENCE TOWARD THE LEVY PROCESS ()1,)») AND
CONTINUITY

Then, e.g. as in the proof of Theorem 4 of the same reference page 446, or using
inequalities similar to those at the end of the proof of Lemma 5.1 in [3|, we deduce
from the monotony of the densities of measures Uy, that

P (S1/(f(t)ehF=e®) > z) 1—k

— 2
wre(1) e T(2—r)
Considering this convergence with z = 1 we get exactly (2.4.5) for ¢ = ¢/(1—k)/I'(2—
k) =2"/I'(1+ k), so (2.4.3) follows.
Now, let a; := e**®_ For any = > 0,

Vz > 0,

25" OP (e, /t > x, e < ay) = 2_1/ (z/u) e OP (Sy/t > x/u) u e du,
0

because e; has law £(1/2) and is independent of Sj.
Taking = arbitrary in [e=(17299() oo, we have x/u € [e=(1799®) 4o0[ for every
u €]0, a¢], so thanks to (2.4.3) we get

lim sup = 0.
t—=+o0 ,7;6[@*(1*25)(15“)7—‘,—00[

t c “+o00 un
2refeOp (e151/t > x, e; < ay) — 5/ mdu
0

(2.4.8)

Now for ¢ large enough such that Yy > 1, 4¢P (S, /t > y) < 2¢ (see (2.4.3)), we
have for any = > 0,

‘x”e”‘f’(t)P(elSl/t >, e < a) — 2" IP(e) S/t > z)|
= x”e”¢(t)IP’(elSl/t >z, e > at)

+oo

= 2_1/ 27" OP (S /t > x/u) e du
+oo

= 2_1/ u(z/u) e OP (S) /t > x/u) Lycue " 2du
+oo

+271 / u(x/u) " OP (S, /t > x/u) 1,s,e” " du

+oo +00
< 21€H¢(t)/ ue™ " du + c/ ute " ?du. (2.4.9)

at at

For the second term in the inequality we used the fact that
(z/u) e P (Sy/t > x/u) < 2c

when z > u. Since a; = e**®), the right hand side of (2.4.9) converges to 0 when ¢
goes to infinity. Combining this with (2.4.8), we get
+0o0o

27" OP (e,5, /t > x) — 2_1C/ ue " 2du
0

:O,

lim sup
t—+o00 xe[e*(1*25)¢’(t>,+00[

(2.4.10)
and this is exactly (2.4.1) with Cy := 27 %¢ [[" ure™"/2du = 2°T(k + 1)c = 4%
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Proof of (2.4.2) : Let ug, be the distribution of R;. For any y > 0, @ > 0 and
t > 0, we have by independence of €5 and R,

y e OP (e, S1 Ry /t >y, Ry <a)= / (y/u) e DP (1S /t > y/u) u* g, (du).
0

Taking a = a; = **®") and y arbitrary in [e=(17399®) 1 o0[, we have
y/u € [e=17299®) 4o for all u €]0, ay], so thanks to (2.4.10), we get

lim sup
t=+o0 ye [e_(1_35)¢(t) ,F00 [

y“e“¢(t)]P’(6151R1/t >y, Ry < at) - C2/ u g, (du)
0

=0,

where we used [ u" g, (du) = E[(R;)"] < E[(R,)"] < 00, as explained in the follo-
wing lines. By definition (see before Proposition 2.3.5 and (2.1.7)) and with T, an in-

TWe

dependent copy of W, Ry is equal in law to [
which itself converges almost surely to R, (defined in (2.1.2)) when ¢ goes to infinity.
This also shows that for each ¢, R is stochastically inferior to R, which admits fi-
nite moments of any positive order by Lemma 2.6.6. In particular the family (R;)¢o
is bounded in all L” spaces, and more precisely, E [(R;)?] < E[(R,)?] < oo for every
p € R.. So by the dominated convergence theorem, f0+°° u" g, (du) converges to
E [(R.)"] when t goes to infinity. Hence,

w —
(he/2) e—W,I(x)dx_i_foTW“ (ht/2) e—W,I(a:)dx’

lim sup ‘y”e”¢(t)IP’(e1$1R1/t >y, Ry <a;) —GE[(R)"]]| =0.

t—+o00 ye [6_(1_3E)¢>(t)7+oo[

Finally, as the family (R, );> is bounded in all L? spaces, e"*®) faoto u* g, (du) converges
to 0 as t — +00. So we can proceed as before (as in (2.4.9), integrating with respect
to R, instead of e; and using (2.4.1) instead of (2.4.3)) to remove the event R; < a;
and we thus get

lim sup ‘y”e”‘z’(t)IP’(elSlRl/t >y) — GE[(R.)"]| =0, (2.4.11)

t—+o0 y€[€7(1—3a>¢<f),+00[

which is (2.4.2).
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We now prove the last assertion. For any z > 0, y > 0, @ > 0 and ¢ > 0, we have
IO (elsl/t > x, 81S1R1/t >y, By < a)
P (e1S1/t >z, 151/t > y/u) pg, (du)

an(y/x)

e""OP (e151/t > y/u) pur, (du)

o— S—

+/ e OP (e, 8/t > x) ppg, (du),

Ay/z)

|
= [ e @S> ) e @
0
1 a
+— "D P (€15 /t > x) g, (du).
L™ Jan(y/2)

Taking a = a; = ¢**® and z, y arbitrary in [a, +oo[ (for some a > 0), we have
(y/u,z) € [e=(172)¢0) o002 Yu €]0,a;] whenever ¢ is large enough, so, thanks to
(2.4.10) we get that e"*WP (e, S/t > x,e,S51 R/t >y, Ry < a;) converges uniformly
in (z,y) € [o, +00[x[cr, +00[ toward

Cor "P(Ry. > y/x) 4 Coy "E((Ri) " Ir, <y/z) = v([z, +o0[x[y, +00[).

Then as before we can remove the event {R; < a;} since e"*WP(R; > a;) — 0 as
t — +00 because the family (R;)s~o is bounded in all L? spaces, which gives the last
assertion of Lemma 2.4.1. O

2.4.2 Proof of Proposition 2.1.4

We start with the finite dimensional convergence. We recall that (Y7, Y2)% is defined
just before Proposition 2.1.4, and (), )s) before (2.1.4). We sometimes use the
notation (M1, V2)s = (V1(s), Ya(s)) and (Y1, Y2){ = (Y{(s), Y5 (s)).

Lemma 2.4.2. For any k € N and s; > 0,7 < k, (Y1,Y3)! ,i < k) converges in law
as t goes to infinity to (Y1, Va)s;,1 < k).

Proof : The proof is basic here, however we give some details as we deal with a
two dimensional walk which increments depend on ¢ itself. As Y{(s) and Y7 (s) are

sums of i.i.d sequences we only have to prove the convergence in law for the couple
(Y1,Ys)! for any s > 0. For b > 0, we define (Y7, Y;*"), obtained from (Y3, Y>)" by

keeping only the increments larger than b, that is, Y;*%(s) = %Z]Lff¢<t)J Uil s

and Y;(s) := %ZLSGW(”J H 13y, /5 for every s > 0 and ¢ > 0. Also let Yi=b(s) =

7j=1
Yi(s) — Y;P(s) for i € {1,2}. We first prove that for any s > 0,
lim lim sup P( || (Y;>%, Y5=) || > &' "7%)) = 0, (2.4.12)

€20 ¢ 5400
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where for any a = (a1,a2) € R?, |la|| := max(|a1|, |ag|), with (Y55, Y =

(Vi“(s), Y5(s)) and 1 = k(2 = ) > 0 since < 1.

Let € > 0 and s > 0. We now give an upper bound for the first moments of ¥;~°(s)
and Y;~*(s). Let 7 > 0 be such that x — (1 — 3n) < 0. Applying Fubini, we have for

large t,

l
en¢(t)]E (%lﬁl/t<a)

S
OO [E

t ]lel St /tga}

< / e OP (e85, /t > x) dx
0

e—(1=2m)6(t)
/0
€

< (-2 4 / T rzR e OP (0,8 /t > 7) da.

e~ (1—-2n)é(t)

€

e—(1—2m)a(t)

" (e, S/t > x)dz + / " OP (1S, /t > ) dx

(2.4.13)

The first term in (2.4.13) converges to 0 when ¢ goes to infinity because k—(1—2n) <

—n < 0. Moreover, according to (2.4.1), for ¢ large enough, we have
Yz > e~ (172 zhe PP (e151/t > x) < 2Cs.
For such ¢, the second term in (2.4.13) is less than

61—/@

1—k

€
262/ x "dx = 2C2
0
So, we get for large ¢,
14
0] ) (%ﬂﬁl/tgs) < e (1=2m)ot) 4 o 1w
Using the same method and applying this time (2.4.2), we get for large ¢,
s (T (x—(1=3m) (0 1
"PVE | — Ty, ji<e | <€ K +Cie ™"
t —

We thus obtain

E (Y’lﬁe(s)) < Se(f@—(l—2n))¢(t) + C«_i_sgl—,‘i7
E (Y'2§€(S)) < ge(r—(1=3m)¢(t) + 04_861_&,

then a Markov inequality leads to (2.4.12) since k — (1 — 3n) < 0.

(2.4.14)

(2.4.15)

(2.4.16)
(2.4.17)

The next step is to prove that (Y%, Y;9)! can be written as the integral of a

S
point process which converges to the desired limit. We have

(72, Y79) ! = (175(s), Y35(s) = ( | [ eiaean [ [ x7>3<dx,dv>)
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where the measures P} and P} are defined by P} := 377 6,14, ~ns(;) and similarly
P2 = Y O(4-174; o). Recall that P} and P} are not 1ndependent We now

prove that (P}, 772) converges to a Poisson point measure. For that just use Lemma
2.4.1 together with Proposition 3.1 in [56] after discretization, it implies that (P}, P?)
converges weakly to the Poisson random measure denoted by (P!, P?) with intensity
measure given by ds X v.

Then using that for any € > 0, and T < 400, on [0,7) x (g, +00) X (g, +00) ds x v
is finite, we have that (Y%, ;%)% converges weakly to

V75, V5%)s = </ /xP dxdv/ /13732da:dv>
r>€ r>€

We are left to prove that ()%, Y5°) converges to (Vi,)s) when ¢ | 0. This is a
straightforward computatlon, that we detail for completeness. Let vy ([z, +00[) :=
v ([z, +00[xR,) = Co/x", we have

E (/xg /O a:Pl(dx,dv)> = S/xga zvy(dz) = Ce'™

Then a Markov inequality proves that for any s > 0, the process fx - fos P (dz, dv)
converges to zero (when e goes to zero) in probability. The same is true for

Joce J5 #P?(dz, dv), so we obtain that (Y7, V5 ), converges in probability to (1, V2)s
when & — 0 a

We now prove the tightness of (D(Y7,Y3)");, the family of measures induced by
processes (Y7, Ys)"

Lemma 2.4.3. The family of laws (D(Y1,Y3)"); is tight on (D([0, +00), R?), J;).

Proof : We only have to prove that the family law of the restriction of the process
to the interval (0,77, ((Y1,Y2)"|p,m): is tight. To prove this we use the following
restatement of Theorem 1.8 in [13] using Aldous’s tightness criterion (see Condition
1, and equation (16.22) page 176 in [13]) also used in [16] page 100. We have to
check the two following statements :

1) for any € > 0, there exists a such that for any t large enough,

p( sup (V2 Vo) >a) <.

se[0,T
2) for any € > 0, and 1 > 0 there exists §, 0 < 6 < T and ¢y, > 0 such that for t > ¢,
Plw((Y1,Y2)",0,T) > 0] <e,
with w((Y1,Y2)",0,T) := supgc,<pw((¥1,Y2)",0,T,r), and
w((Y1,Y2)', 6, T, )
- e (r+-6)AT (min{H(YhYQ)Zz N (Y17Y2)Z| ’

0V (r—4)<ui <u<uz<
(1, Y2)!, = (Vi Va)ea | )
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Also
P(u((Y,Y2),0,8,T) > n) < e, and P(o((Y,Y)!, T,8,T) > n) <&,
where v<<Yl’ YZ>t7 u, 67 T) = Sup(u—5)v0§u1§u2§(u+§)/\T{| ‘ (Yla Y2)Zl - (Yla Y2>Zg H}

We first check 1) since the process is monotone increasing,

I( sup (Y1, Ya2)i|| = a) = P(||(Y1, Y2)5|| > a) < P(YVA(T) > a) + P(Ya(T) > a).

(2.4.18)

Recall that Y;*" is obtained from Y; where we remove the increments £;/t smaller

than b and Y= = ¥; — Y. Define N2t := S0, ) Let 0 < 6, < 1. A
Markov inequality yields

P00 20 <2 (1)) 12 (') )

On {NZ! < a} there is at most ¢’ terms in the sum Y;"}(T) so

P(YYUT) > a/2, N7' <a™) < Y P4/t > (a""/2)|6:/t > 1)
1<i<a®l
< AP 6/t > (a0 )2) |6/t > 1)
Cope— b0 g —r(1=01)9x
0]
— ol ghi—k(l-8) (2.4.20)

< a’2

for all ¢ large enough thanks to (2.4.1) and 6, such that §; — k(1 —d;) < 0.

Also, notice that for any b > 0, Nz’ follows a binomial law with parameters
(|Te*® |, P(¢,/t > b)). So, using (2.4.1) again and (2.4.16), we obtain for ¢ large
enough,

E(N;') <26,Tb™, B |V (T)| < 26,70, (2.4.21)
Collecting (2.4.20), (2.4.21) and (2.4.19), we get the existence of t; > 0 such that

lim sup P(Y1(T) > a)=0. (2.4.22)

a——+400 t>t

The same arguments holds for Y5 (using (2.4.2) instead of (2.4.1) and (2.4.17) ins-
tead of (2.4.16)) so (2.4.22) also holds for Y3 instead of Y;. We conclude the proof
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of 1) by putting (2.4.22) and its analogous for Y5 in (2.4.18).

We now check 2) We first write, as usual,

{w((Y1,Y2)",6,T) > n}
C {w((¥ Y5 6,T) > /2 U {w((be,Y;b)t,é,T) > n/2}.

For V<", we have
Po((v,Y),6.7) 2 1/2) < Plo(v..7) 2 0/2) + Bu(v,0.7) > /2.
Moreover, by positivity of the increments,
P (w(¥i,4,T) = n/2)
P (ngLT/%J {be((k +1)26) — Y7~ (k20) > 77/4})

< > P(VE((k+ 1)20) = V7 (k20) 2 n/4) (2.4.23)
k<L1/0)

IN

For any k, Y='((k + 1)26) — Y,="(k26) is the sum of at most |26e"*®) | + 1 ii.d.
random variables having the same law as ¢;/t. We get that for any integer k

P (Vi((k +1)20) - Vi (h20) > n/4) < B (YE(36) > n/4) < 8C:00' "/,

where the first inequality holds for ¢ large enough so that 26e#®®) > 1 and the second
from the second expression in (2.4.21) (replacing 7' by 26). Combining with (2.4.23)
we get for large t

P @(Yfl’, 5,T) > n/z) < 24C,T(1 + 26)b" /1, (2.4.24)

[note that ¢ will be chosen later (and will be less than 1)|]. 7" and 7 are fixed so
we choose b small enough so that the right hand side of (2.4.23) is less than /4. A
similar estimate can be proved for P(w(Y,=",8,T) > 1/2).

For Y% we have again

Pw((Y7, Y57 0,T) > n/2) <P(w(Y7?,6,T) > 1/2) + P(w(Y5",6,T) > 1/2).

Since Y;? is piecewise constant with jumps larger than b, {w (Y%, T) > n/2}
implies that two jumps larger than b for Y} occur in an interval smaller than 2.

: Terd(®)] [ Terd® :
That is {w(Y°,0,T) > n/2} C UjL:1 J Uzl'->j,(z'7jj)/e”~¢(t)§25 {€; Nl;/t > b}. Applying
(2.4.1) for t large enough,

P (U]Lﬁm(t” ULTemb(t)j {ﬁj AJE> b}) < 8C2TH ",

i>j,(i—j)/e"*(1) <26
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which can be small choosing this time ¢ = §(b) properly. Again the same argument
can be used for w(Y;?, 6, T). To finish the proof, we have to deal with v(), as again
our processes are increasing,

P(v((Y1,Y2),0,8,T) > n) < P(||(Y1,Y2)5]| = n)

we can then proceed as for 1) decreasing the value of § if needed, this also applies
to P(v((Y1,Y2)",T,6,T) > n). O

Putting together the two preceding lemmata we obtain Proposition 2.1.4.

2.4.3 Continuity of some functionals of (), )5) in J; topology

In this section, we study the continuity of some functionals which will be applied
later to (Y1,Y2)" and to the Lévy processes (Y1, )s).
For our purpose, we are interested in the following mappings. We have already
mentioned the first two in the introduction :

J: DR.R) —D®.R) I: (D(R.R).J) — (D(R;.R),U)
f — f / —

where U denotes uniform convergence on every compact subset of R,. Then we also
need the compositions of these two : for any positive a, let

Jra: DR,R?*) —R Jra: D (R,R?*) — R
f=ffe) = fi(f2'(a)), f=(ffe) — fi(f2 ' (a)),
Jr.o (respectively J I ) produces the largest jump of f;, between 0 and the time just

after (respectively before) f; first reaches (a,+00). We also define K., K, K la
and f(;’a as follows.

Ki.: DR, R’ —R
f=0f1) — fi(fs'(a),

Ki,: DR, R} —R
f=0rf) — h (fz_l(a)_)7

Ki.: DR, R’ —R
f=(fi,f) — fo(f'(a),

Ki,: DR, R) —R
f=ff) — f(fi'(a)).

Finally, with Afi(s) := fi(s) — fi(s™), define F* by
F*: D(R,,R) —R

= f2) —inf{s € (0.f57(1), Afils) = (£ (1))}

We need this functional F* for the characterization of the favorite site.

(2.4.25)
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Lemma 2.4.4. J s continuous in the Jy topology.

Proof : This fact is basic. However, we have not found a proof in the literature, so
we give some details. To prove the continuity on D (R, ,R), we only have to prove
it for every compact subset of R, (see [75] Theorem 12.9.1). So let f € D (R4, R)
and T' > 0 at which f is continuous, let us prove that Jp defined by

Jr: D(0,T.R) —s D([0,T],R)
g — g

is continuous at the restriction fip 7). Let € > 0 and g € D ([0,T],R) such that
dr(fio,r»9) < 5. dr is the usual metric d of the J;-topology restricted to the interval
[0,T]. By definition of dy there exists a strictly increasing continuous mapping of
[0, T] onto itself, e : [0,T] — [0, T] such that

Do | M

€
sup le(s) —s| < 5 and sup |g(e(s)) — fiom(s)] <
s€[0,T) s€[0,T7]

So for every s € [0,T] we have

|Ag (e(s)) = Afjor ()| = [(g(e(s) — g (e(s)=)) = (fiory(s) = fory(s—))]
< g (e(s)) = fiom(s)| + [g (e(s)=) = firo.ry(s—)]

where Ah(s) = h(s) — h(s™). This implies dr (JT (f\[O,T]) ,JT(g)) <e. O

Lemma 2.4.5. Fiz a > 0. The mappings J; ,, Jra, K7, Kra, K’ia and Kp, are

continuous for Ji-topology at every couple (f*, f?) € D(R,,R?) such that

i. For any € > 0, f! and f? have a finite number of jumps greater than € on
every compact subset of R,

iti. f% is strictly increasing, with a limit equal to +oo,
ii. f2(0) =0,
. f* has a jump at 1(£)(a) and F(I(f2)(@)=) < a < PI(f2)(a).

Proof : This fact may also be known as we are looking at randomly stopped process,
but once again we did not find what we need in the literature ([62], [75]).

Let (fL, f?),, be a sequence of elements of D(R,,R) which converges to (f!, f?)
for the J; topology. To prove continuity, we prove that the sequence (J;,(f1, f7))n
converges to J,(f', f?), and the equivalent for .Jy ,.
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The first hypothesis guaranties that there exist neighborhoods of I(f?)(a) for which
f! makes no jump greater than 1/4 times its higher previous jump, that is to say
there exists 0 €]0, I(f?)(a)| (notice that I(f?)(a) exists tanks to (2) and is positive
thanks to (3)) such that f! makes no jump greater than J(f')(1(f?)(a) — §)/4 on

[I(f*)(a)—6, I(f2)(a)[ and on |I(f?)(a), I(f?)(a)+4]. Note also that J(f!) is constant
n [I(f*)(a) = 0,1(f2)(a)[ and on JI(f?)(a), I(f*)(a) + d].

Also § can be made smaller (if needed) in such a way that I(f*)(a)+ 4§ is a point of
continuity of (f!, f?) and (f}, f2), for every n € N. By hypothesis

d((fa: f3),(f1, f?) —nogee 050
dy, = d[o,f(fQ)(a)Jr(s} ((fé, fﬁ)HoJ(fz (f f ) 110,1(f2)(a }) —— st 0,

where [[0, I(f?)(a) + 4] in index means restriction to [0, I(fZ)(a) +6]. Also by conti-
nuity of J (see Lemma 2.4.4) we also have d (J(f!), J(f')) — 100 0 and therefore

n

— 1
dy, = do.1(2)(@)+4] ((J(fn))|[o,1(f2)(a)+5] ’ (‘](fl))\[o,[(fQ)(a)+6]> T nsoo 0.

Let h~ (respectively h™) be the largest jump of f! just before (resp. just after)
I(f?*)(a). By definition of § we have

he = J(fY) (1(f*)(a) = 8) , h* = J(f1) (1(£*)(a) +0) .

We have two cases, either J(f!) is continuous at I(f?)(a) or it makes a jump.

Case J(f') makes a jump, in this case the size of the jump is At — h™ > 0.

Let « = 8 'min (h™,d,1 — f2(I(f*)(a)”), f2(I(f*)(a)) — 1), and ny € N be such
that for any n > ng, d, < o and d), < . T=I(f?)(a) + 0, there exist two homeo-
morphisms e, e/, : [0,7] — [0, 7] such that :

— SUPge(0,7] len(s) — s| < dy,
— SUPselo,1] H(f% (en(s)) ) fg (en(s)) >|[0,I(f2)(a)+5]

_(fl(s), fQ(S)) 110,1(f2)(a)+9] ‘ Lo =
o SUpse[OT] |€ ( ) — Sl < d/

~ SUPg¢(0,7] ’ ))I[O 1(f2)(a)+d] (en(s)) — (‘](fl))|[0,l(f2)(a)+6] (3>‘ < d,.
The second inequality implies that for any n > ny,

Fa(en (I(f*)(a)7)) <a < f5 (e (I(f*)(a)) ,
so as we also have f2(I(f*)(a)”) <a < f2(I(f?)(a)) we get
I(f)(a) = e (1(f*)(a)) . (2.4.26)

The fourth point implies that for any n > ny,

189 (e (1730 = 30) ) 2 9 (1200 = 30) —a =1 —a > S
(2.4.27)
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The second point and the argument of the previous proof imply that for any n > ny,
each jump of f} on [e, (I(f?)(a) —§),e, (I(f*)(a))][is 2a-close to a jump of f! on
[I(f?)(a) =&, 1(f?)(a)], but such jumps are less than h~ /4 because of the definition
of §. Thus, f! makes no jump larger than A~ /2 on the interval

len (I(f?)(a) —6), e, (I(f*)(a))). Moreover, the increases of ¢/ and the first and
third points imply that

e (I(/)(a) = 8) < €, (I(f)(a) = §/2) < en (I(f*)(a)).

So, combining this with (2.4.27), we get that J(f!) is constant on the interval
e, (1(f?)(a) = 6/2)  en (1(f?)(a))).
Now by definition of J;,, with (2.4.26) and then collecting what have just done
above yields
=g, I, (G 1D) = TR (L)) = T (e (102)(@) )
J(fa) (e, (I(f*)(a) —6/2)). (2.4.28)

From definition of J;, and the constantness of J(f*) on [I(f?)(a) — &, I(f2)(a)[ we
also have

Tra(F1 1) = J(Y (I(f2)(@)=) = J(f) (I(f*)(a) — 5/2) . (2.4.29)

Combining (2.4.28), (2.4.29) and the fourth point gives that, as n goes to infinity,
Jra ((fa f)) converges to Jp, ((f', f?)).

For J; 4, we prove in a similar way as above that J(f;) is constant on [e,, (I(f*)(a)),
el (I(f?)(a)+d/2)] so, as in (2.4.28) we have for n large enough

Tra ((fas J2) = J(fa) (e (1) (@) +6/2))
which, combined with the analogous of (2.4.29)
Jra(f' %) = J(f1) (1(f*)(a) +6/2)

allows us to conclude, using the fourth point, that Jr, ((f!, f2)) converges to
Jra ((f1, f?)) as n goes to infinity. Therefore, both Jr, and Jr, are continue at
(fY, f?). The continuity of the other functionals are proved similarly. O

Lemma 2.4.6. For any (f', f?) in D(R,,R?) that satisfy the hypothesis of lemma
2.4.5 and such that the sizes of the jumps of f1 are all distinct, F* is continuous at
(fY, f?) in the Jy topology.

Proof : The proof follows mainly the steps of Lemma 2.4.5, we keep the same
notation. The jump which takes place at the instant F*(f!, f?) has value h~. With
the additional hypothesis that the values of the jumps for f! are all different we
have unicity for the value h~. Let us define #/, the second highest jump f' before
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instant 7(f?)(1). With the additional condition that o < §(h~ — /') we have with
the same arguments as in the proof of the continuity of J that for any n > ng, f!
effectuates at e, (F*(f', f?)) a jump larger than h~ — 2a, and larger than all the
other jumps of f} before e, (I(f?)(1)—) = I(f?)(1) which are smaller than i’ + 2a.
So for n > ny, the largest jump of f! before I(f2)(1) is obtained for e, (F*(f*, f?)),
that is to say for any n > ny,
F* (( 717]["3)) =€n (F*(f17f2)) s

this implies F* ((f}, f2)) — oo F*(f1, 7). a

2.5 Supremum of the Local time - and other func-
tionals

2.5.1 Supremum of the local time (proof of Theorem 2.1.3)

First, notice that since the diffusion X is almost surely transient to the right, the
random variable sup,_, £(400, z) is P-almost surely finite. So almost surely,

lim sup L(¢,x)/t = 0.

t—+00 ;<0

As a consequence, we only have to study the asymptotic behavior of sup,~, L(¢, x)/t
as t — +oo0. -

We start with the proof of the following proposition, which makes a link between
the supremum of the local time and the process (Y1, Y2)".

Proposition 2.5.1. Let o > 0. For any € > 0 and large t,

P —v(e,t) <P (sup L(t,z)/t < a) <P+ (e, t),

x>0
where
_ ZNQ& - ZNQS_I .
P =P (1 — HN2€—1) _—L =t <af, max 2L <aofl,
¢ (Haze — Haze—1) 1<j<NEE-1 t

and with Hy = Yy (ke 1)) = %Zle Hi, O =Y/ (ke ?V)) = %Zle ¢; for any
keN, N¥:=inf{m>1%H, >1-2}, af =a(l=£(loglogt)"/?), and v is a
positive function such that lim,_, o v(e,t) < const x e"\1=+),

The proof of this proposition relies on the three following lemmata. The first one
deals with the local time at the h;-minima for which the diffusion X already escaped
before time ¢. The second deals with the local time at the last A;-minimum my, in
the remaining time before time ¢. Finally the last one is a technical point.
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Lemma 2.5.2. For any large t > 0, 2 < k < ng, any x > 0 and v > 0 possibly
depending on t, define the repartition function

k—1
Fy(z) =P (Kr?gil,c(H(Lj),mj) <, Zl U; < xt) :
Then for large t, for all2 <k <mny;, x >0 and v > 0,

Fo(x) —e "M < F(x) < Ff(x) + e P,

where F(z) == P <max1§j§k,1 0 <~ S H, < xtit) with & = (1 £ 2¢,),

xf = x(1 £ 2¢,), ¢ and Dy are given in Proposition 2.5.5.

Lemma 2.5.3. For any t > 0, define for every v > 0 and 0 < = < 1 possibly
depending on t,

f(z)=E [Pg; (EX/(t(l —a), ) <yt H'(L) > t(1—2), H(L)) < H’(El‘))] .
For such t, v and x, we also introduce

[+ ()

= F (]P?,ff (Sup Lx[t(1 — ), y] <~t, H' (L) > t(1 —z), H'(Ly) < H’(El))) ,

y€D1

with Dy defined in (2.3.13). Here X' is an independent copy of X starting at my, and
the definition of H' for X' is the same as the definition of H for X. Let e € (0,1/2).
There exists ¢ > 0 such that for large t, for every x € [e,1 — €],

fy (@) = o(n; ') < fo(w) < fo(w) < [ (2) +olng ), (2.5.1)

with f(x) =P (RLl < (1Ee),Hi>t(1—-z)(1F 52)) and g} = e~¢2ht,

Lemma 2.5.4. For any 0 < a < 1/4, we have for anyt > 0,

> PHe>1-0a/2, 1-2a<H, <1-3a/4] <s(a,t), (2.5.2)

1<k<ng
with s(a,t) such that lim;_, o s(a,t) = const x a'=*. For any ¢ € (0,1/2),
vt > 0, Plet < H(my,) < (1 —e)t] > 1 —5(g,t), (2.5.3)

with §(e,t) such that lim,_, ;o 3(¢,t) = const x e(17FN",
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We postpone the proof of these lemmata after the proof of Proposition 2.5.1.

Proof of Proposition 2.5.1 : Recall from (2.1.3) that N, is the largest index such
that sup,.; X(s) > my,. In particular, H(f/j) < H(mjy) = H(mjs) < H(my,) <
t for every 1 < j < Ny — 1 on V,N{N; < n;}. The main idea is to use the fact
that the supremum of the local time at time ¢ is achieved in the neighborhood of
the hy-minima m;, 1 < i < ny.

We start with the upper bound. Let @« > 0 and 0 < ¢ < 1/2. Notice that
P(N, = 0,V,) < P[H(my) > t|] < Covy by (2.3.1). Using (2.3.1), (2.3.2), (2.3.3),
(2.5.3), Lemma 2.2.1 and Remark 2.2.1, we have for ¢ large enough,

P (sup Lt x) < at) <E [PWN ( max L(t,m;) < at)} (2.5.4)

z€R 1<j<N:

<E [P% ( max L[H(L;), ;] < at,L(t,my,) < ot Q,Bl(nt),Bg(nt),Vt)]

1<j<Ng—1
+ 5(e, t).
with @ := {et < H(my,) < (1—¢)t, 1 < N; < n;} and 5 satisfying lim;_, ., S(g,t) <
C 1= We will introduce in what follows different measures denoted by the letter

v; they depend on k£ but we do not write k as a subscript to simplify the notation.
First, define two measures vy * and vy * on (0,1) by, for every 0 < y < 1,

" (y) = ((0,4])

::PWK“( max L[H(L;), ;] < at, H(imy) = Us < b, H(iiy) < yt),

1<j<k—1

vy " (y) =vy ([0, 9])
=P (Lt = )] < oty B (ge) > 11 - ),
H' (i) < H' (L), B (i) = H' (L) < 30)),
with X’ a diffusion starting from m;, independent of X (conditionally on W), and
H’ has the same definition as H (see (2.1.1)) but for X’. Partitioning on the values

of Ny, and H (1), we obtain by the strong markov property (applied at time H ()
under P"~), that the probability E[P"~(.)] in the line below (2.5.4) is smaller than

Z /1€E (V;Vﬁ(x)dlfl “(z)) = Z E l/:e vy = (z)dv s ()| . (2.5.5)

1<k<n; V¢ 1<k<ng

The next step is to prove that the previous expectation can be approximated by a
product of expectations. First notice that both y — v"*(y) and y — vy *(y) are
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positive increasing. So integrating by parts
1—¢ 1—¢
1—¢
[ @) = @) - [ s @)
&€ €

< @] - [ A @)

= [ @) (W™ (@) - @) |+ (2.5.6)

with 2V (z) := PWs (gl, H(my) — S U < 0, Y5 Ui+, < :)st) < V% (z) and
Ql = {maxlgjgk_l E(H(i]),m]) S Ozt} and

1—¢ 1—¢
L= [ A @ane) < [ A @l @) =1

k—1

i=1
First, we deal with what is going to be a negligible part, that is to say the first term
in (2.5.6). As vy " (x) < PWx (Ql, H(my) — S U < 0, 0 U < xt) because by

definition Y27 U; < H(ry,), we have, for e <z < 1 —¢,
k—1
i=1

so [y~ (z) (v (z) — ﬁf‘/“(x))}i_a <y (1 —¢e)hg(l—e)+ vy “(e)hi(e). Notice that
S %71 U, is measurable with respect to o(X(s),0<s < H(Ek,l); We(z),z < EZ_1)7
since Ly_1 < ﬂ;_l, whereas the event in the definition of ng * belongs to

0<X/(S)70 < s < min (H,(E];>7H/(mk+1))7 Wﬁ(x) - Wn(mk%f/;:fl <z< I/Z_+1)a

with X’ an independent copy of X starting at 1my.

So independence of X and X', and independence of the two portions of the en-
vironment involved (see Lemma 2.2.1) imply independence between vy © and hy.
Hence,

— Bloa- e)]E[hk(l —o)] + E[ﬁ%(e)} Ehi(2)] (2.5.7)
with for any z,
We(z) = PY (ﬁx[t(l —2),7] < at, H(ms) > t(1 — 2),

H(is) < H(Ly), H(ims) = H(Li) < @),
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As E(m"(z)) < P[U; > t(1 — x) — §] and for every small € > 0 and t large enough
hi(x) < PWs ((m —e)t < Zf;ll U; < xt) we can apply Proposition 2.3.5, we get

k—1 ~
cp(lEE S 1me N ply BT g
- t 1_515 1+€t

By (2.4.2) and the first part of Lemma 2.6.2, for any 0 < a < 1 and b > 0,

t——+00
1<k<ng

, — M, const [ |
lim P 1—a<27§1 P(H, > tb) = o Yy T dy
i=1 -

IA

Therefore, we obtain

3 E{%Wﬂu - 5)]E[hk(1 — )] <Cy -ult,e)

1<k<nt

with u a positive function such that lim;, . u(t,e) = max(e'™" ). A similar
argument also works for the second term in (2.5.7), which yields

S B H,,an(x) (yfv~(;c) - ﬁ%(x))lj <20, - ult,e). (2.5.9)

1<k<ng

We now deal with 7. By independence between X and X', and the independent
parts of the potential W, involved in vy *(z) and vy = (),

E(T) = / (@) dus(a), (2.5.10)

with ve(z) := E(1y"(z)) = E(7 ~(z)) and v5(z) := E(vy"(2)).

By the lower bound in Lemma 2.5.2, we have vs(x) = F,(x — v, /t) > F, (x — 0, /t) —
e D1 for every x > ¢ for large t. So, again since y — 1,(y) is positive increasing
and v3 is a repartition function, integrating by parts twice as in (2.5.6) gives with
the change of variables u = x — 9;/t,

l1—e 1—8—17t/t
/ vo(x)dug(z) < / Vo + O ft)dE () + e Pr

5 e—0¢/t
1—8—’[~)t/t

| (Fala) = Fr (@) Jvale + 5/1)| . (2511)

E—ﬁt/t
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Recall (see before Lemma 2.3.1) that 0;/t = 2/log(h;) = o(1) as t — +o0. Then we
can prove in a similar way we have obtained (2.5.9) that :

Y [(Blw) - Ez @)t 0] < 0putteo), (2.5.12)

e—U¢/t
1<k<ny e/

with as usual a possibly enlarged C,. Indeed by Lemma 2.5.2, —(Fa(s — O ft) —
Fo (e — 0/t))n(e) < eP' = o(n;') for every 1 < k < n; for large ¢, and
(Fo —F7)(1—e—0/t) < (Ff — Fy)(1—e — o /t) + e P < P(maxy<jep-1 {5 €
(v t, 7)) —HP’(Zf "L Hi € [xpt,xft]) +e Pt for every k < my for large ¢, with v =
and x = 1 — ¢ — ¥;/t. The first probability is less than n,P(Sie; € [y, t,v,'t]) =
nE( %t(llgzit))/sl e "/2du/2) < 8mersup,so(ve™) = o(1/n;), whereas the second
one is treated as (2.5.8), which leads to (2.5.12).

So the important term in the right hand side of inequality (2.5.11) comes from

the integral. We now work on v5(z). We have,

V()
E(PYs[Lx(t(1 — x),11) < at, H(L) >t(1 —x) — 0, H(L) < H(L7)])

E(Py=[Lx(t(1 —z) — Ty, 11) < o,
H(L) > t(1 —x) =, H(L) < H(LT)]) = falz + /1),

<
<

as defined in Lemma 2.5.3. Then, as F, (z) is positive and increasing in z, using
Lemma 2.5.3 with v = «, we obtain

1—e—0¢/t —e—0 [t
/ vo(z + 0 /t)dF, (z) < /1 fH(x + 20, /t)dF, (x) + o(n; '), (2.5.13)

—17t/t _f)t/t

Now, as fF(x + 20,/t) can be written (since Hy = {x Ry, see Proposition 2.3.5),

frw+20,/t) =P ((1 - 277t/t)7i—k a(l+e), Hy > t(1 —x — 206,/t)(1 — g;)) ,

k

we get by independence of the random variables ((¢;,H;),j < nt),

—e—0¢ /[t
/ T @ 200 (@)

71~)t/t
O, — U1

< ]P’[(l—?—lk 1)—Hk—Hk :

<a+é(k), He >1-4,

l;
max < <a, Hp 1 <1—e+0,|, (2.5.14)
1<j<k—1 t

The idea now is to make appear the event {./\ft2‘E = k} in the above probability (recall
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the definition of N?* given in Proposition 2.5.1) and then sum over .
We first prove that the sum over k£ < ny, of the above probability is small if we
intersect its event with the event {./\/?5 =+ k} In other words, let us prove that

Suo= Y P[Hy>1-06, He <1—c+6, N #K] (2.5.15)

1<k<nt

is small. As {/\/’162E # k‘} = {ﬂk <1- 28} U {ﬂk_l >1-— 28}, and since for ¢ large
enough, {7‘_119 >1-— 52} N {7-_[k <1- 25} = (), we have

< ) P[Hy=1-6, 1-2e<H <1—e+7).

1<k<ng

Therefore, for ¢ large enough, with s(e, ) defined in Lemma 2.5.4,

i< Y P[Hp>1-¢/2, 1-2e <My <1-3¢/4] <s(et)  (2.5.16)

1<k<nt

by (2.5.2). Finally, combining equations from (2.5.10) to (2.5.16) leads to

> E(T)

1<k<ny
— ZNQe - ZNQ&?]_ g
< Pl —Hppey) ==t < = (NFF), 2 <
< P =My I)HNEE T Sat+&NT),  max sa
+s(g,t) + Cru(t,e) + o(1). (2.5.17)

To finish we have to deal with &(N?), a basic computation partitioning on the
values of N, shows that P[£,(N*)) > a4/d;/6] < C,P (R1 < \/3;) =o0(1) as Ry
converges in distribution to R, which is almost surely positive. Collecting this last
fact, (2.5.4), (2.5.5), (2.5.6), (2.5.9) and (2.5.17) finish the proof of the upper bound.

Proof of the lower bound :

The proof here follows the same line as the upper bound. The main difference
comes from the fact that we can no longer use the inequality sup,cp £(t,2) >
sup;<;<n, £(t,m;). So for this part of the proof we stress on what is different from
the upper bound, and refer to the previous computations when very few changes
occur.

Assume for the moment that

IP({ sup L(t, z) > 2@} = 52> >1—o(1), (2.5.18)

z€R

with @, 1= te(*(1+39)-1¢(®) and recall that § is chosen small enough such that (1 +
30) < 1 (see Lemma 2.3.2). This fact (2.5.18) is a direct consequence of the upper-
bound of P(sup,cg L(t,2) < at) (see at the beginning of the proof of Theorem 2.1.3
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for a proof of (2.5.18)). Recall (2.3.13), and define for any ¢ > 1,

&(0) == EXO) N EX(C), with
/—1

E3(0) = {Sup [E(t, x) — E(H(mg),x)} < t&t} ,

€Dy

with &; := (at — 21,) /t. Recall the definitions of the events 5;, 1 < i < 4 in Sections
2.3.1 and 2.3.2. We have for large ¢,

{ sup,cp, L(t,z) < at} NV NEN{N, < n} NN Bi(ny)
D &(N) NV, NEN{N, < ngy N, Bi(ny).

Indeed, L(t, z) < w, for every x € (RJF—U;“ZI [f);, f}j]) on By (ny)NBs(ny) NVyN{N; <
n;}, and on the same event intersected with By(n,), L(t, z) < @y +te > < 2wy, for
every x € U?;l([l}j_, L;] ND;), whereas for z € D;, L(H (), z) < @y if j < ny and
L(t,z) — L(H(L;),z) <y if j < N,. Notice that by Lemmata 2.2.1, 2.3.1, 2.3.2,
2.3.4 and the above assumption (2.5.18),

P(V,N&EN{N, < n} NN Bi(ng)) > 1 — o(1).

We now deal with P(E3(N;) N By (Ny) N Ba(ne) NV N{N; < ng}). Using Lemma 2.2.1,
the fact that H(Ly) < H(mg,1) and the strong Markov property with respect to
P"= we obtain

P(E(N;) N B1(Ny) N Ba(ng) NV, N Q)

> ;E (/ V()P (E5(k), Bi(k), Bao(k — 1), H () /t € dy)) —o(1)

with
vy (y)

=P <sup Lx(t(l—y),x) <tay, H(Ly) >t(1—y), H(Ly) < H(i;)) )

$€Dk

Now, by computations similar to the ones giving the upper bounds in (2.5.9) and
(2.5.10), we have

(53 Nt N Bl(Nt) N Bg(nt) N Vt7 Q)

/ B W) o) =Y [ n)dt) - o),

k=1
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with 12 (y) = BV (3(k). By(k). Bulk — 1), T4 Uit <), valy) = B(}'(w))
and v5(y) :== E(v2"*(y)). The next step is to remove B (k) in the above expression.
For that, we only have to prove that

/1 E ( ]P)WR <5§(k)761<k)762<k_1)7§Uz/t€dy>>

is negligible, one can check that this quantity is smaller than

/ B[P (H(E) < H(ED), H(L) > 11— y)]
k—1
P (Bl(k),Bg(k —1),) Ufte dy)
< in» (i Ui/t <1,> Uift > 1, Bl(k;)>
k=1 i=1 i=1

< P (Bi(n)) < Covy = o(1),

where the last inequality comes from (2.3.1). Therefore, collecting the above com-
putations yields

o (mpeie =) 235 [ i o)

zeR

with 75(y) = P (831(k) 2k —1), S Ut < y)

We start with an estimation of the repartition function #5(y). Recall that like in the
proof of Lemma 2.3.6, by the strong Markov property, the occupation time formula
(2.1.13) and (2.1.14) the sequence (U, { L(H (L;), z) — L(H (m;),x),r € D;},j < ny)

under By(n;) is equal to a sequence (H,(L;), {L;(H,;(L;),x),x € D;},5 < ny), with
this time

Hi(L;) = A(L) / e VOO Lo [rP (1), A (w) /A (L)) du

Li(Hy(Ly) ) = A(Ly)e™" O Ly, [P (1), AT(w) /AT (Ly)],

where A7(u fm eV @dz. Using Remark 2.2.1, Lemma 2.2.1, Fact 2.2.1 (ii), and
then (2.7. 5) nd ( .6), we have for large ¢ for any 1 < j < n; since ¢(t) = o(logt),
P7(rr/8) <y + 1 < Fi(ry)] > 1= Cpe (),
[Fsnef8) < g 10 < 7] 2 1= 2510
P[7; (re) <y —ry <77 (kre/8)] > 1 — Cye (et
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with ¢_ > 0. Therefore for any j, P(D; C [7; (ry),7(re)]) > 1 —2C e~ ). Then
on {D; C [%j’(rt),%j(rt)]}, for any x € D;,
Li(H;(Ly),x) < A (L) Lps[r™ (1), A () AT (Ly)].
Also with probability > 1 — 2C,e~(¢) D, C [7; (rt), Tj(r¢)] so for any = € Dy,
AT (1)) < Al () < AV (75(r0)). (2.5.20)

With Remark 2.2.1, Lemma 2.2.1, Fact 2.2.1 and (2.7.8), we obtain with a probability
larger than 1 — e~(¢-)re,

L < re—(-1/2h o Aj(fyf(rt)) < A(7(r1))
A (
< e~ (1-1/2)h < e h/4, (2.5.21)

Therefore, applying (2.7.11) (Wlth § = e ™" and ¢ = 6'/3), we obtain with a
probability larger than 1 — e~(¢-)"

sup AJ( )EB]( (1),Aj(:r;)/Aj(Zj)) < AJ( )ﬁBg( ( ),0) (1—1—6’}“/12).

z€D;
(2.5.22)
Collecting the different estimates we then obtain,
- k— E
Us(y) > P <1<r§13§< lﬁj( i(L;),my) < tay, Z ) _Cete

with @ = @ (1+ e/ 12)_1. We can then inverse the equality in law we have used
above, and then obtain

7;5(?/) Z F&t (y) - C—ﬁ-e_(Ci)”?

with Fj, defined in Lemma 2.5.2. Then we can follow the same lines as for the upper
bound (especially computations after (2.5.9)), and obtain via Lemma 2.5.2 and by
choosing Cj large enough in such a way that (c_)r;/o(t) = (c_)Co > k(1 +9) :

/  La(y)dis(y) > / " LwAFL (y) — o(n).

Remark also that (2.5.22) implies the concentration of the local time at the h-
minima : with probability larger than 1 — C' e (¢,

sup £ (H;(Ly),y) — £5(H;(Ly),my) | < e ™2L; (H; (Ly),my). (25.23)

y€D;
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We now work on v4(y). By the second part of Lemma 2.2.1 it is equal to

E (ng; (Sup Lxi(t(1—y),2) < tay, H' (L) > t(1 —y), H' (L) < H’(E)))

z2€D
21734(y)a

and by Lemma 2.5.3, 74(y) > f5 (y) — o(n; '). Therefore

/ —& V4(y)dﬁ5(y) Z - fo;t (y)dFC::; (y) . O(nt_1>‘

From now on, the computations are very close from that of the upper bound (see
(2.5.13) and below) and we do not give more details. O

Proof of Lemmata 2.5.2, 2.5.3 and 2.5.4.

Proof of Lemma 2.5.2 : This is a direct consequence of Proposition 2.3.5. ([l

Proof of Lemma 2.5.3 : To obtain the result we use a similar method than in [5].
That is to say, we study the inverse of the local time at m;, and use our knowledge
about H(L,). From the definitions of f, and f, we have easily f,(z) < f,(x) for all
. So, to prove (2.5.1), we only need to prove the upper bound for f, and the lower
bound for f,. We fix € € (0,1/2).

e Upper bound for f,(x). Recall that o(u,m;) = inf{s > 0, L(s,m1) > u}, u > 0.
First, notice that for 0 < z < 1, f,(z) is equal to

E [Pg; ([Z(t(l —2), i) <yt H(Ly) > t(1 — 2), H(Ly) < H(El‘)ﬂ
—E Pl (0 i) > 41— @), H(L) > (1= ), H(L) < H(L))| (2524
= B[P (H(L) > o(yt,in) > (1 - 2), H(L) < H(L7))] (2.5.25)
+E [Pg; (otvtm) > H(Li) > 401 = @), H(Ly) < H(LD))| - (2.5.26)
Let us first study the expectation in (2.5.25). On {H (L1) > o(yt, ), H(L1) <
H(L7)} under P2*, X remains between Li and Ly until time o(v¢,77;) which is

finite. On this event and under P*, considering (2.1.13) and (2.1.14) as in ([61] p.
248), the inverse of the local time can be written for X starting at m; as

Ly -
o(t, 1) = / eV L (op(n1,0), Al(2))dz =: I, (2.5.27)

where Al(z) = fr; ev(l)(y)dy and B is a standard Brownian motion independent of

W,, such that B starts at A'(ri;) = 0 and is killed when it first hits A'(L;). In
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(2.5.27), we integrate only between L{ and Ly because under Pﬁ”;f,
e*V(l)(z)EB(JB(yt,0),A1(z)) = L(o(yt,m1),2) = 0 for z ¢ [if,fjl} as explained
after (2.5.26). We have

L

v, .

I= 'yt/E_ eV )EB(Ué(l,O),CZ(Z'))dZ,
1

with a(z2) == (yt)'ANz) = (v) " [ eV Wdy and where B := B((yt)2.)/(1t). By

scale invariance B is also a standard Brownian motion that we still denote by B in

the sequel. Also, recall that oy (r,y) :=inf{s > 0, Ly(s,y) > r} forr >0,y € R is

the inverse czf the locql time of the process U. Since we consider X starting at mq,
we have H(Ly) = H(L,) — H(my) = Uy, for which Proposition 2.3.5 gives

E(BR:{[H(L) ~ H| <t }) = PUIU —Ha| Setha} = G) = 1—e P
(2.5.28)
with &, := e~ ®"_if § > 0 is chosen small enough. This will explain the appearance

of H; in ff (z). So, we now deal with I. Notice that (y¢)™'I can be split into two
terms (yt)~'1 = I} + I, with

Ahe/2)
I = / eV Ly (0p(1,0),a(2))de,
71 (he/2)

and I, := (yt)~'I — I; > 0. We now prove that the main contribution in (y¢)~'1
comes from I; and obtain its approximation in probability. Let ¢ € (0,1/100). First,
using the second part of Lemma 2.2.1, followed by Remark 2.2.1, Fact 2.2.1 (ii) (for
which we need ¢ > 2), (2.7.8) and finally the first part of Lemma 2.2.1, we get
PHAI (%l—(ht/2))| < €ht(1+€)/2, ‘Al (%l(ht/Z)H < €ht(1+€)/2}
= P[4 (h/2)] < MO8 |22 (Ra(he/2)| < O]
> 1—2P[F"(h/2) > "2 — P[V] > 1 - Cre™M/* (2.5.29)

Therefore, since a(7; (h/2)) < a(z) < a(7(h/2)) for all z € [7 (hy/2), 71 (he/2)],
P(Vz € [7 (h/2),71(he/2)], |a(z)| < e UoaDU=39/2) > 1 O emrmehe/t(2.5.30)

Also, using (2.7.15) and the second Ray-Knight theorem (see before (2.7.15)), we
have

|u|<e—(log t)(1=3¢)/2

with & := t~(1-59)/4 So we obtain

E [Py (

L-R|< aRl)} >1 - e rehi/t, (2.5.32)

74



2.5. SUPREMUM OF THE LOCAL TIME - AND OTHER FUNCTIONALS

with Ry = fT?((Zi//?) e~V (@ dz. We now prove that I is negligible compared to the

integral Ry which appears in the previous equation, and then compared to I;. First
thanks to (2.7.16) and the second Ray-Knight theorem, we have

ElIPﬁV,‘L’f( sup  Lp[op(1,0),a(z)] > e“:l"gtﬂ < 9eclogt,
ZE[Zl_,izl]

—clogt

So with probability larger than 1 — 2e , we have

/2 o Ly (1)
I, < eflogt / eV (z)dz+/ eV E A | = eflost,,
L 71 (ht/2)

1

(c, )é‘ht

By Lemma 2.6.8, with a probability larger than 1 — 2e~ for large t,

I3 < Oy h2e~Umehe/2

Also, by Lemma 2.3.6, with probability larger 1 — e~ (P-)" R, = R, (which is the
same R; as in (2.5.28)), which law is given by the sum of two independent copies of
F~(hy/2). So using (2.7.9), with a probability larger than 1 — 2e~(P-)k,

Rl == R1 Z G_Eht/2.

We deduce from the last three inequalities that with a probability larger than 1 —
—(c=)ehy
e )

I, < Rye~(17%9M/2 — R o=(1=5e)he/2 (2.5.33)
Finally, using (yt)~'I = I, + I, together with (2.5.32) and (2.5.33), we get
E [Py (|1 —tRi| 2 2075 (30 Ry,
H(Ly) > oyt ), H(L) < H(L7))]
< Cpeslethe (2.5.34)

We recall that by (2.5.27), o(vt, /) = T on {H(Ly) > o(vt, 1), H(L:) < H(L7)}
under P)~. Hence, combining (2.5.34) with (2.5.28) gives for large ¢ for every z €
[e,1—¢],

{H(il) > a(yt,m) > t(1 —x), H(L,) < H(E;)}

1 ~
c {E <- gl x(1 +ey), Hi > t(l—z)(1—¢)), H(L1) > a(w,ml)} Ué&l,
) _
(2.5.35)

where £ is such that E[Phr(E2)] < Cre )M 4 e Dbt and where, as defined in
the statement of the lemma, &} = e=2" with ¢, > 0 chosen small enough.

I0)



2.5. SUPREMUM OF THE LOCAL TIME - AND OTHER FUNCTIONALS

Now, let us study (2.5.26). On the event inside the probability in (2.5.26),
o(~t, ;) might be infinite. We work under P)}*. There exists a Brownian motion B
such that, with 7" playing under P}~ the same role as T does under P (see (2.1.13)),
H(L) =T"(75(AY(L1))) and o(~t, /1) = T (op(71,0)) (as in (2.5.27) and in [61]
p. 248). Also by (2.1.13), notice for further use that under IP’?L/;’",

L(o(yt,my),z) = e Ve Ly (o5(yt,0), A'(2)), z e R,y € (0,+00). (2.5.36)
So, we have

o(vyt,my) > H(il) < op(vt,0) > TB(Al (il))
& Lp [03(775,0),0] =~t>Lp [7’B(A1 (il)),O}.

Now, note that, as in (2.3.22) in the proof of Lemma 2.3.6, Lp [TB(Al(I:I)),O} =
Al(il)ﬁg(TB(l),O), where B := B((A'(Ly))?.)/AY(L;). Also, by definition of e
given in (2.3.22), we have L5 (75(1),0) = e;. As a consequence,

sl

U(’}/t,ml) > H(fjl) St > Al (El)el 54 ’}/tRl > Al (ZNLl)elRl.

Then, according to (2.3.18), we have Al(il) > (1 — e_(d*)’“)Sl with probability
greater than 1 —e~(P-)"_ Moreover, according to (2.5.28) and to the fact that under
mef the diffusion X starts at m;, we have H; = e;51R; > (1 + Et)*lH(f/l) with
probability greater than 1 — e~ (P-)"_ As a consequence,

o(yt, ) > H(L) = vtRy > (1 — e @) (1 + )" H(Ly), (2.5.37)

except on an event which probability E[Py=(.)] is less than 2e~(P=)"_ Combining
this with (2.5.28) we get for large ¢ for every x € [g,1 — €],

{ott.im) > H(L) > (1 ), H(L) < H(LT) |

1 ~
c {ﬁ <- v —(L+ ) Ha > (L= 2)(1 = &), ot ) > H(Ll)} ue,
SIS
(2.5.38)

where £2 is such that B[P (E2)] < 2e~ (Pt 4 e=Prhe and where, as before, &} =
e~“2" with ¢y > 0 possibly smaller than before.

Combining (2.5.25), (2.5.26) (2.5.35) and (2.5.38) with the strong Markov pro-
perty, we get for large t for every x € [g,1 — €], since ¢(t) = o(logt),

filz) < P (Ril < (142 H > 1)1 —5;)) +o(n; ).

— fH(2)+oln;").
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e Lower bound for f,. Let 7 := v(1+ e_ht/m)*l and y := (1 —x)/[Ry(1 — 4&;)]. We
have to distinguish the cases H(il) > o(4t,m) and o(Ft,my) > H(il). We work
under Pﬁvgf. On {y < fy,H(il) > o(§t,my) > t(1 — x),H(il) < H(f{)}, we can
express the local time of X at the inverse of its local time in m; at time yt in terms
of the standard Brownian motion driving the diffusion. More precisely by (2.5.36)
and by scale invariance, there exists a Brownian motion B such that for any z € Dy,

L(o(yt,my), 2) = (yt)e O Ly (a5(1,0),a(2)) (2.5.39)

with @(z) := (yt)™" [ eV dy = A'(2)/(yt). Notice that by (2.1.7), F~(h/2) <
Wi (hy/2) in law, so P[Ry > 8hy/x] < 2P[F~(h;/2) > 4h,/r] < 2P[tW* (hy/2) >
4h/ KJ] < e~ (e for large t. Moreover, we prove with the same method used to
prove (2.5.19) that 7 (h/2) < my — 1 < my + 1 < 7(hy/2) with probability at
least 1 — Cye~(¢)_ This and (2.5.29) give —eh(16)/2 < A7~ (h,/2)] < Al(2) <
AYF(he/2)] < eM0F9)/2 for any » € D; with probability > 1 —e~(¢-)%h_ So for large
t for every x € [g,1 —¢], [a(z)| < eMF2R, /(t(1 — x)) < e~ 108D139)/2 for these z
with such probability. Hence with the same method we used to prove (2.5.32) from
(2.5.30) and (2.5.31), we get for large ¢ for every x € [g,1 — €],

E (Pr‘%/f (SUP Lp(op(1,0),a(z)) — 1’ < a)) > 1 — 9 (e-)ehe
z€Dq

The above inequality together with (2.5.39) imply that for large ¢ for every x €
e, 1 —¢],

E <]P’?L/f ({Hz € Dy, ’E(U(yt, mi), z) — yte VG

v <7, H(L2) > ot i) > (o), H(L) < H(L;)}))
< e (e-)ehe (2.5.40)

On {y < f?,H([:l) > o(yt,my) > t(l—a:),H(fq) < H(El_)}, ift(1—x) > o(yt,my),
then o(yt,my) — yt Ry < —4tyR1&;, and by (2.5.34) (applied with v replaced by v),
this has on the previous event a probability £ (IP’};LVT ()) less than C' e~ (¢-)=h* Thus on
the previous event, we have t(1—x) < o(yt, m, ), except on a sub event of probability
smaller than C';e~(¢-)*"_ This is true for every = € [¢,1 — €] for large ¢.

Then since the local time is increasing in time, we have on the previous event
for any z € Dy, L(t(1 — ), 2) < L(o(yt,m1), z), which is according to (2.5.40) less
than yte_v(l)(z)(l + 28;) < yt(1 + 2&;) for every z € D; with probability E(IP’ZX;())
at least 1 — 2e~(¢-)*"  Combining this and the definition of our y gives for large t,
for every x € [e,1 —¢],

sup,ep, L(t(1 —2),2) (1 —x)1+ 25 —
E [ PY- €2 =:
( g ({ t TR -4 TP

n{y <7, (L) > o(Gtm) > (1 = ), H(L) < H(L;) }))
< (24 Cy)ele)ehe (2.5.41)

> oyte™" g,
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As a consequence, for t large enough so that 1+ 2, < 1+ e "/12, we have for every
x€le,1—¢l,

{y <3, H(Ly) > o(3t, i) > t(1 — ), H(L,) < H(i;)}

C {sup L(t(1—2x),z) <y(l+28)t <t H(zl) > o(At, ml)} U&? (2.5.42)
2€Dy
by definition of 4, where &2 is such that E(Phr(E2)) < (24 Cp)e(e-)h,
On the other hand, from the definition of o(., 1), (2.5.23) and the definition of
7, we have for large ¢ for every x € [e,1 — &,

{y <3.0Gtm) > H(Ly) > 10~ 2), H(L:) < H(L7) }
c{L(H (L)) <3t 05t mn) > H(Ly) > (1 - 2), H(L) < H(L7) }

C {sup E(H(zl),z) <nAt,o(Ft,my) > H(fq) > t(1— x)} u&l

2€D

C {Sup L1 —xz),2) <At, o(Ft,m) > H(Zl)} u &, (2.5.43)
2€Dy
where £ is the event where (2.5.23) fails, it is such that E (Pl r(£2)) < Che~(e)m,
Combining (2.5.42) and (2.5.43) we get for large ¢ for every x € [e,1 — ], under
Py

mi?

{v <31 > 10 -0, #(L0) < #(ED} < s L6 - 0),2) <t f uge,
z€Dq

where &2 is such that E(Pﬁvlvf(gf)) < OyeIn = e ()00 = o(n1) as

t — 400 is we choose Cj large enough. Combining this with (2.5.28), (2.3.2) and

Proposition 2.3.5, we obtain for large ¢ for every x € [g,1 — ¢],

- 1—

f(x) > P (% <(l—¢}),e1 SRy >t(1—2)(1+ 52)) —o(n; 1)
= fy (@) —oln; ),

where the constant ¢, in the definition of €} = e~ has been decreased if necessary.

This proves the lower bound for fv(x) and then finishes the proof of the lemma. [J

Proof of Lemma 2.5.4 : Let 0 < a < 1/4. We start with (2.5.2). By Proposition
2.3.5, the H;, i > 1 are i.i.d., so Hy_1 and H, — Hr_1 = H, are independent for
k > 1. Thus for t > 0,

> PHe>1-a/2, 1-2a<Hiy <1-3a/4]

1<k<nt

1-3a/4
= / dpg(z)e"OP[Hy > 1 — 2 —a/2], (2.5.44)
1

—2a
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where the measure 1, is defined by [ duy(y) == e > _ P [He1 < x]. We
know that p; converges vaguely as ¢ — +o0o to the measure p which has a density
with respect to the Lebesgue measure equal to (F( )Cn)_ 2" M 4u0, with C,, > 0 (see
Lemma 2.6.2). Also thanks to Lemma 2.4.1, "¢ P [}, /t > z] converges uniformly
on every compact subset of (0, 4o00) to C,x™"/I'(1 — k). Therefore,

lim Y P[Hp>1-a/2, 1 —2a<Hy <1-3a/4]

t—-+o0
1<k<nt

1 1—-3a/4 )
= — "1l —x —a/2) "dx
T /2

< const X a' 7",

For (2.5.3), we apply (2.6.2) with r =¢ € (0,1/2) and s = 1 — &, which gives

lim P (et < H(my,) < (1 —e)t)

t—+o00

- Smgf“) (/0 (1 — 2)d + /11 (1 — :E)_"d:v)
i) (=0 (- >> |

€
T K + 1—x

which implies the result. O

Proof of Theorem 2.1.3 : The proof of this theorem is a direct consequence of
Propositions 2.5.1 and 2.1.4 and of Lemmata 2.4.4 and 2.4.5. Notice that the proof
of the upper bound does not use the proof of the lower bound, but we use the upper
bound for the proof of the lower bound. In particular from the upper bound of
Theorem 2.1.3 (which makes use of the upper bound of Proposition 2.5.1 but not of
its lower bound), we have limsup,_,, P(L*(t) < 2w,;) < P(yf (V'(1)7) < g) for
any € > 0 as limy_, oo @;/t = 0. From this, as ) (V3'(1)7) is positive, we obtain
limy, 00 P(L*(t) < 2w;) = 0, which proves assertion (2.5.18) at the beginning of the
proof of the lower bound of Proposition 2.5.1.

Thanks to Proposition 2.5.1 and to the remark before this proposition, we only
need to study the convergence of P{ (the limit when ¢ goes to infinity and then the
limit when ¢ goes to 0). The latter can be written in term of functionals of (Y7, Y3)"
as follows. Let Y, := (Y§)7!(1 — 2¢) ; we have N*e~**®) = Y,, and

Yi(Y) - YY) _
VE(Y) — YY) =

I~(11 2e((Y1,Y2)") — fff_@—za((YhY?)t) <ot
Koo ((Y1,Y2)!) = Ky o (V1. Ya)) —

PE = Pl(-vir) £ () < of

= P(1- K7 .((07.72)")

Y

Epﬁﬁanﬁéaﬂ,
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with the notation K, [N(I,a, ... introduced in (2.4.25) and before. The hypotheses
of Lemma 4.5 are : finite number of large jumps on compact intervals, strictly in-
creasing, starting at 0, and jumping over 1 without reaching it. These properties are
naturally almost surely satisfied by a k-stable subordinator so, almost surely, the
paths of ()1, Vs) satisfy the hypotheses of Lemma 2.4.5 (see e.g. [8] IIL.2 p. 75). The-
refore they are points of continuity for J;, o, K7 o, K11-2, f(;l_ge and K71 _o..
Combining this continuity with Proposition 2.1.4, continuous mapping theorem, and
replacing the functionals by their expressions, we obtain, when t goes to infinity, the
convergence of P to

ViV (1 =20)) = Wi (V' (1—2¢)7)
Vo (V5 (1—2¢)) = W (I3 (1 —2¢)7)

VIV (1 —2¢)7) < af.

Pl(1=Y(V(1—2¢)7)) <

Y

Then, note that almost surely »(¥;"(1)7) < 1 so we have a.s. Yy '(1 — 2¢) =
V5 (1) for all € small enough. We deduce that the above expression converges to the
repartition function of max(Z;,Z;) (see (2.1.6) for definitions of Z; and Z,) when &
goes to 0, and this yields Theorem 2.1.3. |

2.5.2 Favorite site (proof of Theorem 2.1.5)
E

Thanks to Section 2.3, we know precisely the nature of the contribution of each
hi-valley to the local time. The difficulty in proving Theorem 2.1.3 was the need to
consider only a part of the contribution of the last h;-valley. The proofs of the first
two points (2.1.9) and (2.1.10) of Theorem 2.1.5 are thus easier to obtain, since they
do not require to "cut" the contribution of any valley. Let us prove the first point
(2.1.9) (the second one, (2.1.10), is obtained similarly). We have, using (2.2.7),

t]

P[L*(H(mp11)) < @ -
) <at, O, Vt) +P (@) +P (Vt) +P (Bg(W))

<P (£ (H(Ln,)

< IP’( sup £/t < (1—¢e) ey, Q,Vt) +P(Q) +o(1),

1<j<Ni

where we fixed some € > 0 and Q = {et < H(my,) < (1 —¢)t, 1 < N, < m,} as
after (2.5.4) (from there we see that lim. o limy_, 4 o ]P’(Q) = 0). In the last inequality
we used Proposition 2.3.5, Lemma 2.2.1 and Lemma 2.3.2. To lighten notation, let
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& := (1 — &) 'a. We have

IP’( sup {;/t <&y, Q, Vt)

1<j<Ni

< ]P)( sup gj/tédta Bl(nt)a Q, Vt) +]P)<Bl(nt>>
1<j<N¢

S ]P)( sup fj/tgdt, 7‘_[Nt Z ]_—(52, 7-_[Nt—1 S 1-6—}-5;, Q) —I—O(l),

1<j<N:

with §; = 30;/t and where we used (2.3.1) together with Proposition 2.3.5. Partitio-
ning on the values of NV; we get that the above is less than

Z P( sup 4/t <éy, Hip>1-16;, Hp1 <1—e+9, Q) + o(1).

Since the sum ), defined in the proof of the upper bound of Proposition 2.5.1 (see
(2.5.15) and below) is smaller than s(e,t) satisfying lim._,o lim;,  s(e,t) = 0, we
can intersect the event on the above probability with {k = N} and get

P[L*(H(my,+1)) < at] < P( sup £/t < 541:) +P(Q) +s(e,t) +o(1).

1<G<Nge

Then, as in the proof of Theorem 2.1.3 we have that (), )s) almost surely satisfies
the hypothesis of Lemma 2.4.5, and is therefore almost surely a point of continuity
for Jy 12— defined just above (2.4.25). From this continuity, Proposition 2.1.4 and
the continuous mapping theorem we get

sup £/t = Jri—o ((Yh Yz)t) t—>_i>oo Jri1-2:(V1, Va) = yf (y{1(1 — 28))-

1<j<NEe

Then, as in the proof of Theorem 2.1.3 we have almost surely YV, '(1 —2¢) = Y, (1)
for all ¢ small enough so )" (V5 '(1 — 2¢)) converges almost surely to W% (V1))
when € goes to 0. Thus, we get

limsup P [L*(H (mpy,4+1)) < at] <P (yf (V1)) < a) :

t—+00

A lower bound is proved similarly, so we get the following, proving (2.1.9) :

lim P[C*(H(my,41)) < at] = P (yf 51(1) < a> .

t——+o0

To obtain the result (2.1.11) for the favorite site, we first argue that we essen-
tially need to obtain the asymptotic behavior of N;/N;, where N} := min{j >
1, L(m;,t) = maxi<g<n, L(my,t)}. Indeed, define for any € € (0,1/2),

Ko o= {0 e)mx, < X(1) < (1+2)mu)
ICQ = {(1 — 5)mNt* S Ft* S (1 -+ E)TTLN:} .
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Then, we have, lim;_, ., P(K;) = 1 by the localization result Theorem 2.1.2 com-
bined with the fact that X (t)/t® converges in law under P to a positive limit as
t — 400 by [45].

Let us now justify that lim;, ., P(K3) = 1. According to (2.5.18) proved at the
start of the proof of Theorem 2.1.3, to Lemma 2.3.4 and (2.3.3), we have

P (Sup ;C(t, l‘) Z th, 84(nt)7 Nt S ’n,t) — 1.
z€R t—-+o0
Notice that on the event inside the above probability, for ¢ large enough so that
2, > te 2" we have F} € Dy: (recall the definition of D; in (2.3.13)). Since Dy;
is centered at my; and its half-length is deterministic and equal to 7, = Co¢(t) we
only need to justify that
. >
P (5mNt = Coqb(t)) tﬁ—ﬁroo 1.
We have my: > my and P(m; > Cyo(t)/e) > P(my > Coo(t)/e) — o(1) by Lemma
2.2.1. So using (2.6.13), we thus deduce that lim;_, . P(Ky) = 1.
We can now write for z > 0,

* *

P{X]’T(tt) Sx] :P{;;tt) S$,’C1,’C2:| + (e, t) gIP’{

mpyy <:)31+8

my, ~ 1—¢

|+ vten.

where v(e, t) > 0, satisfies lim._, lim;_,, o v(e,t) = 0. Similarly, we have

Fr mpn= 1—¢
P t < > P L — t).
[M@‘%‘ Lm—xuf]“@>

Hence, we obtain

.- Fr C
o A A —v(e,t) <P| - <z| <P T <z e +v(e, t).
mn, 1+€ mpy, 1—¢
(2.5.45)

So, we observe that we only have to study the random variable % For that we

first remark that N; and N, diverge when ¢ goes to infinity. Tndeed by Lemma
2.6.1, the correct normalisation for the convergence in law of N, is e*®) so P(N, >
ell=a)re®)) = 1 — o(1). For N}, we first notice that the previous result for N, also
gives for ¢ large, P(N; > e(1=/2%¢()) = 1 — o(1). Therefore

P(Nt* < e(l’s)”d’(t)) < IP’( max  L(mg,t) > max E(mk,t)) + o(1).

kge(l_s)’“ﬁ(t) - k<e(l—e/2)ro(t)

Now, since L(my,t) = E(mk,H(ik) A (H(Thk) + Hmkaig)) =: Zk for k < N; on

Ve N {N; < ni} N By(ng) which has probability 1 — o(1) by Lemmas 2.2.1 and 2.3.1,

IP( max  L(my,t) >  max ﬁ(mk,t)>

k<e(l—e)re¢(t) k<e(l—e/2)ko(t)

< IP( max { > max €k>+0(1),
k<e(l-)ro(t) pee(l—/2)ré(t)
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with (Zk, k< el—e/ 2)"‘4’(”) i.i.d. random variables under P by strong Markov property
and the second part of Lemma 2.2.1, and with queue distributions given by (2.4.1)
and Proposition 2.3.5. R R

It is then clear that for large ¢, P(max,«,a—crewm p > max,.a-c/2mem L) = o(1),
and we therefore obtain that P(N; > e(1=9)%¢(1)) = 1 — o(1).

Then, following the work of [37], we know that (m; —m;_1,i > 2) are i.i.d. random
variables with a known Laplace transform (given by (2.19) in [37]), this allows to
compute the first and fourth moments of Am; := my—m; and therefore obtain after
an elementary but tedious computation that for large ¢, E(Amy) ~ Cre® (Cy > 0,
see also (2.17) in [37]) and E((Amy — E(Am4))?) ~ Cge* (Cg > 0), which yields
as t — 400 and k£ — +o00,

E [(my/k — E(Ami))'] ~ Cge* /K2,
These facts allow us to write by a Markov inequality that

Plimn, — E(Amqy)Ny| > eE(Amy) Ny
< Z P[‘mj — E(Amy)j| > eE(Amy)j| + o(1)

j>e(l—e)ro(t)

208(07)74
< ) —m o)
j>e(l-o)ms(t)

< Cpetem 7m0 4 oo(1).

This yields that {|my, — E(Am,)N;| < eE(Am;)N,} as well as (with a similar
computation) {|my: — E(Amy)N;| < eE(Amq)N;} are realized with a probability
close to one.

Now including these events in the probability in (2.5.45), eventually enlarging v(e, t)
we get

Notice that the random variables involved now (N, and N;) only depend of what
happens in the bottom of the h;-valleys, and we have to deal with

*

N} . N .
P {N? Sy] =P[N, = Ni]lgyyy +P L\; <y, N/ < Nt] Liy<y + Liysay,

¢ ¢

for any y > 0. We are now interested in the limit when ¢ goes to infinity of the above
two probabilities. We first use the same lines as for the proof of Section 5.1, that is
to say we give a lower and an upper bound of this probability involving the i.i.d.
sequences (¢;,7) and (H;, 7). In the same way we have obtained Proposition 2.5.1,
we then have for any € > 0 and large ¢,

P —v(e,t) <P(N; = N,) <P +ole,t)
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with

€N25 —€N26 1 g
(HNQE HNQa_l) 1<j<NZe-1 t

P = P[(l_HNZE 1) >  max =2

recall that Hy, = Ya(ke™¢®) = 1 Zl Hi, O, = Yi(kere®) = 1 El Ly NFE =
inf{m > 1,H,, >1—2¢}, and v 1s a positive function such that llmH+oo v(e, t) <
const x " (17%) with an eventually larger const than in Proposition 2.5.1. In the
same way, for any y > 0, € > 0 and ¢ large enough,

_ NF
- <P |
7Dl U(€, )— |:N

t

S Y, Nt* < Nt ]ly§1 S 75? +U(57t)7

where

6/\/’25 _£N25 1 g ]1
("Hst 'HNtzg_l) 1<j<NZe—1 t y=b

[N*/N2€<y:|:5(1—7-[jvzg ) < max 2

with NV} := min{j > 1,¢; = max;<yz- . }. This together with Lemma 2.4.6 yields
for large t,
PN, =N —P[T; <L) | < lim v(e,t) + o(1)

t—+o0
and
’P{N:G—W<y N*<Nt1 —P[M<y Il>121
Nye—ro(t) = <77t VR T T T

L
Jim_v(e, 1), +o(1)

where F™* is defined at the beginning of Section 2.4.3. Replacing y by x a +E;2 for the
(1+¢€)?

lower bound and by Tiie > for the upper bound and taking the limit when ¢ goes
to infinity and then ¢ — O we obtain for 0 < x < 1,

lim Pth* SSC:| :P[ng’ Il ZIQ
t y2 (1>

t——+o0

To finish the proof of the last result of Theorem 2.1.5 we finally have to prove
Lemma 2.5.5 below.

y1 V2)

Lemma 2.5.5. The random variable L 10
2

independent of the couple (Z1,Zs).

follows a uniform law Uy, and is

Proof :
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For any s > 0, let Gy (s) := inf{u < s, Y1 (u) =1 (u—) = V¥(s)}. The fact that for
every s > 0, Gi(s)/s follows a uniform distribution is basic. Since the independence
that we seek is specific we give some details.

The process of the jumps of (Y1, )s) in [0, s] is a Poisson point process in [0, s] x
(Ry)? (the coordinate in [0, s] for the instant when the jump occurs and the other
coordinate for the jump) with intensity measure A X v where A is the Lebesgue
measure on [0, s] and v, as defined in the introduction, is the Lévy measure of
(V1,)%). Let us give a particular construction of the process (1, )s) on [0, s] :

Let (P,),>1 be a countable partition of (R, )* by Borelian sets such that Vn >
1, 0 < v(P,) < 4o00. For each n we define an i.i.d. sequence (S});>1 of random
variables in (R,)?, an 4.i.d. sequence (U}');>; of random variables in [0, s] and a
random variable T,, such that

— Vn>1, ST ~v(.NP,)/v(P,), U'~Upgy, T, ~ P(sv(P,)),

— For any n > 1, the variables (S} )g>1, (U )k>1 and T, are independent,

— The triplets ((S7)k>1, (Uf)k>1,17),>, are independent,
where U stands for uniform and P(.) for Poisson distribution. We know that the
random set

S, ={U},S;), n>1, 1<k<T,}

is a Poisson point process in [0, s] x (R, )? with intensity measure A x v. Since (Vy, Vs)

is pure jump, its restriction to [0, s] is equal in law to the process (2, Z;) defined
by
Vr € [0, S], (Zl, ZQ)(T’) = Z S]? ]]-U]:LST-
n>1,1<k<T,
In particular, with 7;(z1, 29) := x; for (21, 25) € R? i € {1,2} and GZ(s) := inf {u <
s, Z1(u) — Z1(u”) = Zlﬁ(s)} £ Gi(s), we have

ZH(s) = max{m (S7), n>1, 1<k <T,},
GZ(s) = inf {U,g, n>11<k<T, m(S") = zf(s)},

Zis) = Y, mSH, Zls)= D m(Sp).

n>1,1<k<T), n>1,1<k<Tp

GZ(s) is the position of the highest jump of Z; on [0, s] We thus have that G, (s)/s £
Ujpp,1) and it is independent from (Vi(s), V1(s), Yo(s)) and from the sigma-field
o (M1, )t + 5) = (D1, D2)(s), £ = 0).

We now have to replace s by ), '(1). For that we can consider for example
the dyadic approximations of Y, (1), that is, (¢, := max {k € N, & < Y;'(1)} ,n).
Then, partitioning on the values of t,, using the independence we just proved and
the fact that G;(s)/s follows a uniform distribution on [0, 1] we get that Gi(t,)/t,

follows a uniform distribution on [0, 1] and is independent from

(Vita), Yaltn), Pitn +27") = Wi(tn), Valtn +27") = o(tn)).  (2.5.46)
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We let n goes to infinity, ¢, converges almost surely to V5 (1) from below. As a

consequence, Gi(t,)/t, converges almost surely to F;(yf(’f)
2

while the quadruple in

(2.5.46) converges almost surely to

(VEY 1) -), (1)),
ViV (1) = (Y, (1) =), V(1) = Je(Iy (1))
F*(V1,)2)

Y, ()
from the above quadruple for which (Z;,Z,) is a measurable function, this yields the

lemma.

As a consequence, follows a uniform distribution on [0, 1] and is independent

|

2.6 Results and additional arguments from the pa-
per [3]
2.6.1 Some estimates on the diffusion X

The first lemma below gives the right normalisation in law of the number of
hy-valleys visited by X before time ¢.

Lemma 2.6.1 (number of visited h;-valleys). Assume that 0 < k < 1. Then, under
the annealed law P, N,er¢(t) —tst00 N in law. The law of N is determined by its
Laplace transform :

—U

Yu>0, E(e)= ;0 m (C_n) : (2.6.1)

where C,. is a positive constant. Moreover P(N; > n;) < e=*®,

Proof : The convergence in distribution is exactly Proposition 1.6 of [3]|. For the
second fact we have P(N;, > ny) < P(N, > ny) + P(V,) < P(N; > ny) + el-/2relh
by Lemma 2.2.1, with N, := max{j > 1, 7, < sup,.; X(s)}. Then equation (5.3)
in [3] gives P(N; > n;) < exp(—26(t)), which yields the result. O

The lemma below deals with the renewal structure we speak about on the intro-
duction, and the consequence on the hitting time H(my,) of the ultimate h;-valley
visited by X before time ¢.

Lemma 2.6.2. Assume 0 < k < 1 and 0 < § < inf{2/27,x%/2}. Fort > 0, let
be the positive measure on Ry such that

Vo >0, ([0, z]) = e7e® ZIP’ (H; < ).

Jj=1
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Recall that for any k, Hy = Z?Zl H;/t, and Hy = R1S1eq is defined in Propo-
sition 2.3.5. Then, (u)¢ converges vaguely as t — +oo to p defined by

dp(x) == (CoL(K)) 2" (0 400) (7)d,

with C,, is the same constant as in Lemma 2.6.1. For 0 <r < s <1,

H : 1—r
lim IP(1 _s< (TNt) <1- 7“) _ sin(mr) / U1 —2)"de. (2.6.2)
1

t—+o00 T _s

Proof : The first part of the above lemma is very close to Lemma 5.1 of [3], indeed
Proposition 2.3.5 gives the proximity between the random variables (U;,i < n;) and
the random variables (H;,7 < n;), moreover an important preliminary result in [3]
(Proposition 4.1) states that e**®) (1 — E(e *1/t)) = C A" + o(1) for large t. So we
also know that

ew(t)(l _ E(eﬂ\ﬂl/t)) =C. A"+ 0o(1), (2.6.3)

notice that this result could also be deduced from (2.4.2) with the help of a Tauberian
theorem. Then by independence of the random variables H; and the fact that they
are i.d., for any A > 0

[ i) = > (e( )Y
j=1

By (2.6.3) as nie ™ —, o +oo, [E (e/)]m T = o(1). Hence, we get as
t — 400, again by 2.6.3

+oo —KkP(t)
Y _ e +o(1) _ 1
/0 e du(z) = 1 F (¢ /) +0o(1) = Cov +o(1)

+oo e—)\:(;x/i—l
= ————dx + o(1),
[ e e o

which gives the vague convergence of measure (). Also (2.6.2) is equation (1.2) of
Corollary 1.5 in [3]. O

In Lemma 2.6.3 below, we approximate izj, the exit time of hy-valley number j (if X
leaves it on the right), by a product of 3 simpler random variables. To this aim, we
recall that with the notation of Lemma 2.3.6 and of its proof, for each 1 < j < ny,

Do (Ti(he/2) V06 () ; o V0 (2)
R; = f%ji(ht/2)e dz, and A¥(u) = fmj e dz, u € R. Moreover, for some

independent Brownian motions B’, 1 < j < n,, independent of W,,,

Ly S 4
by = [ (L), A,

e = Lp[r”(A(L;)),0]/A4(L;).
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Lemma 2.6.3. Let 0 < ¢ < inf{2/27,k%/2}. For large t, we have for every 1 < j <
Ny,

*(1*3€)ht/614j(l~;j>ejéj> < Cye(en)ehe, (2.6.4)

Proof : We first notice that (iL A'([N/j), e, Rj) is measurable with respect to the
o-field generated by (V Nz + LJr 1), 0<z< f/j — [:;1) and B/, so, thanks to the
second fact of Lemma 2.2.1, its law under P does not depend on j. Thus, the left
hand side of (2.6.4) does not depend on j. Hence we just have to prove (2.6.4) for
j=2.

This is actually already proved in [3], for which it is an important step. Indeed
in this paper [3], our A7, B2 and hy are denoted respectively by A B and U, as
defined in ([3], eq. (3.17) and (3.18)), and our R, and e, by Z~ and el, as defined in
([3], after eq. (4.17)). Hence our (2.6.4) for j = 2 is exactly (|3], Lemma 4.7), which
proves our lemma.

The proof of (|3], Lemma 4.7) is quite technical, however we can give a simple
heuristic in order for the present paper to be more self-contained. The idea of the
proof of (|3], Lemma 4.7) is that, loosely speaking, for u close to m;, that is for
w € [77 (he/2), 75(he/2)], Las[r® (A7(Ly)), A (w)] is mearly Lpi[r™ (47(Ly)),0] =
A¥(L;)e;, whereas for u far from 7, that is for u € [f}j_, L;] but u ¢ [7; (he/2), 75 (he/2)],

e V@) g "nearly" 0, with large probability. Finally, combining these heuristics gives
l} ~ AI(L;)eR;. O

The following lemma is used to prove Lemma 2.3.6 and uses the notation of
this lemma, and where the independent r.v. G*(h/2, h;), Fy (h), Fy (h/2) and
F3 (h¢/2) defined before Proposition 2.3.5.

Lemma 2.6.4. Assume 0 < ¢ < inf{2/27,x?/2}. For large t, possibly on an enlar-
ged probability space, there exists Ry = Fy (he/2) + Fy (he/2) and Sy £ Fi (hy) +
G (h¢/2,hy), such that Ry, So and ey are independent and

Ly
P< { / "0z — 5,
ma

where D_ > (.

<e g, Ry = RQ} > >1—e P (26.5)

Proof : Due to (|3] Lemma 4. 5) with its notation, we have Z; := f;;(ht) V(Q)(I)dx £

Fr(hy), I o= [12, eV @da = G*(ht/Q he), Ip = [P e VO @dy £ F(hy/2)

and finally Z, := fT_(h 12) € VD@ g £ F~(h/2) with L2 = inf{x > m(hy), VP (z) =
2 t

h¢/2}. The problem is that Z; is not independent of Z; , so we would like to replace
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it by some Z;° £ I, of it with better independence properties. It is proved in ([3],
at the top of page 32) that for large ¢, possibly in an enlarged probability space,
there exists Z;" such that |Z§ — ;7| < e~ (1739M/2TF with probability greater than
1 — 4e=*%/2 and where I} £ F*+(hy) by ([3], eq. (4.35)).

Let Sy := Z;t +Z; > Z;". Notice that on V,, by Remark 2.2.1, Ry = Z; +Z, =: Ry

and frij V@ y = frsj V?@dy = I + ZF. The two previous inequalities give

| fé; eVP@ g — Sg‘ = ‘ISF — Iﬂ < e~ (1=30)M/28. and Ry = Ry with probability at
least 1 — 5e~%%"/2 thanks to Lemma 2.2.1. This proves (2.6.5).

Moreover, by ([3], Prop. 4.4 (i), Z;}, Z,}, Z; , Z, and e, (which is denoted by e;
in [3]) are independent. So, ey, S = Z;" + Z,7 and Ry = Z; + Z, are independent,
and Ry £ Fy (hy/2) + Fy (hy/2) and Sy £ FiF(hy) + G*(he/2, hy). O
The last lemma of this section tells that with large probability, the diffusion X leaves
every hi-valley [L;,L;], 1 < j < n,; from its right. Recall that B’ is defined after
(2.3.19).

Lemma 2.6.5. For large t, there exists c. > 0 such that

P[ﬂ}”l { max L [7% (A(L;)), A (u)] = 0}] > 1 — e (ehe, (2.6.6)

u<Lj

Proof : (2.6.6) is essentially Lemma 3.2 in [3] : .

Indeed, recall the definition of A; := {maxu<ij— Lpi[mP (AV(Ly)), A (u)] = 0}, we
have NYL, A; = ﬂ?;l{Hj(f/j) < {H](f/]_)}, with, for any [~/J_ < < Lj, Hi(x) =
inf{s > 0, Bj(s) = x}, with B; a Brownian motion. Therefore P"=(A;) is equal to
the probability P"=(&;) of Lemma 3.2 in [3]. It is proved in this lemma see (3.10)
that for large t, P(B := {P"+(&;) < e="W/DM}) > 1 — 37" 50 we obtain (2.6.6)
as P(E;) < E(PY=(€;)15) + P(B) < e~ /n,, for c_ > 0 small enough. O

2.6.2 Some estimates on the potential IV, and its functionals

We start this section with the Laplace transform of the important functional R, :

Lemma 2.6.6. Recall that 0 < k < 1. For any v > 0,

—YRe\ __ (27>N/2 ’
5™ = (e (26:)

Moreover, R, admits moments of any positive order.
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Proof : fOJrOO ~We(dy is the limit in law under P of f “WiWdy as 2 — +oc.
This limit is given by ([3], Lemma 4. 2) Wthh proves (2.6. 7) Note that in (|3], Lemma

4.2), W is denoted by R, and fo x) ~Wewdy is denoted respectively by F~(z).
Moreover the Laplace transform of R, is of class C™ on a neighborhood of 0 since
x +— x%/1,(z) is C* on such a neighborhood (see e.g. [15] p. 638). Therefore R,
admits moments of any positive order. O

The following Lemma is a series of estimates concerning the different coordinates
of valleys.

Lemma 2.6.7. Fort large enough, for every 1 < i < ny,

P(0 < My < my) < Cphe ", (2.6.8)
P(7, 1 (hy) # ml(ht)) < O hge™ (2.6.9)
P, ) < ht/2) < e Hh/8, (2.6.10)
P(L} — L7 > 40h+//~@) < e7rhe/8 (2.6.11)
P( l(h) iy > 8h/K) < Ce ™V g << by, (2.6.12)
P(imy <) <e"exp ((k/2 — 2+ &2/4)h) = o(1), Vr =o(hf). (2.6.13)

Proof : (2.6.8) follows from eq. (2.8) of [3]; (2.6.9) is eq. (3.41) of [3]. (2.6.10)
and (2.6.11) are respectively eq. (2.34) and (2.32) of Lemma 2.7 of [3]. Moreover,
(2.6.12) is eq. (2.22) of the same reference. For (2 6.13), we know from definitions
in (2.2.3) that /my, > L} = 7Ws(—h"), where 7W=(—h;") is the first positive time
the drifted Brownian motion W, reaches —h;. Using a Markov inequality together

with (2.0.1) page 295 of [15] we obtain P(7Wx(—hit) <r) = P(e™™""h) > ¢7) <
ere(r/2= V2R yhich s exactly (2.6.13). O

The lemma below deals with two functionals involving coordinates far from the
bottom my of the first visited h;-valley [Li, L1].

Lemma 2.6.8. There exists c_ > 0 such that for any ¢ > 0 and t large enough,

L
P / ! 7\/(1)(33 d < C h2 (1—e)he/2 Z 1 — e*(C—)Eht’
T1(ht/2)

D)
P / fV (z) dz < C+h2 (1—e)ht/2 >1— ef(c_)sht'
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Proof : The proof is inspired from steps 1 and 2 of Lemma 4.7 of [3|. For the first
integral, let

A= {infp gz aen VY > (L= 9)hy/2}, A= {Lf — Ly <40k /x}.
We have on A, N A,,

Ly N ~ 40h+h
[0 g oL, ngzy] < Do o)
71(ht/2)) "

Now, Fact 2.2.1, equation (2.7.3) with a = 1/2, v = (1 —¢)/2 and w = 1, and
Lemma 2.2.1 give

P(A;) < Plinfgummm VY < (1= e)h/2,Vi] + P(V) < 372,

Moreover, P(A,) < e /8 < e=reht/2 1y (2.6.11) since we can take £ < 1/4. The
second inequality, can be proved similarly. a

Lemma 2.6.9. Recall that for h > 0, Bo(h) == E ( Jri eWn<u>du), with 75 (h) =
inf{u >0, Wi (u) — infy W, > h}. For large h,

Bo(h) < Celt=mh, (2.6.15)

Proof : (2.6.15) is (|3], eq. (3.38)), since in [3|, By(h) is defined at the top of page
23 and 77 (h) in its Lemma 3.6. O

2.7 Appendix

2.7.1 Some estimates for Brownian motion, Bessel processes,
W! and their functionals

We provide in this section some known formulas for some processes that appear in
our study. The first lemma is about Laplace transforms of the exponential functionals
defined in (2.1.7) and (2.1.8). Its proof can be found in (3], Lemma 4.2). Recall that
C (respectively c_) is a positive constant that is as large (resp. small) as needed.

Lemma 2.7.1. There exist Cy >0, M >0 and n, € (0,1) such that Yy > M,Vy €
(07 771]7

E <e*vF*<y>/ey) —[1—2v/(k+ 1)]’ < Cymax(e ™, 7*%), (2.7.1)

’E (awﬂy/%)/ey) 1 —T(1 - k)(27)"/T(1 + H)]] < Cy max(y"e™™/2, 7).
(2.7.2)

Moreover, there exists Cyp > 0 such that for ally > 0, E(F*(y)/e?) < Cyy.
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Recall that W is a (—/2)-drifted Brownian motion W, Doob-conditioned to
stay positive (see above (2.1.7)). We have,

Lemma 2.7.2. Let 0 < v < a < w. For all h large enough, we have

_Pah< Lyn) < 1 (wh)><<2e—“a—ﬂh (2.7.3)
P(ﬂW@m)— ><4e (w—ah/3, (2.7.4)
P(r" >>8h/m) e rh/(V2) (2.7.5)

P( <h) < Cm (e-)h (2.7.6)

P(r" yh <]) ~(e)bhl?, (2.7.7)

where P denotes the law of W starting from ah. Moreover the first inequality is
still true if w is a function of h such that limy,_,  w(h) = +o0.

Proof : The first 3 inequalities come from ([3], Lemma 2.6). The fact that, in
(2.7.3), w can actually be taken as a function of h comes directly from eq. (2.31)
of [3], which shows that the right hand side of (2.7.3) is equivalent to e~*(@=""
as h — 4oo if w = w(h) —p4100 +00. (2.7.7) is a consequence of (2.7.4) with
w = and o = /2. We turn to (2.7.6). By ([3], eq. (2.7) and Fact 2.1, coming

h
from [37]), E e (h) ~hsioo CONSE.EM/ 2V 2‘“”‘2/4), in particular for o = 1 — k.
+ p
7
Then a Markov inequality for P (e*mw" (h) > e=oh) proves (2.7.6) since 1 — k/2 —
V2(1 — k) + k2/4 < 0. O

We also need the following lemma, focusing only on some exponential functionals.

Lemma 2.7.3. Recall that F* and G* are defined in (2.1.7) and (2.1.8). For all
0<(<1and0<e <1, for h large enough,

Pk@@@<p*@m<eﬁww}>1—@ﬂww, (2.7.8)
P[F~(h) > "] > 1 — =)=, (2.7.9)
P[G"(ah,h) < b(h)e"] > 1 — CLb(h)] ™", 0<a<1,bh)>0  (2.7.10)

Proof : By Markov inequality and the last line of Lemma 2.7.1,
P[F+(Ch) > e(HE)Ch] < Cppe =" < e rech/2
for large h. For the lower bound, we have by ([3], eq. (2.29)) for large h,

P[F+(Ch) Z e(l*E)Ch} Z 1— 3efl€€(h/2.
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These two inequalities prove (2.7.8). For (2.7.9), first F'~(h) > e‘EhTWE(Eh), and
using (2.7.7), 7W4(ch) > 1 with a probability larger than 1 — e~(¢-)=*"*  which
proves (2.7.9). Finally, notice that in law G*(ah, h) < e” f0+°° eVr@dy = el Ay, By
[32], 2/A is a gamma variable of parameter (k, 1), and so has a density equal to
e "x" g, (2)/T'(k), which leads to (2.7.10). O

The following lemma is exactly Lemma 4.3 in [3] which proof can be found in
that paper.

Lemma 2.7.4. Let (B(s), s € R) be a standard two-sided Brownian motion. For
every0 <e<1,0<d<1andx >0,

51/6
IP( sup |Lp(77(1),u) — Lp(77(1),0)| > 5£B(7-B(1),O)) <Cimp (2.7.11)

u€[—4,4]

IP’( sup £B(TB(1),U) > x) < 4e7/? (2.7.12)
u€(0,1]

P (sup Lp(rP(1),u) > :E) <4/x. (2.7.13)
u<0

The next lemma says that with large probability, a 2-dimensional squared Bessel
Process is bounded by some deterministic function. This lemma may be of inde-
pendent interest.

Lemma 2.7.5. Let (Qa(u), u > 0) be a Bessel process of dimension 2, starting from
0, and two functions a(.) and k(.) from (0,4+00) to (0,+00), having limit +00 on
+o0. We have for large t,

P(Vu € (0,k()], Q3(u) < 2ela(t) + 4log log[ek:(t)/u]}u) >1— Cyexp|—al(t)/2].

Proof : We consider for ¢t > 0 and 7 € N,

A= { sup Qi < 2@[@@) + 4log(i + 1)]}, Ay = ﬂAl,i-
[k(t) i=0

/et k(t) /€] €

We recall that there exist two standard independent Brownian motions (B (u),
0) and (By(u), u > 0) such that (Q3(u), u > 0) is equal in law to (B3 (u)+B3(u),
0). So for i € N,

P(A)

>
>

IN

2P( Sup[k(t)/ei+1,k(t)/ei] B% > k(t)e*’[a(t) + 410g(2 + 1)])
4P (supig ey Br > V/E( e a(t) + log(i + 1)) )

— 4P <|Bl(1)\ > \a(t) + 4log(i + 1))
8exp[—al(t)/2 — 2log(i + 1)]

IN

IN
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for large ¢ so that a(t) > 1, by scaling, and since B, £ _B, sup 1) B £ |B1(1)]
and P(B;(1) > ) < e=**/? for > 1. Consequently for large t,

P ZP Alz <8exp i

=0

= Cexp[—a(t)/2]. (2.7.14)

Now, let 0 < u < k(t). There exists i € N such that k(t)/e™ < u < k(t)/e'.
We have, ¢ < k(t)/u, so ™ < ek(t)/u and then log(i + 1) < loglog[ek(t)/u].
Consequently on As,

Q3(u) < 2(k(t)/e")a(t) + 4log(i + 1)] < 2eufa(t) + 4logloglek(t) /u]].

This, combined with (2.7.14), proves the lemma. O

We also need some estimates on the local time of B at a given coordinate
y € R at the inverse of the local time of B at 0. Recall that og(r,y) = inf{s >
0, Lp(s,y) > r} for r > 0, y € R. By the second Ray-Knight Theorem, the pro-
cesses (Lp(op(r,0),y),y € Ry) and (Lp(op(r,0), —y),y € R,) are two independent
squared Bessel processes of dimension 0 starting at r. The following lemma is proved
in (|67], Lemma 3.1; the results are stated for a Bessel process but are actually true
for a squared Bessel process; see also [29], Lemma 2.3).

Lemma 2.7.6. We denote by (Qo(y), y > 0) the square of a 0-dimensional Bessel
process starting at 1. Let M > 0, u > 0 and v > 0. Then,

P (Oiug |Qoly) — 1| > u) < 4@ exp [—u®/(8(1 4+ u)v)] (2.7.15)
P (sglg Qo(y) > M) =1/M. (2.7.16)
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Chapitre 3

EXPONENTIAL FUNCTIONALS OF
SPECTRALLY ONE-SIDED LEVY
PROCESSES CONDITIONED TO STAY
POSITIVE

This work has been the object of an article [72| currently being reviewed.

3.1 Introduction

We consider a spectrally negative Lévy process V' which is not the opposite of a
subordinator. We denote its Laplace exponent by Wy, :

Vi, A >0, E [e’\v(t)} = VvV,

In the case where V drifts to —oo, it is well known that its Laplace exponent admits
a non trivial zero that we denote here by k, k := inf{\ > 0, U (\) = 0}. If V' does
not drift to —oo, then 0 is the only zero of ¥y so we put k£ := 0 in this case. We
denote by (@, 7, ) the generating triplet of V' so Wy can be expressed as

0
Uy (N) = %v — YA+ / (&M — 1 = Azl jy<))v(da). (3.1.1)

In the end of the paper, we also consider Z, a spectrally positive Lévy process
drifting to 4o0.

We are interested in the basic exponential functionals of V' and Z conditioned
to stay positive,

+o0o +oo
(V1= / V' Odt and 1(Z) = / e 7'y,
0 0
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3.1. INTRODUCTION

For both we study finiteness, exponential moments and the asymptotic tail at 0. For
I(VT), we also get self-decomposability, more precise estimates on the asymptotic
tail at 0 and a condition for smoothness of the density.

Our first motivation is to extend to spectrally one-sided Lévy processes condi-
tioned to stay positive the general study of the exponential functionals of Lévy
processes. Those functionals have been widely studied because of their importance
in probability theory. For example they are fundamental to the study of diffusions
in random environments and appear in many applications such as mathematical fi-
nance, see [12| for a survey on those functionals and their applications. For a general
Lévy process, equivalent conditions for the finiteness of the exponential functional
are given in [12], the asymptotic tail at +oo of the functional is studied in [52], the
absolute continuity is proved in [9] and properties of the density (such as regularity)
are studied in [20] under some hypothesis on the jumps of the Lévy process and in
[54]. In this paper we also obtain, as a by-product of our approach, some results on
the exponential functionals of spectrally one-sided Lévy processes.

Our second motivation is the possibility to apply our results to the study of
diffusions in a spectrally negative Lévy environment. Such processes, introduced by
Brox [17] when the environment is given by a brownian motion have been specifically
studied for the spectrally negative Lévy case by Singh [66]. In [4], they prove that
the supremum of local time L% of a diffusion in a drifted brownian environment
converges in law and they express the limit law in term of a subordinator and an
exponential functional of the environment conditioned to stay positive. In order
to generalize their result to a diffusion in a spectrally negative Lévy environment,
knowledge on the exponential functionals involved is needed. These are precisely
exponential functionals of the environment (which is spectrally negative) and its
dual (which is spectrally positive) conditioned to stay positive.

Finally, we have hints that the almost sure asymptotic behavior of L%, for a
diffusion in the spectrally negative Lévy environment V', is crucially linked to the
right and left tails of the distribution of I(V"). This is why we study these tails
here and give for the left tail a precise asymptotic estimate when it is possible, in
particular, when Wy (\) ~ e\, for some constant ¢ and « €]1,2]. For the right tail,
we are only interested in the existence of some finite exponential moments. The
application of the present work to diffusions in random environment is a work in
preparation by the author [74], [73].

For A a process and S a borelian set, we denote
T7(A,S) :=inf{t >0, A(t) € S}, R(A,S):=sup{t >0, A(t) € S}.

We shall only write 7(A,z) (respectively R(A,x)) instead of 7(A,{z}) (respec-
tively R(A,{z})) and 7(A,z+) instead of 7(A, [z, +oc[). For example, since V7
has no positive jumps, we see that it reaches each positive level continuously :
Vo > 0, 7(V1,2+) = 7(V',x) and since moreover V' converges to +o0o we have

Vz >0, R(VT[0,z]) = R(VT, x).
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3.1. INTRODUCTION

Also let A(t) = inf{A(s), s € [0,t]} be the infimum process of A. If A is
Markovian and x € R we denote A, for the process A starting from z. For Ay we
shall only write A. For any (possibly random) time 7" > 0, we write AT for the
process A shifted and centered at time 7' : Vs > 0, AT(s) := A(T + s) — A(T).

We now recall some facts about VT, that is, V conditioned to stay positive. For a
spectrally negative Lévy process V, the Markov family (V.!,2 > 0) may be defined
as in [8], Section VIL.3. For any x > 0, the process V.| must be seen as V' conditioned
to stay positive and starting from z. We denote VT for the process VOT. It is known
that VI converges in the Skorokhod space to VT when z goes to 0.

For X a positive random variable, we denote V; for the process V' conditioned
to stay positive and starting from the random variable X. More rigorously, V; is
the Markov process that conditionally on {X = z} has law V.

For any positive x, we have from the Markov property and the absence of positive
jumps that the process VT, shifted at 7(VT,x), its first passage time at z, is equal
in law to V.. In the case where V drifts to +o0, it is known from [8], Section VII.3,
that VI has the same law as V, conditioned in the usual sense to remain positive.
This property, interesting for our study, is unfortunately not true when V' oscillates
or drifts to —oo (in these cases we have to do the conditioning until an hitting time).

In the case where V drifts to —oo, we define V* to be "V conditioned to drift
to +o0o", as in [8], Section VIL.1. The Laplace exponent Wy of V* satisfies Wy =
Uy (k + .) where  is the non-trivial zero of Wy.. As a consequence ¥/, (0) > 0, so
V¥ drifts to infinity (this is deduced thanks to Corollary VIL2 in [8]) and it is also
proven that VT = (VH)I.

In order to do our proofs in a systematic way, we often work with V¥ which is
defined to be "V conditioned to drift to +oc0" in the case where V' drifts to —oo and
"only V" in the other cases (when V' oscillates or drifts to +00). As a consequence,
V*# always denotes a spectrally negative Lévy process that does not drifts to —oo
(it oscillates if V' does and it drifts to +oo if V drifts to +00 or —o0). In any
case we have that for all 0 < x < y, (V(t), 0 <t < 7(V],y)) is equal in law to
(VE(t), 0 <t < 7(VEy)) conditionally on {r(V},y) < 7(V},] — 00,0])}. Note that
the same identity is true with V instead of V*, but the advantage of dealing with
V¥ is that 7(V}, y) is always finite (while 7(V,,y) can possibly be infinite when V/
drifts to —oo) which simplifies the argumentation.

Let W be the scale function of V', defined as in Section VIIL.2 of [8]. It satisfies
VOo<z <y, P(r(Vp,y) < 7(Vy,] —00,0])) = W(x)/W(x+y).

According to Theorem VIL.8 in [8], this function is continus, increasing, and for any
A > @V(O),

—+o0
e MW (x)dx = < +00.
/o (@) Uy (N)
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3.1.1 Results

In the special case of the exponential functional of a drifted brownian motion
conditioned to stay positive, all the properties that are established here are already
known and sometimes more explicitly. We discuss this case in the next subsection.

Our first result is the finiteness of I(VT) and the fact that it admits exponential
moments.

Theorem 3.1.1. The random variable I1(V") is almost surely finite, has finite ex-
pectation E[I(V")] and

YA < 1/E[I(VD)], E [MV”] < +o0. (3.1.2)

Then, a fundamental point of our study is Proposition 3.3.2 which says that for
any positive y, I(VT) satisfies the random affine equation

IV £ 4+ evI(vh, (3.1.3)

where AY is independent of the second term and will be specified later. We see that
I(VT) is a positive self-decomposable random variable and is therefore absolutely
continuous and unimodal. It is well known (see for example expression (1.10) in
[55]) that the exponential functional I(V') of a spectrally negative Lévy process V'
is also self-decomposable (as long as it is finite), it can be seen by splitting the
trajectory at 7(V,y), the first passage time at y. Another consequence of (3.1.3) is
that for any positive y, I(VT) can be written as the random series

IVHES e Ay,

k>0

where the random variables A} are 4d and have the same law as AY. This decom-
position is a very useful tool for the study of the random variable I(VT) and is also
the base of the proofs of the results we present below.

Our next results make a link between the asymptotic behavior of Wy and the
properties of I(VT).

Theorem 3.1.2. Assume that there is o > 1 and a positive constant C' such that
for all X large enough we have Wy (X)) < CA*. Then for all 6 €]0,1] and x small
enough we have

P(I(V") <) <exp(—6(a— 1)/(C’x)1/(a_1)) : (3.1.4)

Assume that there is a > 1 and a positive constant ¢ such that for all X large
enough we have Uy (X)) > cA\*. Then for all 6 > 1 and x small enough we have

P(I(V!) <z) >exp (—5&“/(0‘_1)/(096)1/(0‘_1)) : (3.1.5)
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Let us now recall how is usually quantified the asymptotic behavior of W¥y. We
define, as in [8], page 94,

o = sup {a >0, Alim ATy (N) = oo} :

—+o00
B = inf {a >0, lim AUy (\) = 0} .
A—4-00

Recall that Uy:(.) = Wy (k +.), so 0 and § are identical whether they are defined
from Wy or Wy,

If Uy has a-regular variation for o € [1,2] (for example if V' is a drifted a-stable
Lévy process with no positive jumps), we have 0 = = «. Recall that @ is the
brownian component of V. It is well known that Wy (\)/A? converges to /2 when
A goes to infinity so, when ) > 0, Uy, has 2-regular variation, and when @) = 0,

1<o<p<2
where 1 < ¢ comes from the convexity of Wy .

Remark 3.1.3. When V' has bounded variation, we know (see for example [8] Sec-
tion 1.1) that the brownian component of V' is null, the Lévy measure v of V satisfies
fi)l |z|v(dz) < 400 and —y—ffl zv(dz), the factor of X in the expression of Wy (),
is positive (otherwise V' would be the opposite of a subordinator). It is thus easy to
see that in this case Wy (\)/A converges to —vy — fi)1 zv(dx) when X\ goes to infinity,
so o = [ = 1. In the remaining, we sometimes assume that o > 1, the reader should
be aware that it excludes the case where V' has bounded variation. However, this case
18 quite easy and shall be treated in the remarks.

We are now ready to state our general results on the asymptotic tails at 0 of
I(vhy:

Theorem 3.1.4. We have
’ : 1/(8'-1) t _
Vp' > B, };III(I) x log (P (I(V") < z)) = —o0, (3.1.6)

: / o 1/(0'-1) 1 _
if o > 1, VYo' €]1,0], 91013(1] x log (P (I(V") <z)) =0. (3.1.7)

Theorem 3.1.4 gives for P(I(V") < x) a lower bound involving o and an upper
bound involving (. In the case of a-regular variation we can expect, under some
extra hypothesis, to get a stronger result. We indeed have :

Theorem 3.1.5. We assume that there is a positive constant C' and « €]1,2] such
that Uy (A) ~x100 CA, then

a—1

log(P(I(V) <2)) ~ ——p.
) <0) 5=
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The above theorem is true in particular when, for some « €]1, 2], V' is an a-stable
spectrally negative Lévy process (with adjonction or not of a drift). In particular, it
agrees exactly with the tail (3.1.11) given in the next subsection for the particular
case of a drifted brownian motion.

Remark 3.1.6. Since Uy (\)/\? has always a finite limit at +oco we get, from Theo-
rem 3.1.2, that there is always a positive constant K (depending on V') such that for
x small enough

P(I(VT) <z) <e ™/

Remark 3.1.7. Note that Theorem 3.1.4 holds when = 1 and 1/(f' — 1) can
then equal any number in |0, +oc[. When V' has bounded variation, we even have a
stronger result : P(I(V") < x) is null for x small enough.

Remark 3.1.8. Recall that (V") is unimodal. If 0 was a mode, then we would
have P(I(VT) < ) > cx for some positive constant ¢ and x small enough, which is
incompatible with (3.1.6). As a consequence the density of I1(V?) is non-decreasing
on a neighborhood of 0. This allows to remark that Theorems 3.1.2, 3.1.4, 3.1.5 and
Remarks 3.1.6, 3.1.7 are true for the density of I(VT) in place of the repartition
function P(I(VT) < .).

When V drifts to +00 we prove Proposition 3.4.3 which says that the left tail of
I(VT) is the same as the left tail of (V). This implies that all the results we prove
for the left tail of I(VT) are true for the left tail of I(V) :

Proposition 3.1.9. If V drifts to +oo, then Theorems 3.1.2, 3.1.4, 3.1.5 and Re-
marks 3.1.6, 3.1.7 are true for [(V') in place of I(VT).

Proposition 3.1.9 is an example of how the study of the exponential functional
of the Lévy process conditioned to stay positive can be useful for the study of the
exponential functional of the corresponding Lévy process.

We already mentioned that the law of I(V") is absolutely continuous but we do
not know how smooth the density is in general. The following theorem provides a
condition for smoothness :

Theorem 3.1.10. If o > 1 and 8 are such that
2% —~30f+0+B—1<0, (3.1.8)

then the density of I(V) belongs to the Schwartz space. All its derivatives converge
to 0 at +o0 and 0.

This theorem admits the following corollary :

Corollary 3.1.11. If V drifts to +oo, is such that o > 1 and (3.1.8) is satisfied,
then the density of 1(V') is of class C*° and all its derivatives converge to 0 at +00
and 0.
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Here again, the study of the exponential functional of the Lévy process conditio-
ned to stay positive implies results about the exponential functional of the corres-
ponding Lévy process.

Remark 3.1.12. If Uy has a-reqular variation with o > 1, then 0 = = « so
the condition (3.1.8) becomes —(a — 1)? < 0, but this is always true for o > 1, so
Theorem 3.1.10 and Corollary 3.1.11 apply. In other words, a-reqular variation for
the Laplace exponent of V implies smoothness of the density for I(V") (and (V) if
it is finite) when o > 1.

In the spectrally positive case, the finiteness of the exponential functional is quite
easy to obtain, but our argument also yields the existence of some finite exponential
moments. We can state the result as follows :

Theorem 3.1.13. The random variable 1(Z1) is almost surely finite and admits
some finite exponential moments.

We also obtain a lower bound for the asymptotic tail at 0 of both 1(Z) and 1(Z7).
This tail is heavier than the one given for I(VT) and this comes from the positive
jumps.

Theorem 3.1.14. If Z has unbounded variation and non-zero Lévy measure then,
there is a positive constant ¢ such that

e~WE@)? <P (1(2) <) <P(I(Z") <z).

The lower bound for P(I(Z) < x) does not require the hypothesis of unbounded
varation.

Remark 3.1.15. If the Lévy measure of Z is the zero measure then it is known,
from the Lévy-Khintchine formula, that Z is a drifted brownian motion. The exact
asymptotic tail at 0 of I(Z7) is then given by Theorem 8.1.5 and it is thinner than the
one provided by Theorem 3.1.14. The existence of jumps thus plays an tmportant role
for the asymptotic tail at O of the exponential functional and the proof of Theorem
3.1.14 indeed crucially relies on this hypothesis.

The study of the spectrally positive case does not go as far as the study of
the spectrally negative case. The reason for this is twofold. First, we do not have,
in the spectrally positive case, a decomposition of the law of I(Z") as in (3.1.3),
which deprives us of an important tool for the study. Secondly we do not need, in
the applications, the results on the exponential functional to be as precise, in the
spectrally positive case, as in the spectrally negative case. Indeed, in the study of
a diffusion in a spectrally negative Lévy environment V' drifting to —oo, a random
variable R appears. Its law is the convolution of the laws of I(V1) and I(V1), where
V := —V is the dual process of V' and is thus spectrally positive. The combination
of the above theorems shows that for some things the behavior of I(V'1) is dominant
in the study of R when V has jumps. In particular, the asymptotic tail at 0 of R is
the same as the one of I(VT).
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The rest of the paper is organized as follows. In Section 3.2 we prove some
preliminary results on V1. In Section 3.3 we prove Theorem 3.1.1 and establish
Proposition 3.3.2 about the self-decomposability of I(VT). In Section 3.4 we prove
Theorems 3.1.2, 3.1.4 and 3.1.5 by studying the asymptotic behavior of the Laplace
transform of I(V71), and in the case where V drifts to +o00, we establish a connection
between the tails at 0 of the exponential functionals I(V') and I(V). In Section 3.5
we prove Theorem 3.1.10 and Corollary 3.1.11 via a study of excursions. Section
3.6 is devoted to the spectrally positive case and the proofs of Theorems 3.1.13 and
3.1.14.

3.1.2 The example of drifted brownian motion conditioned to
stay positive

The most simple case is the intersection of the spectrally positive and the spec-
trally negative case, that is, when V is a drifted brownian motion. All the results
mentioned here are already known in this case. We define the k-drifted brownian
motion by W (t) := W (t) — 5t. It is known that the two processes W, and Wi,
are equal in law. This follows, for example, from the expression of the generator of
W, or from the fact that for positive x, the Laplace exponent of W} is equal to
the Laplace exponent of W_,, so the processes conditioned to stay positive have the
same law. We thus only consider positive k.

It is known (see (4.6) in [3], see also Lemma 6.6 in [4]) that [(W]) is almost
surely finite and has Laplace transform

S 2V
I.(2v2)\)
where [, is a modified Bessel function. This expression can also be written
1 1
E[e M Wi)] = (3.1.9)

+oo (2N 7
P +r) §=0 FIT(1+j+r)

E[G_AI(W’I)} _

and it is easy to see that it can be analytically extended in a neighborhood of 0, so
the random variable I(W,) admits some finite exponential moments.

An easy calculation on the asymptotic of this expression when A goes to infinity
yields

—log (E[e—”W@]) ~ 2V2\ (3.1.10)
A—+00
Combining (3.1.10) and De Bruijn’s Theorem (see Theorem 4.12.9 in [14]) we get
2
_ ™ < >> ~ Z
log (IP’ <[(Wk) <a)) o~ (3.1.11)

This estimate can be seen as a particular case of Theorem 3.1.5 (when it is applied
in the case of a drifted brownian motion).
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As the expression (3.1.9) extends to a neighborhood of 0, we get the expression
of the characteristic function of I (W,I ) which can be proved, using estimates on
modified Bessel functions, to belong to the Schwartz space. Therefore, the density
of I(W)), which is the Fourier transform of its characteristic function, belongs to
the Schwartz space, but this is already included in Theorem 3.1.10.

3.2 Preliminary results on VT and finiteness of I(VT)

3.2.1 Exponential functionals and excursions theory

We fix y > 0. In this subsection, we use excursions to prove that the integral of
exponential VT (7(VT y)+.) or V¥ stopped at there last passage time at y and 0 res-
pectively are equal in law to some subordinators stopped at independent exponential
random variables.

It is easy to see that regularity of {y} for the markovian processes Vyti and VyT is
equivalent to the regularity of {0} for V' (or V#) which in turn, according to Corollary
VIL5 in [8], is equivalent to the fact that V' has unbounded variation. The property
of {y} being instantaneous for V;} and V! is equivalent to the same property of {0}
for V', but this is a well known property of spectrally negative Lévy processes. {y}
is thus always instantaneous for V;f and VyT and the only alternative is whether it is
regular or not, which corresponds to the fact that V' has or not unbounded variation.

We apply excursions theory away from y (see [8]). Let us denote by L] (respec-
tively L?) a local time at y of the process V! (respectively V) and 7, (respectively

775) the associated excursions measure. We denote n* for ng. The inverse of the lo-
cal time L]~! (respectively L%~') is a subordinator and V| (respectively V) can
be represented as a Poisson point process on the set of excursions, with intensity
measure 7]; (respectively 775) Note that this is also true in the irregular case (when
V has bounded variation) if the local time L] (respectively L!) is defined artificially
as in [8], Section IV.5. In this case, the excursion measure is proportional to the law
of the first excursion and in particular the total mass of the excursion measure is
finite.

In the case where V' drifts to +o00, we also consider the excursions of V' away from
0. Then, L denotes a local time at 0 of V' and 7 the associated excursion measure.

Given ¢ : [0,(] — R an excursion away from y, we define () to be its life-time,
H,(€) := supp.ce & — ¢ its height and G(€) := [{®) e~¢Wat.

For any h > 0, we consider I P}, F'P, and N three subsets that make a partition
of the excursions of V* away from 7. These three subsets are respectively : the set of
excursions higher than h that stay positive, the set of excursions of height smaller
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than h that stay positive, the set of excursions that reach | — oo, 0] :

1P, :={¢, vt €[0,C()], §(t) > 0, Hy(&) = hi,
FP,:=A{¢, vt €[0,¢(5)], £(t) > 0, Hy(&) < hy,
N = {57 T(gw] - 0070]) < C(g)} :

N does not depend on h. IP,, and F'P,, are defined as the monotone limits of the
sets I P, and F'P, : I P, is the set of infinite excursions that stay positive and F' P,
is the set of finite excursions that stay positive. 1 (I Px) and 7, (N) are always finite
whereas 7(F Py) is infinite in the regular case (when V' has unbounded variation).
Also, note that nf(IPy) = 0 if V oscillates.

Lemma 3.2.1. Let y be positive and let S be a pure jump subordinator with Lévy
measure Gny( N FPy), the image measure of nﬂ( NFPy) by G. Let T be an ex-
ponential random variable with parameter ny(IP )+ 775(]\7), independent of S. We
have

R(VTy)
/ eV 0gt £ 5, (3.2.1)

T(VTy)
where 7(.,.) and R(.,.) are defined in the introduction.

Démonstration. V1(r(VT,y)+.) has the same law as V|, from the Markov property

applied to VT at time 7(V7, y) and the absence of positive jumps. As a consequence,
T

f%&‘?y)) e~V ®dt is equal in law to fo ) oV,

result for the latter.

Then, let us fix A > 0. As it is mentioned in the introduction, (V,/(¢), 0 <t <
(V] y + h)) is equal in law to (Vi(t), 0 < t < 7(Vi y + h)) conditionally on
{r(Vi,y+h) <7(Vj,] =00, 0])}.

(Vi(t), 0 <t < 7(V}y+ h)) can be built from the Poisson point process on
the set of excursions with intensity measure 7?. (V,1(¢), 0 <t < 7(V]],y 4+ h)) can
be built from this same process, conditioned not to have jumps in N before its
first jump in IP,. In other words, we build (V(t), 0 < t < 7(V,,y + h)) from
the process of jumps in F'P, stopped at the exponential time (that has parameter
ni(IP,) + n5(N)) at which occurs the first jump in /P, U N and conditionally to
the fact that this jump belongs to I P,. Then, the process of jumps in F'P, and in
I P, UN are independent and by a property of Poisson point processes, the fact that
the first jump in I P, U N belongs to I P, is independent of the time when this jump
occurs. As a consequence, (V1(t), 0 <t < 7(V,, y+h)) is built from a Poisson point
process with intensity measure nﬁ( N F'P,), until an independent exponential time,
T}, of parameter nﬁ(l Pr) + T]ﬁ(N ) where we pick, independently, a jump following
the law nf(. N1 Ph) /i (1) (and we only keep the part of this excursion that is
before its hitting time of y + h).

M dt and we are left to prove the
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Let Rh(VyT, y) be the last passage time of VJ at y before T(‘/J, y+h):
h o _
RV, y) == sup{t € [0,7(V,},y + h)], V,[(t) = y}.

From above, if (ps)s>0 is a Poisson point process in F'P,, with measure 175( NFP,)
and if T}, is an independent exponential random variable with parameter 775([ Py) +
7)5(]\/), then (Vyf(t), 0<t< Rh(VyT, y)) is built by putting aside the excursions of the
process (psl,.crp,, 0 < s <1T}). Since VyT converges almost surely to +o00, Rh(VyT, Y)
converges almost surely to ”R(VyT,y), the last passage time at y, when h goes to
infinity. On the other hand, I P, U N decreases to I P,, U N when h goes to infinity.
As a consequence T}, increases to an exponential random variable T" with parameter
N4(IPsx) + ni(N) > 0. Also, FP, increases to F Py, when h goes to infinity. Then,
identifying the limits when h goes to infinity of both (V[(t), 0 <t < R™(V],y))
and (pslp.erp,, 0 < s < Tj), we get that (V(t), 0 < t < R(V,,y)) is built
by putting aside the excursions of the process (ps, 0 S 5 T), where T is an
exponential random variable with parameter 7?(IPy) + ni(N) and is independent
from (ps, s >0).

<
<

Now, remark that fOR(Vy Y o=V gt is the sum of the i images by G of the excur-

sions of (V[(t), 0 <t < R(VJ, y)) away from y. We thus have

R(Vyw)
/ At = N Glp,). (3.2.2)
0

0<s<T

By properties of Poisson point processes, the process in the right hand side,

Y 0<s< G(ps), is the sum of the jumps of a Poisson point process on R, with in-

tensity measure Gng(. N FP,). Thus, from the Lévy-Ito decomposition, it has the
same law as the subordinator S, which yields the result.

m

Remark 3.2.2. In the case where V' has bounded variation, the total mass of nﬁ 18
finite so S is only a compound Poisson process. In particular St can then be null
with positive probability.

y > 0 is still fixed (and arbitrary), let RY(V*,0) be the last passage time of V*
at 0 before 7(V*# y) :

RY(V*,0) := sup{t € [0,7(V* y)], V() = 0}.

In order to study the trajectory of V* before RY(V*,0), we now consider excursions
away from 0. Let I, and F}, denote respectively the subset of excursions higher than
y and lower than vy :

Iy :={& Ho(§) 2y}, Fy:={¢ Ho(§) <y}.

A similar proof as for Lemma 3.2.1 gives the following lemma.
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Lemma 3.2.3. Let S be a pure jump subordinator with Lévy measure Gn*(. N F,),
the image measure of n*(. N F,) by G. Let T be an exponential random variable with
parameter n*(1,) which is independent of S. We have

RY(V1,0) . .
/ e V' Odt = S, (3.2.3)
0

In the case where V' drifts to +00 we need to study the trajectory before R(V,0),
the last passage time of V' at 0. We still consider excursions away from 0. Let [ and
F' denote respectively the subsets of infinite and finite excursions :

I:=A{¢ ((§) =+oc}, F:={¢ ¢(§) <+oo}.
A similar proof as for Lemma 3.2.1 gives the following lemma.

Lemma 3.2.4. We assume that V' drifts to +o0o. Let S be a pure jump subordinator
with Lévy measure Gn(. N F), the image measure of n(. N F) by G. Let T be an
exponential random variable with parameter n(I) which is independent of S. We
have

R(V,0) v L
eVt £ 5. (3.2.4)
0

3.2.2 V! and V* shifted at a last passage time

To obtain decomposition (3.1.3) of the law of I(V"), we split VT at its last passage
time at a point y and obtain two independent trajectories that we can identify.

Lemma 3.2.5. (Corollary VII.19 of [8])
For any positive y, the two trajectories

(VI(t), 0<t <R(V"y)) and (VI(t+R(V,y)) —y, t>0)
are independent and the second is equal in law to V7.
Lemma 3.2.6. — The two trajectories (V#(t), 0 <t < RY(V*0))
and (VH(t+RY(VE0)), 0<t < 7(VEy) —RY(VE0))
are independent and the second is equal in law to (V'(t), 0 <t < 7(VT,y)).
As a consequence we have 7(V7,y) £ T(VEy) — RY(VE0) < 7(VE y).
— We assume that V' drifts to +00. The two trajectories
(V(t), 0<t<R(V,0)) and (V(t+R(V,0)), t >0)
are independent and the second is equal in law to V7.

Démonstration. We fix y > 0 and a €]0,y[. Let us denote by (e(s), s > 0) the
excursions process of V¥ away from 0. Recall the notations I, and F,, T, := inf{s >
0, e(s) € I,} is the time when occurs the first excursion higher than y and &, is this
excursion.
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Decomposing V* as its excursions away from 0, we see that RY(V* 0) is the
instant when begins the first excursion higher than y, so

(VI +RY(VE0)), 0 <t < 7(Vhy) —RY(VE0)) = (&(1), 0 <t <7(&,y))(3.2.5)

(VE(t), 0 <t <RY(V?%0)) is thus a function of (e(s)Les)er,, 0 < s < T),) while
(VEt+RY(V#0)), 0 <t <7(V¥y)—RY(V*0)) is a function of &,. By properties
of Poisson point processes, T} is an exponential random variable independent of ¢,
and the process of finite excursions (e(s)Le(s)er,, s > 0) is also independent of &,.
Therefore the objects (e(s)1e(s)er,, 0 < s < T,) and §, are independent. From this
independence we deduce that

(Vi) 0 <t <RY(VH0)) 1L (VEt+RY(VE0)), 0 <t < 7(Vhy) —RY(VH0)),

which is the required independence. It only remains to prove that the right hand
side in (3.2.5) has the same law as (VT(¢), 0 <t <7 (VT y)).

Using the Markov property at time 7(&,,a), for an excursion &, € I,, we have
that &,(. + 7(&,,a)) equals in law V¥ killed when it ever reaches 0.

Since I, C I, we can apply this to an excursion &, € I, and get that (,(t +
7(€,0)), 0 <t < 7(§,y) — 7(6,0)) is equal in law to (VE(t), 0 < ¢ < 7(VE,y))
conditioned to reach y before 0. Since V has no positive jumps, reaching y before 0
is the same as reaching y before | — 0o, 0].

As we mentioned in the introduction, (VF(t), 0

reach y before | — 0o, 0] is equal in law to (V' (¢),
together we get

( ,v)) conditioned to

<t
0 <t <7(V! y)). Putting all this

I/\I/\

(&t +7(&y,a)), 0 <t <7(&,y) —7(§,a)) £ (VaT(t), 0<t< T(VaT,y)) :

Since 7(&,, a) converges almost surely to 0 when a goes to 0 and V.| converges in law
to VT according to Proposition VII.14 in [8], we can let a go to 0 in both members
and get

(&,(1), 0<t < T(6y) = (VIE), 0<t <7(V1,y). (3.2.6)

As a consequence the right hand side in (3.2.5) has the same law as (VT(¢), 0 <t <
7(V1, %)), which concludes the proof of the first point of the lemma.

We now assume that V' drifts to +00 and prove the second point. For the inde-
pendence, the arguments of the proof of the first point can be repeated, just replacing
y by 400 (we consider £, the infinite excursion away from 0, instead of the first
excursion higher than y). To prove that (V (¢t + R(V,0)), t > 0) is equal in law to
VT, it suffices to prove that &, is equal in law to V. Let y be finite, we know from
the proof of the first point that (3.2.6) is true for any excursion in 7,. Since {, € I,
we have

(nlt), 0 <t < T(Eery)) = (VI(1), 0 <t < 7(VTy).
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Since y is arbitrary and 7(V7T,y) converges almost surely to +oo when y goes to
400, we get
£ (1
(€(®), t20) = (VI(#), t 2 0),

which gives the result.
O

3.3 Finiteness, exponential moments, and self-decomposability

3.3.1 Finiteness and exponential moments : Proof of Theorem
3.1.1

We are grateful to an anonymous referee for the following proof that is consi-
derably simpler than the proof given by the author in the previous versions of this

paper.

Démonstration. of Theorem 3.1.1

The idea of the proof is to provide finite upper bounds for the moments of
I(VT). The first step is to prove that E[I(V)] < 4+o0. Using Fubini’s Theorem and
Corollary VII.16 of [8] we have

E[I(VT)] = /0 +oo]E:,[e—VW)]dlt: /0 - /0 o e VP(VT(t) € dy)dt

_ / +OO / - e—y—th@)P(V(t) € dy)dt.

Now, using Corollary VIIL.3 of [8] we get

+o0  pto0 +oo
E[I(V1)] = / / VW () B(r(V, y) € di)dy = / W () B(r(V, y) < +o0)dy.

Since P(7(V,y) < 4+00) = P(supjg 4oV > y) = e~ we obtain

+o0
E[[(VT)] = / e~ IRV (y)dy < 400,
0

where the finiteness comes from the fact that f0+oo e MW (y)dy < +oo for A > k.

As a consequence, the exponential functional I(V7T) is almost surely finite and has
finite expectation.

We now turn to the proof of the finiteness of the Laplace transform. We proceed
by bounding the moments of the exponential functional. For any x > 0 let us define
h(zx) :=E[I(V,])]. For any z > 0 we have

400 N +o0 ; r +o0 +
W= [ Oa | evoat [T oa =)
0 7(V,z) 0
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where, for the equality in law, we used the Markov property for VT at time 7(V, x).
As a consequence we have

Vo >0, h(z) = E[I(V)] <E[I(V")] < +oo. (3.3.1)

Now, note that for any k£ > 1,

k e oyt 1
E|(1(vh)|-E [/ / eV x x eV (tk)dtl...dtk]
0 0
=k'E {/ e VIt 5 x e_VT(t’“)dtL..dtk} )
0<ty <...<t
so that

VE>1, E [(I(vf))’“] /K —F U
0

Let us prove by induction that for any k > 1,

e VT | x 6VT(tk)dt1-~-dtk:| (3.3.2)

<t1<...<tg

E|(1(vh)"] <kt BIV)S < +oo (3.3.3)

(3.3.3) is clearly true for k£ = 1. Let us assume that it is true for some arbitrary
rank k. According to (3.3.2), E[(I(V1))**1]/(k + 1)! equals

E / e V) s x eV €_VT(tk+1)dt1~-dtkdtk+1
0<t1<...<tpy1

. .
— / e V) 5 eV ( / e_VT(S)ds) dtl...dtk]
LJ 0<t1<...<tp ti

- oo
=K / e V) % x e VIR [/ e_m(s)ds‘a(VT(u), 0<u< tk)} dtl...dtk} :
LS 0<t1<...<ty

173

From the Markov property at time ¢z, the conditional expectation in the above
expression equals h(V7(t;,)) which, according to (3.3.1), is almost surely less than
E[I(VT)]. We thus get

0<t1<...<tp ; ;
E[(I(V) ]/ (E+ 1) <E[I(VN] xE U eV M) xeV (tk)dtl...dtk}
0
k+1

—E[I(VD)] < E [(1(v1)*] /it < E[IVD),

where we used (3.3.2) and the induction hypothesis. Thus the induction is proved.
As a consequence for all A €]0, 1/E[I(V1)][ we have

E [eAI(VT)} - ;/\’“E [(J(VT))’“] k! < ; B[V < 4o0.

The finiteness of the Laplace transform is obvious for A < 0, so the result is proved.
]
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Remark 3.3.1. If V does not oscillate, the finiteness of I(V') can be derived as
a consequence of Lemma 3.2.6. Indeed, from the second statement of Lemma 3.2.6
applied to V*, we have

+o0 +o0 +o00
](VT) £ / o VIER(VE0) gy — / e VE® gt < / eV gt — ](Vﬁ),
0 R(V,0) 0

and V* drifts to +00, so Theorem 1 in [12] ensures that [(V*) is almost surely finite
which yields the result.

3.3.2 Decomposition of the law of (V)

In this subsection, we prove that the law of I(V') is solution of the random affine
equation (3.1.3) and we give a decomposition of its non-trivial coefficient AY. This
is a key point of our analysis of the law of I(V'1).

Proposition 3.3.2. For any y > 0, the law of [(V") satisfies the random affine
equation

(V1) B
[(VT> é / erT(t)dt +Sp+ e*y[(‘/'T)7 (334)
0

where the three terms of the right hand side are independent, St is as in Lemma
3.2.1, and V1 is an independent copy of V.

We define
T(VTy) .
AY = / e V' Odt + S
0

to lighten notations.

As a consequence, I1(VT) has the same law as the sum of a random series :

(V=3 ety (3.3.5)

k>0
where the random variables A} are iid and have the same law as AY.

Remark 3.3.3. The almost sure convergence of the random series in (3.3.5) is a
consequence of the almost sure finiteness, given by Theorem 3.1.1, of the positive
random variable I(VT). Also, it is a well known fact on random power series with
1d coefficients that their radius of convergence is almost surely equal to a constant
belonging to {0,1}. Since this constant, in the case of the power series in (3.3.5),
has been proved to be greater that e™Y, we deduce that it equals 1.

Démonstration. of Proposition 3.3.2
We fix y > 0. As VT has no positive jumps and goes to infinity we have 7(V1,y) <
R(V1,y) < +ooand VI(r(VT,y)) = VI(R(VT,y)) = v.
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We write :

R(VTy) he +oco N
I(vh = / eV at + / eV Wat
0

R(VT,y)

R(VTy) +00

:/ e V'Ot + e~ y/ e~ (VIHROL)—v) gy
0 0

s ROV e

= / eV Odt 4 evI(VT,
0

where we used Lemma 3.2.5 for the last equality in which V7 is an independent copy
of V. We now decompose :

R(VIy) Wy R(VIy)
/ e V' Ot = / eV Oqt +/ eV Wat (3.3.6)
0 0

(V1)

Since VT(7(VT1,y)) = y, combining with the Markov property at time 7(V7,y),
the two terms in the right hand side of (3.3.6) are independent :

ar R(VT,y)
/ e VOt 11 / e VO g,
0

(V1)

Now, thanks to Lemma 3.2.1, the second term has the same law as Sr with St as
in the lemma. This achieves the proof.

]

We have two remarks here :

Remark 3.3.4. It is possible to prove Theorem 3.1.1 (the fact that I(V7) is finite
and admits some finite exponential moments) by invoking (3.3.5) and proving that
each of the two terms composing AY admit some finite exponential moments.

Remark 3.3.5. Let S and T be as in Proposition 3.3.2 and € €]0,E[S;][ (where we
do not bother with the fact that E[Sy] is finite or not). Then we have

P(Sy>1t) >P(Sye>t) xP(T > t/e).

The first factor in the right hand side converges to 1 thanks to the law of large
numbers for Lévy processes (see for example Theorem 36.5 in [59]) and the second
is equal to e P, where p is the parameter of the exponential random variable T.
Therefore, the Laplace transform of St is not finite everywhere, so neither is the
Laplace transform of I(V1) (because of (3.3.5)). This is why we can not say better
than "I[(V') admits some finite exponential moments".
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3.4 Asymptotic tail at 0 : Proof of Theorems 3.1.2,
3.1.4 and 3.1.5

First, let us prove that Theorem 3.1.2 easily implies Theorem 3.1.4 and prove
Remark 3.1.7.

Démonstration. of Theorem 3.1.4
Assume that Theorem 3.1.2 is proved.

We first prove (3.1.6). Let us fix 5/ >  and € > 0. From the definition of 3 we
have that ¥y ()\) < e\? for all A large enough. Using the first point of Theorem 3.1.2
we deduce that

fim sup /07 log (B (I(V1) < ) < ~(5' — 1)/,

z—0

Since € can be chosen as small as we want we obtain (3.1.6).

We now assume that ¢ > 1 and prove (3.1.7). Let us fix ¢’ €]1,0[ and M > 0.
From the definition of ¢ we have that Wy (\) > MM’ for all \ large enough. Using
the second point of Theorem 3.1.2 we deduce that

0 > liminf 2"~V log (IP’ ([(VT) < x)) > —a"’l/("lfl)/Ml/("lfl).
x—0

Since M can be chosen as large as we want we obtain (3.1.7).
O

Démonstration. of Remark 3.1.7

Let us assume that V' has bounded variation. As it can be seen from Remark
3.1.3, it is the difference of a positive drift dt and a pure jump subordinator S; :
Vi >0, V(t) =dt — S; < dt. Let us fix y > 0, we have almost surely

T(Vy) v T(Vy) u 1 v
e VWt > e tdt == (1-e Ty (3.4.1)
0 0

Since V' has bounded variation, we have P(V'(t) > 0, 0 <t < 7(V,y)) > 0 (see for
example (47.1) in [59]) and we can see that (VT(¢), 0 <t < 7(VT,y)) is equal in law
to (V, 0 <t < 7(V,y)) conditioned in the usual sense to remain positive. Combining
with (3.4.1), we see that almost surely

T(VT’y) + 1 +
I(vh > / eV Oat > y <1 —e W ’y>> :
0

Then, since 7(VT, y) converges almost surely to +oco when y goes to +o0, we deduce
that 7(V") is more than the positive constant 1/d almost surely. As a consequence
P(I(VT) < z) is null for z < 1/d. O

In the next Subsection we prepare the proofs of Theorems 3.1.2 and 3.1.5.
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3.4.1 Laplace transform of I(VT)

In order to prove asymptotic estimates on P(I(V') < x), we first study the
Laplace transform of (V") via the decomposition given by Proposition 3.3.2. It is
thus natural that we need first to study the Laplace transform of AY.

First, let us define a notation. V* is a spectrally negative Lévy process, so, accor-
ding to Theorem VII.1 in [8], the process 7(V¥,.) is a subordinator which Laplace
exponent @y is defined for A > 0 by

Pyi(N) := —log (E [e*’\T(Vﬁ’l)D ,

_ !
and we have @y = W ..

Proposition 3.4.1. We fix y > 0. Let AY be as in Proposition 3.3.2, then, for all
e >0 and X large enough we have

(1 —e)yPys(e¥A) < —log (E [e*]) < (14 €)y@y:(N). (3.4.2)

Démonstration. of Proposition 3.4.1
According to the definition of AY in the Proposition 3.3.2, AY can be decompo-

sed as the sum of two independent random variables, one having the same law as

fOT(VT’y) eV dt and another having the same law as S, defined as in Lemma 3.2.1.

Let &g be the Laplace exponent of the subordinator S :
YA >0, Pg(N) := —log (E [e*]). (3.4.3)
We can see that the Laplace transform of the random variable St is given by

4 (IPy) + 14 (N)
15(IPs) + 15(N) + ®s(\)

(V1Y)
—log (E [e*"]) = —log (E exp (—A / e—V”f)dt) > — log (E [e=57])
0

i (V1Y) v | D
= —log | E |ex —A/ e dt —lo (—) ,
s P 0 s p+ Ps(N)

(3.4.4)

VA >0, E [e‘AST} =

We thus have

where we denoted p for the constant 7%(IPyx) + n}(N). Using the fact that V7 is
non-negative and the first point of Lemma 3.2.6 we have

sto

T(VTy)
/ eV Og < (V1) 2 (VE ), (3.4.5)
0
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sto
where < denotes a stochastic inequality. As a consequence of (3.4.5) and of the

definition of @ we have

(V1)
—log (E exp (—)\/ eVT(t)dt)]> < —log (IE [e”\T(Vﬂ’y)D = yPy:(N).
0

Combining this inequality with (3.4.4) we obtain

—log (E [e—AAyD < y®Py:(N\) — log (]H%M) : (3.4.6)

Using the first point of Lemma 3.2.6 and Lemma 3.2.3 we have

T(VTK!/) + (v vy -
—log [ E |exp —)\/ e V' Wqy = —log (E [e’\fo € dt} a [e’\sf]) ,
0

where g/f is as St from Lemma 3.2.3. Here again, if ® 5 denotes the Laplace exponent
of the subordinator S as in (3.4.3) we have

Y . 77ﬁ([y>
R B e ovi

Moreover we have

Wiy

/ e V' Oat > evr(VE ).

0
Putting together the above three expressions and the definition of ®y+ we obtain

(V1Y) §
_ - n*(1y)
—log | E |exp —/\/ eV gt > y®Pys(e ?A) + log ( .
( ( ; v () + 9500

Combining the above inequality with (3.4.4) and the fact that the term — log(p/(p+
®g(A))) is non-negative we get

#
n*(1y) ) (
: 3.4.7)
1H(1y) + 5(X)
According to the Lévy-Khintchine formula for subordinators. The Laplace exponent
®g can be written

—log (E [e_AAy}) > yDyi(e”A) + log (

B = 7h+ [ = g (o),

so by dominated convergence, there exists a positive constant C's such that for large
A, @g(A) < CgA. Similarly, there is a positive constant C'g such that for large A,
Ps()\) < CgA. On the other hand, since Wy (\)/A? is bounded when A goes to infinity,
there is a positive constant ¢ such that ®y:(A\) > cAY? for large A. Combining all
this with (3.4.6) and (3.4.7) we get (3.4.2) for any fixed € > 0 and A large enough.
O
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Proposition 3.4.2. Assume that there is a > 1 and a positive constant C' such that
for all X large enough we have ¥y (X)) < CA*, then we have

lim inf — log (E [e*”(m]) IAVe > /oM, (3.4.8)
A—+00
Assume that there is o > 1 and a positive constant ¢ such that for all \ large
enough we have Uy (A) > c\®, then we have

lim sup — log (E [e_’\l(w)b SNV < afet/e (3.4.9)

A——+o00

Démonstration. Let us fix y > 0 for which we apply the decomposition (3.3.5). Let
us denote

M) = —log <E [G—AI(VT)}> _ Z —log (E [e—)\e*kyAy}> ’

k>0

where the second equality comes from (3.3.5) and from the fact that the sequence
(A¥)i>o is 1id. To establish the left tail of (V1) we study the asymptotic behavior
of M(A) and the latter, thanks to the above expression, is related to the asymptotic
behavior of — log(E[e*4"]).

Unfortunately, Proposition 3.4.1 can not be applied simultaneously to all the
terms of the sum defining M(\). We separate this sum into three parts : a sum over
a finite number of small indices for which we can apply (3.4.2) to each term, a sum
over an infinite number of large indices that can be neglected, and a sum over the
remaining indices (in finite number) that can be neglected.

We now prove the second point of the proposition. We assume that there is a > 1
and a positive constant ¢ such that for all A large enough we have Wy (\) > ¢\, and
prove (3.4.9). Let us fix § > 1. Since Uy+(.) = Uy (k +.) and ®y: = ¥, we have
for all A large enough that ®y+(\) < s\ /cl/e,

According to Proposition 3.4.1 there exists As > 1 such that (3.4.2) is satisfied
with e = § — 1 for all A > \s. By increasing As if necessary, we can also assume that
Dye(N) < AV for all A > \s. Putting all this together we get

—1
Vi

A>As = —log (E [e]) < 82yl /el (3.4.10)
Also, let us choose M €]0, 1] small enough so that
VA €[0,M], 0< —log (E [e™']) < 2AE [AY].

For any A > As, we define ny(\) := |log(A/Xs)/y] and ny(N) = [log(A/M)/y].
From the definition of M(\) we can write

YA > As, M(A) = Ti(\) + T(N) + Ta(N), (3.4.11)
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with
n1(X) n2(A)
Ti(\) =Y —log (E [e—Ae"WD LT = > —log <E [e—M"WD ,
k=0 k=ni(\)+1
+o00
TyN) = Y. —log (E [e-kf’“ﬂ) .
k=na(\)+1

From the definition of ni()), (3.4.10) can be applied to each term of the sum
defining 77 (), we thus have

ni(A)

Ti(A) < 8Py(Ae)/* Y e7™/e = 82y (A o)/
k=0

1 — e~ ¥ (N)+1)/a

1—ev/e

We get that for A large enough

1

2 1/a
1Y) < 8y

(3.4.12)

Using the monotony of the Laplace transform and the definitions of n;(\) and na(\)
we get

0 < T < —(n2(A) = m(A)) log (B [ V7))

_ - log/M)
N Y
From the definitions of ny(A) and M we have

log (E [e™%""]) < +oo0. (3.4.13)

+oo
0<T3(\) S2E[4Y] > e ™ =2)e WWTIE[AY] /(1 - e7Y)
k‘znz(}\)-i-l
<2ME[AY] /(1 —e7Y) < +c0. (3.4.14)
Putting (3.4.12), (3.4.13), and (3.4.14) into (3.4.11) we obtain that for A large
enough

2
lim sup M(X)/ AV < %y

Since, from the definition M(\) = — log(E[e~*(V")]) which does not depend on &
nor on y, we can let 6 go to 1 and then y go to 0 in the above expression. We obtain

lim sup — log (E [e_/\l(m)D /)\1/“ < a/cl/o‘.
A——+00
For the first point of the proposition, we proceed exactly as for the second point,
using the lower bound of (3.4.2) instead of the upper bound and noticing that n;(\)
converges toward 400 as A goes to infinity, so that the factor (1 —e ¥ N+D/ay /(1 —
e~¥/*) converges to 1/(1 — e7¥/%).
[
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3.4.2 Tail at 0 of I(V") : proof of Theorems 3.1.2 and 3.1.5

We now prove Theorems 3.1.2 and 3.1.5 by using Proposition 3.4.2 together
with the deep link that exists between the left tail of a random variable and the
asymptotic behavior of its Laplace transform.

Démonstration. of Theorem 3.1.2

We assume that there is @ > 1 and a positive constant C' such that for all A
large enough we have Uy (\) < CA*. We fix 6 €]0, 1[. According to the first point of
Proposition 3.4.2, there exists As > 0 such that for all A > \s we have

E [ —AM(V )] <exp (— 51_1/aa>\1/a/01/0‘) : (3.4.15)

Let us fix = €]0, 5(0"1)/0‘071/‘1/\((;1_“)/04[. Using Markov inequality and (3.4.15) we get
that for any A > Ay,

P (I(VT) < x) < eME [e’)‘I(VT)] < exp ()\:c — 51’1/0‘04)\1/0‘/01“) )
Since z €]0, 5@ D/aC=1/a )17/ e have §C -1/ (@ Dg=a/(e=1) > \s0, in the above
inequality, we can replace A by 6C~(@=Dg=e/(e=1) e obtain
P(I(V") < @) < exp (~3(a — 1)/(Ca)"@D)
which is (3.1.4).

We now prove the second point. Assume that there is @ > 1 and a positive
constant ¢ such that for all A large enough we have Wy (\) > cA* We fix 6 > 1 and
r €]0,1[. According to the second point of Proposition 3.4.2, there exists Ay > 0
such that for all A > A5 we have

B [ —AI(V )] > exp (—8" @ D/eq e el (3.4.16)

Let us fix x €]0, 5(“*1)/“ac*1/a)\gl_a)/a[. Using (3.4.16) we get that for any A > s,

[ 7)\1(\/7)]

exp (_(Sr(afl)/aa)\l/a/cl/a> E
(VT (VT

E [ )]l{I(VT <x}i| +E [ ]l{[(vT)>x}

P

IN

<P(I(V") <) +exp(—Az),
so we get
P(I(VT) <) >exp (—67"(6“’1)/&&/\1/0‘/01/&) —exp (—Az).
Since z €]0, 6@~/ *1/5”)\(1_0‘ /* we have §a®/(@=De=1/(@=D)g=a/(a=1) > X/ g0, in

the above 1nequahty, we can replace A by da®/ (@ De1/(a=Dg—a/(a=1) "We obtain

P (I(VT) < LU) > exp (_5(1+r(a71))/aaa/(a71)/(Cx)l/(afl))_eXp (_6aa/(a71)/<cx)1/(a71)) )
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Since § > §(HHr@=1)/a the second term converges to 0 faster than the first one when
0 goes to 0 so we get, for = large enough,

P(I(V!) <x) > %GXP (—ottrlamteqe/ @l f(eg) /el
> exp (—5aa/(a_1)/(cx)1/(a_l)) )

where the last inequality is true for  small enough and comes from the fact that
r €]0, 1[. This is precisely (3.1.5).
O

Démonstration. of Theorem 3.1.5
We assume that there is a positive constant C' and « €]1, 2] such that Wy (A) ~) 100
C\®. From Proposition 3.4.2 we deduce that

. lOg (]E |:67)J(VT):|> ~ a)\l/a/cl/a’

A—400

and the application of De Bruijn’s Theorem (see Theorem 4.12.9 in [14]) yields the
result.
[

3.4.3 Connection between I(V') and (V) : proof of Proposi-
tion 3.1.9

In this subsection, we assume that V' drifts to +o00 (so that I(V) < +00) and we
prove a simple connection between the asymptotic tails at 0 of I(VT) and I(V).

Proposition 3.4.3. If V drifts to 400, there is a positive constant ¢ such that for
all positive € and x small enough,

P(I(V)<z) <PV <) <PU(V) < (1+6)z) /cex.

As in the proof of Proposition 3.3.2, we decompose (V') as the sum of two
independent random variables, one having the same law as a subordinator stopped
at an independent exponential time and the other having the same law as (V). We
first need an easy lemma about the asymptotic tail at 0 of a subordinator stopped
at an independent exponential time.

Lemma 3.4.4. Let S be a subordinator and T an independent exponential random
variable, there exists a positive constant ¢ such that for all x small enough

P(Sr < z) > cx.

Démonstration. We prove in fact a stronger result : the function x — P (Sr < x) is
sub-additive, that is

Va,y =20, P(Sr <z +y) <P(Sr <)+ P (5 <y) (3.4.17)
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and the lemma follows easily. Recall from the introduction the notation (S, h+) for
7(S, [h, +00[). Let z,y > 0 (the case when = 0 or y = 0 is obvious), we have

P(Sr<z+4vy)=P(Sr <x)+P(T >7(S,2+), T <7(S,(x +y)+))
<P(Sr<z)+P(T>7(S,24), T <7(S, [Srsas) + ¥, +0[))
because Sr(s,+) > x almost surely,
=P(Sr<x)+P(T>7(S,2+)) xP(T < 7(S,y+)),

from the characteristic property of the exponential distribution and the Markov
property applied to S at time 7(5, z+). Since P (T > 7(S,2+)) < 1 and
P(T < 7(S,y+)) =P (St < y) we obtain (3.4.17).

O
We now prove the proposition
Démonstration. of Proposition 3.4.3.
We write :
R(V,0) +00
I(V) :/ e_V(t)dt+/ e VOay
0 R(V,0)
R(V,0) +00
_ / VO 4 / o~ (VI+R(V.0) gy
0 0
. [RT0)
= / eV Wat + 1(vh), (3.4.18)
0

where we used the second point of Lemma 3.2.6 for the last inequality in which the
two terms fOR(V’O) e V®dt and I(V") are independent.

We thus have
P(I(V)<z)<P(I(V") <z). (3.4.19)

According to Lemma 3.2.4, the term fOR(V’O) e~V dt has the same law as S where
S is a pure jump subordinator with Lévy measure Gn(. N F'), the image measure by
G of n(. N F), and T an independent exponential random variable with parameter

n(1).
For ¢ > 0 and x > 0, combining the equality in law of lemma 3.2.4 with (3.4.18)
we obtain

P(I(V)<(14ez) >P(I(V") <z) xP(Sr < ex) > cexP (I(VT) < ),

for an appropriate constant ¢ > 0, when x is small enough, according to lemma
3.4.4. Combining with (3.4.19) we get the result.
O

Now, if V' drifts to 400, Proposition 3.4.3 easily implies that the results of Theo-
rems 3.1.2, 3.1.4, 3.1.5 and of Remarks 3.1.6, 3.1.7 are also true for I(V), as long as
they are for I(V"). Proposition 3.1.9 is thus proved.
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3.5 Smoothness of the density : Proof of Theorem
3.1.10

According to Proposition 3.3.2, I(V") contains, as a convolution factor, the sum
of infinitely many independent multiples of random variables having the same law as
St (St being as in Lemma 3.2.1). We can thus use a condition on the Lévy mesure
of S to have the existence of the smooth density for I(VT). Actually, the condition
that we check for S is the one of Proposition 28.3 in [59], which is a condition on the
Lévy measure of a Lévy process for it to have a C* density with bounded derivatives.

As a jump of S is the image by the mapping G of an excursion of V¥, we start
by lemmas on the excursions of V.

Lemma 3.5.1. Assume o > 1 and choose ¢’ such that 1 < o' < o. For all h small
enough we have

n* (&, C(€) < +oo, Hy(&) > h) > h™1.

Démonstration. We consider excursions away from 0. Let M > 0 be a fixed level
and, for any h €]0, M|, p; denotes the probability that V* has no finite excursion
of height in |h, M| before its first excursion higher than M. Since the set of finite
excursions of height in |h, M| and the set of excursions higher than M are disjoint,
we have, by a property of Poisson point processes

_ 0t (&, Ho(&) > M)
n* (&, Ho(§) > M) +n* (&, C(§) < +oo, Ho(§) €]h, M[)’

Ph (3.5.1)

so we only need to give an upper bound for p,. Now, note that p, is only the
probability that 7(V*¥ h) and 7(V¥ M) belong to the same excursion of V* away
from 0, so

pn =P (Vs €)r(VE h), 7(VE, M)[, Vi(s) £0) =P (‘v’s €0, 7(VE, M)[, Vi(s) # o) ,
where we used the Markov property at time 7(V*, h).
=P (Vi M) < 7(V] = 00,0))) = WHR) /WM + h) ~ WHR)/WHM),

where W* is the scale function of V¥, and where the last equivalence comes from the
continuity of the scale function (see the Introduction). Recall that 1W* has a Laplace
transform given by the expression

+oo i \ 1
WH(x)e  dx = ,
, By

YA > 0. (3.5.2)
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Now, for any h > 0, by increases of W* we have
)< h” / WH(x)dr < e*h ™ / Wh(z)e */"dx

<e*ht Wﬁ( e Mdx
0

62

T R0y (1Y)

because of (3.5.2). From the definition of o and the fact that ¢’ < o, we know that
Wy (h™Y)/e? > h™ provided h is small enough. We deduce that whenever h is small
enough,

WHh) < ho L,

We thus get for h small enough,
pn < 207 /WE(), (3.5.3)

and taking the inverse in (3.5.1),

1
06 €6 < oo, Hl©) €MD 2 0 6 Hol©) > M) x (5 =1) . (350
Since 7*(§, ¢(§) < 400, Ho(§) > h) > n*(§, C(§) < +oo, Hy(§) €]h, M[), the
combination of (3.5.3) and (3.5.4) yields the result. We got rid of the constants
since the same result with the same constant is true for ¢’ increased a little bit. O

We now need the following lemma which states that for a spectrally negative
Lévy process, the excursions of a given height can be split into two independents
parts of which the law are known.

Lemma 3.5.2. For any h > 0, assume that the process X follows the lawn® (.|H(.) > h).
Then we have :

— (X(s), 0< s <7(X, ) ~ (VI(s), 0<s T(VT h)),

— (X(s), T(X,h) <5 < T(X(A+T(X,0),0) ~ (Vi(s), 0< s < 7(V/,0)),

— (X(s), 0<s<7(X,h)) 1L (X(s), 7(X,h) §s<7( (.+7(X,h)),0)).

Note that the time T(V}?, 0) may possibly be infinite, but this is unlikely when h
is small.

Démonstration. of Lemma 3.5.2
The first point is a consequence of the first point of Lemma 3.2.6. The second
and third points come from the Markov property.
O

We can now prove the main lemma of this section, it will allow us to check the
condition on the Lévy mesure of S.
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Lemma 3.5.3. Assume o > 1 and choose ' and ' such that 1 <o’ <o <[ <.
We also choose € > f,j — 1 and fixr C' > 0 an arbitrary constant. Then, for r small
enough we have

(€, C(€) €z, r]) > 2@V v €0, Orite.

Démonstration. Let us fix 7 > 0 and z €]0, Cr'™¢], then

7 (& C(€) €l ]) = of (5, C(€) € [x,7], Ho(€) > xw)
= (& €O €] 1) > 17 ) ot (& o) > 7).

where n*(.|H(.) > /%) is the measure of excursions conditioned to be higher than
2'/%" The last quantity thus equals

[ (.00 > 2 [Ho() > /7 ) — ot (€.C(0) > r | Hole) > 7 )] ot (e, Hofe) > 7).
(3.5.5)

We now study the three quantities appearing in (3.5.5) and show that this expression
is of the same order as nf(¢, Hy(¢) > 2'/#") for which Lemma 3.5.1 provides a lower
bound. We start by proving that 7*(¢, ((&) > r|Ho(&) > 2'/%") converges to 0
uniformly in z €]0, Cr'*¢] when r goes to 0. First, Lemma 3.5.2 gives for all z in
10, Cr'™€] that

p (5, ) >r ‘Ho(f) > xl/ﬂ’> <P (r(vjl/ﬁ,,()) > r/2) +P (T(Vﬂ 2) > 7"/2) .
(3.5.6)

The first thing is thus to prove that

sup P <T(le/ﬂ/,0) > 7’/2) — 0. (3.5.7)

2€]0,Crlte] r—0

Before reaching 0 (if it does) the process Vxﬁ1 , Teaches | — o0, 0] (not necessarily at
0). We define 77, := r(V*

s ] — 00,0]). For all z in J0, Cr'*] we have

P (T(vjl/ﬁ,,()) > r/2> <P (N, >r/d) +P (Tg/ﬁ, < /A, T(VE (4 TN0),0) > 7«/4) .
(3.5.8)

Since (z +— Tﬁ /) 1s stochastically increasing in the variable  we have

sup P (Tﬁ/ﬁ, >r/4) =P (révl/ﬂ,ﬂm)/ﬁ, >r/4) =P (ﬂ(r/4) > _01/5/T(1+e)/5,) ‘

z€]0,Crite]
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We introduce 7', an exponential random variable with parameter 1 independent
of the process V, and a decreasing function ¢ :]0, +00[—]0, +00[ that converges to
+o00 as r go to 0 and will be specified latter. We have

P (VE(r/4) > —~CY7r+98) <P (VE(T/q(r) > —CVPr ) 4 B (T/q(r) > r/4)
_p (exp (M) - exp(_cl/ﬁ/)) L eraln)/a

r(1+e)/8

< LY R [eXp (M)} 1 emran/a,

r(1+e)/8
from Markov inequality,

_ YyalgO)r® =1 ot gty
Wy (r= (97 [q(r) — 1

Y

from the expression of the Laplace transform of the random variable V#(T/q(r))
that can be found page 192 of [8], and where ®y: = ¥} as in Section 3.4.1. The
last expression goes to 0 if these three conditions are satisfied :

q(r)r ;; 400,
Dyi(q(r))r — 0,
r—0

)2y Yy g ) 0,
r—
From the definition of ¢ and 8 and the fact that 0/ < ¢ < < ', we have
Dys(u) < ull Wye(u) > u” and Syy(u) > u'/?, provided u is large enough. The
three conditions can thus be simplified and we only need to have :

q(r)r — 400,
r—0

(q<r))1/o’r(1+e)/6/ —0,

r—0

1-1/8 (o' -D)(14/8' __,
(q(r)) 7 —
Elevating (¢(r)) to the right power so it makes its exponent disappear, these
three conditions become

q(r)r r——>0> 400,

g(r)r7 0+ — 0,
r—0

g(r)r(@=DOFI/E =)

r—0

Since o’ < ' we can check that ¢’/3" > (¢/ —1)/(’ — 1), so the third condition
implies the second. We then only need to verify the first and the third condition,
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but from the choice of €, we have that (¢/ —1)(1+¢€)/(8' — 1) > 1, so ¢(r) can be
chosen such that the first and the third conditions are satisfied. This yields

sup P (7,5 >r/4) — 0. (3.5.9)

2€]0,Cri+e] r—0

We now turn to the second term of (3.5.8). It is known that the jumps of V* is a
Poisson process with intensity measure v#, the Lévy measure of V. The probability
that V¥ has a jump smaller than —r before time 7/4 is thus 1 — ervi(I—oo,=rD/4
rv*(] —oo, —r]) /4 := v(r) and this goes to 0 for any Lévy measure. As a consequence,
on {74, < r/4} we have Vmﬂl/ﬁ, (78,) € [=7,0], exepted on some event having
probability less than v(r). We thus get

sup P (Tﬁ/ﬁl <r/4, T(le/ﬁx(. —i-Tﬁ/ﬂ,),O) > r/4> <P (T(Vﬁ,r) > r/4) + y(r),

z€]0,Crite]

and we now only need to show that 7(V* r)/r converges to 0 in probability. Now
recall that we know from Theorem VIL.1 in [8] that the Laplace transform of this
random variable is given by

g
E {exp (—)\T(V ,r))} = e v (M/T),
r

Since ®y:(u) < u'/?" for u large enough, the last quantity converges to 1 when r
goes to 0 so we indeed have the convergence to 0 in probability of 7(V*,7)/r and as
a consequence

sup P (Tﬁ/ﬁl <r/4, T(le/ﬂ,(. +7N,0),0) > r/4> — 0.

€]0,Cr1+] r=0

Putting this, together with (3.5.9), in (3.5.8) we get (3.5.7). We now deal with
the second term of (3.5.6), more precisely we prove that

sup P (T(VT,xl/B,) > 7“/2) — 0. (3.5.10)

z€]0,Crite]
Because of the increases of the quantity P(r(V1, 2'/%") > r/2) we can write
sup P (T(VT,xI/ﬂl) > 7‘/2) =P (T(VT, OB a8y 7‘/2)
z€]0,Crlte]
<P (T(Vﬂ,Cl/B,T(HE)/ﬁ/) > r/2) ;

according to the first point of Lemma 3.2.6 applied with y = C/#'¢(1+6/8",
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Therefore, (3.5.10) will follow if we prove that the random variable
T(VE, CYPr(+9/8") /1 converge to 0 in probability as r goes to 0. Again, we see from
Theorem VII.1 in [8] that the Laplace transform of this random variable is given by

E |:eXp <_>\T<Vﬁ7 01/6,7’(1+€)/ﬁ/)):| _ e_Cl/ﬁ/T(1+€)/BIQ)Vﬁ(Arfl)

r

but, since ®y4(u) < u'/ o' provided \ is large enough, we have that, for small r,
0< T(He)/ﬁ’q)w()\r—l) < p+e)/B'=1/o" y1/0"

By the choice of €, we have 1 +¢ > (8’ — 1)(0’ — 1) > ['/d’, so the last quantity
converges to 0 as r goes to 0. This shows that the Laplace transform of

T(Vﬁ, 01/5/T(1+6)/5/)/r converges to 1 as r goes to 0 so we get the asserted convergence
to 0 in probability as r goes to 0 and (3.5.10) follows.

Putting (3.5.7) and (3.5.10) in (3.5.6) we get

sup 7 <§, &) >r ‘Hg(ﬁ) > x1/5/> — 0, (3.5.11)

z€]0,Crite]

which means that among the excursions of heigh greater than z'/#", those of length
greater than r are in negligible proportion, and it thus remains to show that those
of length greater than x are in non-negligible proportion. We want to show that

liminf  inf 7 (g, () > x‘Hg(g) > g;l/ﬁ’) > 0. (3.5.12)

r—0  z€]0,Crl+te]

From the second point of Lemma 3.5.2 we have for all z in |0, Cr*<],

(€ C©) > @ |Ho(¢) > %) 2 P (r(VE,,,0) > 2) 2 P (5, > 2) .(3.5.13)

As we did before, we introduce 7', an exponential random variable with parameter 1
independent of the process V*, and a decreasing function ¢ :]0, +00[—]0, +-00] that
converges to +o0o at 0 and will be specified latter.

For any x in ]0, Cr'™¢] we have
P(rh,y >x) =P <ﬂ(m) > —x1/6,>
> P (VA(T/q(2)) > ~2"/") ~ P(T/q(x) < 2)

f
xl/B

We choose ¢(x) = 1/z and, because of (3.5.13), (3.5.12) will follow if we prove that
the random variable V#(T/q(x))/z'/%" converges in probability to 0 as 2 goes to 0.
According to [8] p 192, the Laplace transform of this random variable is given by

o (T /a@)\] __a(@) (Pr:(g(x) — N/a7)
. { P (A !/ )} - Pyi(g(@)) (g(o) = Tys(A/a2/7))
This last quantity converges to 1 when z goes to 0 if
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— M/z'/%" is negligible compared to ®y:(q(x)) when x goes to 0,
— Wys (A7) is negligible compared to ¢(x) when z goes to 0.

These two conditions can be written

27y (g(x) — +oo,
r—0
(V27 fql) — 0

Now, because of the definition of 3, because 8 > 3, and because ¢(x) = 1/z, it
is easy to see that these two conditions are satisfied. This shows that the Laplace
transform of the random variable V#(T'/q(z))/2"/#" converges to 1 as x goes to 0, so
this random variable converges to 0 in probability and (3.5.12) follows.

For the factor n*(&, Hy(&) > x/%) of (3.5.5) we note that it is trivially more
than nf (¢, ¢(€) < +o0, Hy(€) > 2'/%") and we can use Lemma 3.5.1 which yields

i (f, Ho(&) > xl/ﬁ') > g~V (3.5.14)

for = small enough. Putting (3.5.11), (3.5.12) and (3.5.14) in (3.5.5), we get the
asserted result. Here again, we actually obtain the result up to a multiplicative
constant, but since the result is still true if, for example, we increase o’ a little bit,

we can get rid of the constant.
O

We can now prove Theorem 3.1.10.

Démonstration. of Theorem 3.1.10

We make the assumption that (3.1.8) is satisfied so, by continuity of the left
hand side of (3.1.8) in o and (3, we can choose ¢’ and ' to be as in Lemma 3.5.3,
but close enough to respectively ¢ and 5 so that they also satisfy (3.1.8). We also
choose € as in Lemma 3.5.3.

We fix y > 0. Let S is a pure jump subordinator with Lévy mesure u(.) :=
Gng(. N FP,), the image measure of 775( N FP,) by the mapping G. From the
Lévy-Khintchine formula, the characteristic function of S(t) is

E [¢150)] = ¢t®s(O),

where e
VR B5(O)= [ (¥ - Dulda),
0
so, taking the real part,

+o0

vE € R, [R (B5(6))] = / (1 - cos(€x)) pu(de)
/|€]

> / (1 - cos(éx)) u(de)

/[€]
> 252/ 5 ?p(dr). (3.5.15)
0

_7T2
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We now prove that the measure p satisfies the hypothesis of Proposition 28.3 of
[59]. We have for any r €]0, 1] :

7‘1+€

/ v p(dr) = 2/ zp([z, r[)de > 2/ zp([z, r[)de. (3.5.16)
0 0 0
We thus need to minorate yu([x,r]) for z €]0, 71 :

e, ) = 15 ({€, G(€) € [z,7[} N FPy)

q¢3]
= 775, £, / e €Wt e [z,r[ p N FPy |,
0

from the definition of G,

>0 ({€ C(€) € [e¥a,r[, sup& <2y} N FPy)

> ({¢, c [e?ym[})—ny (¢, sup& > 2y}) —nf (FP5)
=" ({¢, ¢(©) € [e¥z,r[}) — ny {¢, sup& > 2y}) —nl (IPs) — 1l (N)
=1 ({€ (&) € [z, r[}) -

where we have put ¢ := n} ({sup§ > 2y}) + ([P ) + 1% (N). Note that ¢ is well
defined because the quantities 7’ ({sup £ > 2y}) i (IP ) and nf (N) are finite.

We now apply Lemma 3.5.3 (taking C' = e*) and we deduce that for r small
enough,
Vo €]0,r'*e], [z, r]) > e WO VB gm0 =0/ _
Combining this with (3.5.16), we get that whenever r is small enough :

s rl+5 ,,,1+€
/ 2 u(dr) > 26_2y(0,_1)/5,/ gt =@V g — 20/ xdx
0 0 0
2e—2y(0'=1)/8’
>
2 (0= 1)/p

(146)2—('=1)/8") _ 204€)

If
1+e)@2— (o' —1)/(35 —1)) <2, (3.5.17)

then, choosing 6 €]0,2 — (1 +¢)(2 — (¢/ —1)/p’)| and combining the above estimate
with (3.5.15), we get that

[s(€)] = IR (@s(6)) | > [€]’, (3.5.18)

whenever |¢| is large enough. As the only assumption on € is that it is greater than
(8" —1)/(c" —1) — 1, we can choose € such that (3.5.17) is satisfied if and only if

p—1

o —1

2-(o'=1)/BF 1)) <2,

which is equivalent to the fact that ¢’ and ' satisfy (3.1.8). Therefore, we have
proved that there exists 0 > 0 such that (3.5.18) is true.
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Let T' be an exponential random variable with parameter p := 175([ P) + ng(N )
which is independent of S, the Fourier transform of St is

+o0
E [oiST :/ et ®s(8) p—pt gy — _pr O =6 , 3.5.19
[e°7] .7 p—Ds(€)  lelotoo (I€17) ( )

because of (3.5.18).

Proposition 3.3.2 gives the decomposition

Ivh =Y ety +Y etvey

k>0 k>0

where all the random variables in the two series are mutually independent, and where
each term BY has the same law as Sr. Therefore, the characteristic function of I(V'T)
is the product of a characteristic function bounded by 1 and of ], E[e® "¢57]
which, thanks to (3.5.19), goes to 0 faster than any negative power of [£|. This
proves that the density of I(V") is of class C*° and that all its derivatives converge
to 0 when z goes to +o0o. The derivatives of the density of I(VT) also converge to 0
when z goes to 0 since this density is of class C*> and null on | — o0, 0].

To prove that ¢+ actually belongs to the Schwartz space, we have to study a
little more deeply the infinite product. Let us denote by 1 the characteristic function
of 37450 € ™ CY. Then

b1v1)(€) = () [T B [ (3.5.20)

k>0

The random variable Sy admits moments of any positive order because it is a
convolution factor of I(VT) which admits moments of any positive order thanks to
Theorem 3.1.1. As a consequence the derivatives at any order of functions of the
kind of (& — E[e’ "¢57]), for integers k, are defined and bounded. For any n € N
and m > n, we can see by induction that the n'* derivative

m (n)
P = (5 — J]E [eie‘kyssTD
k=0

is a finite sum of products. In each of these products, there are at least m —n factors
of the form E[e"e_kygsT] for some integers k and the other factors are derivatives at
some orders of the functions (¢ — Ele’ ¢57]) for some integers k. Therefore, from
(3.5.19), we deduce that

_ —(m—n)é
Puan(§) = O (5 ) (3.5.21)
We decompose (3.5.20) into
D1 (€) = (HE [e“"“’“TD X R (€).
k=0
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3.6. THE SPECTRALLY POSITIVE CASE

where -
Ro(€) =) [ B[]
k>m+1

From the Leibniz formula applied to the product, we have

™ (6 =3 CEPL4(€) RETM().
k=0

R,, is the Fourier transform of a random variable that admits moments of any
positive order (because it is a convolution factors of I(V1)), so its derivatives at any
order are defined and bounded. From (3.5.21) we thus get that

b€ = O (17" ).

|§] =00

As m is arbitrary, gb%)ﬁ) goes to 0 faster than any negative power of |£|. Therefore,

drvry belongs to the Schwartz space and so does the density of I (V1), since the
Schwartz space is stable by Fourier transform.
m

Remark 3.5.4. The case where V' has bounded variation is not contained in Theo-
rem 3.1.10. Moreover, Remark 3.2.2 shows that the law of Sy (St being as in Lemma
3.2.1) has an atom at 0 if V' has bounded variation, so there is no hope to generalize
our proof of Theorem 3.1.10 to this case.

We also prove Corollary 3.1.11.

Démonstration. of Corollary 3.1.11
Since V drifts to 400 we have V¥ =V so the expression (3.4.18) in the proof of
Proposition 3.4.3 tells us that I(V7) is a convolution factor of I(V). Now, under the
assumptions of the corollary, Theorem 3.1.10 applies and we get the regularity of the
density of I(V') thanks to the boundedness of the derivatives of the density of I(VT)
and the differentiation under the integral sign theorem. We get the convergence to
0 at +o0 of the derivatives of the density of I(V') thanks to the boundedness of the
derivatives of the density of I(V") and the dominated convergence theorem. The
convergence to 0 at 0 of the derivatives of the density of I(V) comes from the fact
that this density is of class C* and null on | — 00, 0].
U

3.6 The spectrally positive case

We now make a brief study of the exponential functional of ZT where Z is a
spectrally positive Lévy process drifting to +oco. If Z is a subordinator, then it stays
positive and I(Z") is only I(Z) which is already known to be finite and have some
finite exponential moments (see for example Theorem 2 in [12]), so Theorem 3.1.13
is already known in this case.
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3.6. THE SPECTRALLY POSITIVE CASE

We thus assume that Z is not a subordinator. Since, in this case, —Z is spectrally
negative and not the opposite of a subordinator (then, we denote by x the non-trivial
zero of W_z), it is regular for |0, +oo[ according to Theorem VII.1 in [8], so Z is
regular for | —oo, 0. Moreover, Z drifts to +00. We can thus define the Markov family
(Z1, x > 0) as in [31], Chapter 8. It can be seen from there that the processes such
defined are Markov, have infinite life-time (this is where we need the hypothesis that
Z drifts to +00) and that Zg , that we denote by ZT, is indeed well defined.

Here again, for any x > 0, the process Z! must be seen as Z conditioned to stay
positive and starting from x. Note that, since Z converges almost surely to infinity,
for z > 0, Z! is only Z, conditioned in the usual sense to remain positive.

3.6.1 Finiteness, exponential moments : Proof of Theorem
3.1.13

The idea is that adding a small term of negative drift to ZT does not change its
convergence to +o0o. It makes ZT ultimately greater than a deterministic linear func-
tion for which the exponential functional is defined and deterministically bounded.
The key point is thus to control the time taken by Z' to become greater than the
linear function once and for good. We start with the following lemma.

Lemma 3.6.1. For any y > 0, there exists ¢ > 0 and positive constants c; and co
such that

Vs >0, P (R(Z;() —(y+e€.),] —00,0]) >5) < cre” .

Démonstration. We fix y > 0. From Corollary VIL.2 in [8], a spectrally negative
Lévy process X drifts to —oo if and only if E[X(1)] < 0. Z is a spectrally positive
Lévy process drifting to +oo so taking the dual in the theorem we get E[Z(1)] > 0.
Now E[(Z — €.)(1)] = E[Z(1)] — € which is positive for ¢ chosen small enough. Still
taking the dual in Corollary VII.2 in [8], this implies that Z — €. is also a spectrally
positive Lévy process that dirfts to +00 and which is not a subordinator. We have

P(R(Z)() = (y+e.),]—00,0]) >s) _P< inf  Z1(t) — (y + et) go)

te[s,+oo[ Y

= i — < inf
CP (te inf Z,(t) — (y+et) <0, [o}Eoo[Zy > 0) :

[s,+o00]

where C := 1/P(inf(g ;oo Z, > 0) = 1/(1—e™"¥). This comes from the fact that Z] is
only Z, conditioned to stay positive in the usual sense. Now, noting that Z, = y+ 7,
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3.6. THE SPECTRALLY POSITIVE CASE

we bound the above quantity by
CIP( inf Z(t)—etﬁO):CP sup —Z(t)+et >0
te[s, oo t€[s, oo

< CIP’( sup —Z(t)+et >0, —Z(s)+es§0> +CP(—Z(s)+es>0)
tE[s,+oo[

=CP ( sup —Z%(t)+et > —(—Z(s)+es),—Z(s) +es < 0) +CP(—Z(s)+es>0).
te[0,+o00]

(3.6.1)

From the independence of the increments, the process —Z° + €. is equal in law
to —Z + €. and independent from —Z(s) + es. From Corollary VII.2 in [§8], the
supremum over [0, +oo[ of the process —Z* + €. follows an exponential distribution
with parameter a, where « is the non-trivial zero of W_5,.. From this, combined
with the independence from —Z(s) + €s, (3.6.1) becomes

CE <6a(_Z(S)+ES)]l{,Z(S)Jresgo}) + cCP (—Z(S) +es > 0)
< CE <ea(_Z(S)+ES)/2]l{7Z(S)+65§0}) +CP <6a(—Z(s)+Es)/2 > 1) :

from the decreases of negative exponential and composing by function x + exp(§z)
in the probability of the second term,

< CE (eo‘/2(—Z(S)+es)) +CP (ea(—Z(S)+ES)/2 > 1) < 2CE (ea/2(—Z(s)+es)) 7
where we used Markov inequality in the second term,

—9C es‘ll_z+€,(o¢/2) )

As U_z, . is negative on |0,«af, we get the result with ¢; = 2C and ¢ =
—U_ g (a)2).

We can now prove Theorem 3.1.13.

Démonstration. of Theorem 3.1.13

We fix y > 0. Let m,, be the point where the process Z; reaches its infimum, m,, :=
sup{s > 0, ZJ(s—) A Z](s) = infj 4o Z]}. Note that from the absence of negative
jumps the infimum is always reached at least at m,— so ZJ (my—) = infp 4o ZyT :
In order to get Z' from Z; , we use the decomposition given by Theorem 24 in [31],

that is :

— The two processes (Z](my + s) — Z} (m,—), s > 0) and (Z](s), 0 < s < my)
are independent,
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T (sz(my +s) — Z;(my_), 5 > O) is equal in law to Z'.
Now,

my + +oo 4
1(Z]) :/ e_Zy(“)du+/ e Z Wy
0 my

m “+oo
_ " A gy 4 o F ) / o~ Zmytu)~Z)my ) gy,
0 0

oo ? ?
> e_y/ 6_(Zy(my+u)_zy(my_))du7
0
because almost surely Z](m,—) <y,
£evp(zh,
because of the above decomposition. We thus get

1(Z" < eV 1(Z), (3.6.2)

sto
where < denotes a stochastic inequality. As a consequence we only need to prove

the result for ](Z;). We now choose € > 0 as in Lemma 3.6.1. We have

R(Zj()~(y+e )l=o00]) +o0 R
0<I(Z) = / e Wat + / e~ 2O qt
0 R(ZJ()—(y+e .),]—00,0])
400 +
<R (ZJ() —(y+e.),]—00,0]) +/ e~ % Wat,
R(Z}()—(y+e .)]—00,0])

but for t > R(Z}(.) = (y + € .),] — 00,0]) we have Z](t) > y + et, so

+oo
0<I(Z) <R(ZI() = (y+e.),] = 00,0)) +/ .
R(Z}()=(y+e 2))—00,0])

<R(ZJ()—(y+e.),]—00,0]) + /;OO e v dt

=R (Z;(.) —(y+e.),]—00,0]) +e¥/e

From Lemma 3.6.1, this is almost surely finite and admits some finite exponential
moments. Thanks to (3.6.2), we have the same for I(Z"), which is the expected result.
[

3.6.2 Tails at 0 of I(Z") : Proof of Theorem 3.1.14

We need an analogous of Lemma 3.2.6 in order to compare, as we did in subsection
3.4.3, the exponential functionals I(Z") and I(Z). We define m, the point where the
process Z reaches its infimum : m :=sup{s > 0, Z(s—) A Z(s) = inf|y oo Z}. Here
again, from the absence of negative jumps, the infimum is always reached at least
at m— so Z(m—) = infyy o[ Z.
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3.6. THE SPECTRALLY POSITIVE CASE

Lemma 3.6.2. If Z has unbounded variation, then Z(m+.)— Z(m—) has the same
law as ZT.

Démonstration. Z(m+.)—Z(m—) is only the infinite excursion of the post-infimum
process Z — Z, so we only need to prove that this infinite excursion has the same
law as ZT, and for this we want to apply Proposition 4.7 of [33]. We already know
that, because it is spectrally positive, Z is regular for | — oo, 0[. Taking the dual of
the process in Corollary VIL5 in [8], we get the regularity of {0} and |0, +oo| for Z,
thanks to the hypothesis of unbounded variation. The hypothesis of the proposition
in [33] are thus fulfilled.

Let NV denote the excursion measure of the Markov process Z — Z and (L™, U)
the ladder process of Z : L™! is the inverse of the local time at 0 of Z — Z and for
any positive t, U(t) = Z(L7'(¢t)).

Recall from the introduction the notation 7(A, h+) for 7(A, [h, +00[). We denote
by U the potential measure of U and, since —Z is spectrally negative, the formula
page 191 in [8] applies and yields that U(] — x,0]) = (1 — e "*)/k for any = > 0.
Proposition 4.7 of [33] tells us that for any positive measurable function G defined
on the space of cad-lag functions from [0, +oo[ to R with finite lifetime, we have

E[G ((Z"(5)ozs<r(zrne))] =N (G ((€(8))oss<riens)) U = E(T(E, h+)), 0]) [7(€, ht) < o0)
X N (&, 7(&, h+) < )

= opN (1= e TG ((E(8))ozszriens)) [T(E, ht) < 00)
(3.6.3)

replacing U by its expression and where we set ¢; := N (&, 7(§, h+) < 00) /K. Let
¢ denote the infinite excursion of Z — Z, then, for any positive measurable function
F', we get that

[0,+

E [F ((§o(5))o<s<remnt))] =N (P ( ingo[Zg(r(g,m)) > 0) F ((&(5)o<s<r(ens)) [T(E, h+) < o0

]P (inf[();i-oo[ ZZT(T(ZT,hﬁ-)) > 0) N
—F [ cp(1 — e=rZH(7(Z1,h+))) F ((Z (5)>0§sgf(zw,h+)) ,

(3.6.4)
where we used (3.6.3) with

P (inffo, oo Ze(riens)) > 0)
G ((§(s)ogserehs) = en(1 — e—rE(Eht) X F ((€s(8))oszr(éins)) -

Il follows from (3.6.4) and from Z'(7(Z", h+)) > h that, P(infj o[ Ze(r(ent)) >
0)/cp(1 — e~ (T&r )Y is a bounded martingale with respect to the filtration Jj, :=
o(Z1(s), 0 < s < 7(Z" h+)) and that it converges almost surely to some constant.
As a consequence, this quantity is almost surely equal to 1 for any positive A, hence,

Vh >0, E [F ((foo(s))ogsgf(soo,ﬂ))] =K [F ((ZT(S))OSSST(zT,H))} )
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so the infinite excursion of Z — Z indeed has the same law as Z.

We can now prove Theorem 3.1.14.

Démonstration. of Theorem 3.1.14

We have
m +o00
1(Z) = / e ?Wdt + / e ?Oat

m “+oo
/ e 20t 4 e~ #m=) / e~ (ZmAt)=Z(m=)) gy

0 m
“+o0o

m

because almost surely Z(m—) < 0. Since Z has unbounded variation, we can use
Lemma 3.6.2 which tells us that the last term is equal in law to I(Z"). We thus get

P(I(Z) <z) <P(I(Z") <), (3.6.5)

so we only need to prove the result for /(7). Obtaining (3.6.5) is the only thing for
which we need the hypothesis of unbounded variation in this proof. The result that
we now prove for I(Z) is thus true without this hypothesis.

Let (@, 7, v) be the generating triplet of Z in the Lévy-Khintchine representation.
Since v is non zero, there exist 0 < 71 < 75 < 400 such that v([y1,72[) > 0. Then,
for n €]0, 1] we define

I

= (N [y,%2)) and v" = v — (.0 [y, %),

and set Z™! and Z"? to be two independent Lévy processes which generating triplets
are respectively (0,0,v71) and (Q,~,v"?). We have v = v 4+ 17?2 so according to
the Lévy-Khintchine formula,

7z £ gnl g2,

According to Corollary VIL.2 in (8], a spectrally negative Lévy process X drifts to
—oo if and only if E[X(1)] < 0. Z is a spectrally positive Lévy process drifting to
+00 so taking the dual in the theorem we get E[Z(1)] > 0. Now since E[Z(1)] =
E[Z71(1)] + E[Z72(1)] and E[Z"(1)] < yenv([y1,72[), we have that E[Z72(1)] is
positive for n small enough. Still taking the dual in Corollary VIL.2 in [8], this
implies that Z7? drifts to +oo for 7 small enough. We thus choose such an 7y €]0, 1]
and denote by my the point at which Z7? reaches its minimum.
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Z™! is a compound Poisson process, we define N the counting process of its
jumps : N(t) :=f{s € [0,t], Z™1(s) — Z™!(s—) > 0}. N is thus a standard Poisson
process with parameter ¢y := nov([y1,72[) and it is independent of Z7%. We have :

“+00
1(Z) = / e (Zm 1) +2702 (1)) gy
0

“+oo
< =202 (ma2) / o= 2" () g4
0

“+oo
< e—ZnO’Q(mQ) / 6—’71N(t)dt
0
= 67Z”0,2(m2)1(’71N>7

so, from the independence between the two factors :

P (I(y,N) < 2/2) x P (e*Z”O’Q(m?) < 2) <P(I(Z) <z). (3.6.6)

We put c¢; = ]P’(e*ZWO’Q(mQ) < 2) > 0. Now by a property of standard Poisson
processes, it is easy to see that I(y;/N) has the same law as

+oo
1
= erhey,
C
0 k=0

where (ex)ren is a sequence of iid exponential random variable with parameter 1.
This allows us to compute the Laplace transform of I(~;N) :

“+oo
VA> 0, B[O V] = H H;
€

We put K()) := min{k € N, \e™"* < 1} and taking the logarithm we get

log (E [ —M( VlN Z log (1 + — _W“)

> —K(\)log (14—3) - Z log (1+ )\e 71"”)
<0 k>K(\) <0
> —K(\) log ( ) > log (1 + — —m) .
k>0

Now, since K () Nt log(A) /71, we get that
—400

log (E [e*’\I(WN)]) > —2 (log()\))Q /7,
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for A large enough. Now, reasoning as in the proof of (3.1.5) (where, from a lo-
wer bound on the Laplace transform of I(VT), we deduced a lower bound for its
asymptotic tail at 0) we get

e < P (T(4,N) < ),

for some positive constant ¢y. Combining with (3.6.5) and (3.6.6), we get the sought
result.

[]
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Chapitre 4

PATH DECOMPOSITION OF A
SPECTRALLY NEGATIVE LEVY
PROCESS, AND LOCAL TIME OF A
DIFFUSION IN THIS ENVIRONMENT

This work has been the object of an article [74] that will be shortly submitted.

4.1 Introduction

Let V be a two-sided spectrally negative Lévy process which is not the opposite
of a subordinator (in particular, V' can not be a compound Poisson process), drifts
to —oo at 400, and such that V' (0) = 0. We denote its Laplace exponent by Wy, :

Vi,A >0, E [V ] = v,
It is well-known, for such V', that ¥y admits a non trivial zero that we denote here
by &, k :=1inf{\ > 0, Uy (\) =0} > 0.

We are here interested in a diffusion in this potential V. Let us recall that such
a diffusion (X (t), t > 0) in a random cad-lag potential V' is defined informally by
X (0) =0 and

AX (1) = dB(t) — 5V (X(H)dt,

where [ is a Brownian motion independent from V. Rigorously, X is defined by its
conditional generator given V/,

Lvid (v d
26 dz ¢ dr /-

The fact that V' drifts to —oo puts us in the case where the diffusion X is a.s.
transient to the right. In [66], Singh makes the study of the asymptotic behavior of
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X. When 0 < k < 1, he proves in particular that

X/t = C(1/8)",
t—-+o0

where C is some explicit positive constant depending on V' and S, follows a com-
pletely asymmetric k-stable distribution. Putting this in relation with the results
of Kawazu and Tanaka [45], we see that s plays a similar role as the drift of the
brownian environment, at least for the asymptotic behavior of the diffusion. In this
paper, we prove that the same is true for the behavior of the local time of X. We
denote by (Lx(t,z),t > 0,z € R) the version of the local time that is continus in
time and cad-lag in space, and we define respectively the supremum of the local time
and the favorite site until instant ¢ as

L () =supLx(t,z) and F*(t):=inf{x e R, Lx(t,z)V Lx(t,x—) = L% (1)}
z€R

We study the convergence in distribution of £%(¢) and F*(¢) when £ > 1, and of
L% (t) when 0 < k < 1. When V is a drifted brownian motion, the case where
0 < k < 1 has already been studied by Andreoletti, Devulder and Véchambre in [4].
In this case, there is a useful renewal structure obtained from a valleys decomposition
of the potential and the Markov property for the diffusion. The limit distribution
they obtain involves a k-stable subordinator and an exponential functional of the
environment conditioned to stay positive. When 0 < k < 1, we extend their result
to the diffusion in V' and obtain a limit distribution in terms of the exponential
functionals of V' and its dual conditioned to stay positive :

+oo R +oo R
(vh = / eV Odt and I(V1) = / e Wt
0 0

where V, the dual of V, is equal in law to —V. It is proved in Theorems 1.1 and
1.13 of Véchambre [72] that these functionals are indeed finite and well-defined. The
fact, proved in [72], that I(V1) and I(V") admit some finite exponential moments
is of fundamental interest for our generalization of the results of [4].

The almost sure asymptotic behavior of the local time is studied, in the discrete
transient case, by Gantert and Shi [41]. We believe that the present work will allow
us, in the future, to link the asymptotic almost sure behavior of £% () with the left
tail of I(VT). This tail is given in [72] and can be very different, when V' is a general
spectrally negative Lévy process, than when V is a drifted brownian motion. As a
consequence we can expect, in the Lévy case, many possible behaviors for the almost
sure asymptotic of L% (¢), and this is our main motivation to generalize, here, the
study of [4] to the Lévy case.

When k> 1, we adopt the point of view of [66] and link the local time to a ge-
neralized Ornstein-Uhlenbeck process. This approach also provides the convergence
of the favorite site and can certainly be used to study the almost sure behavior of
the supremum of the local time.
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4.1.1 Main results

Our main results are the convergences in distribution for the supremum of the
local time. Let us define the constants K and m similarly as in [66] :

+o00 rk—1 9
eV dt) and mi=—" > 0,
(/o Uy (1)

and for any a, s > 0, let F(«, s) denote the Fréchet distribution with parameters «
and s, that is, the distribution with repartition function

K =E

Fla, ) ([0,1]) = e~ /D",

When x > 1, the limit distribution of the supremum of the local time can be ex-
pressed as follows :

Theorem 4.1.1. If k > 1,

L)/ = F(r, 2T (w)s* K /m)'7).
Examples : In some cases the parameters of the limit distribution are more
explicit.

— Let W, be the x-drifted brownian motion : W (t) := W (t) — 5t. If we choose
V = W, (for k > 1), then K = 2571/T'(k) (see Example 1.1 in [66]) and
m = 4/(k — 1). The limit distribution of the supremum of the local time
is therefore F(k,4(k*(x — 1)/8)/%). This is precisely the second point of
Theorem 1.6 of Devulder [28|.

— If V is such that K = 2 then

+oo +o0 +o00 -1 m
K=E [ / ev(t)dt} = / E[e""] dt = / Mgt = =5
0 0 0 Uy(l) 2

and the limit distribution of £3(t)/t'/? is therefore F(2,2/2).
We also prove that the distribution of the favorite site is asymptotically uniform :

Theorem 4.1.2. Ifk > 1,
mF*(t)/t =5 U,

t—+o00

where U denotes the uniform distribution on [0, 1].

When 0 < k < 1, we have to introduce some notations in order to express
the limit distribution. Let G; and (G5 be two independent random variables with

G4 £ I(VT) and Gy £ I(VT). We define R := G + G5. R is the analogue of R,
defined in [4] (if V' if the k-drifted brownian motion, then R £ R., indeed, it is

known that W] £ W1, so R is, as R, the sum of two independent copies of I(W])).
Let also C be the constant of Corollary 5 of Bertoin, Yor [12| applied to —V (which
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gives the right tail of the exponential functional of the Lévy process —V), the fact
that this corollary can be applied is the object of Lemma 4.5.3 in Section 4.5. We put
C':=(C/2) 0+°° ue~*?du. Now, let ), be the s-stable subordinator with Laplace
exponent C'T'(1 — k)" :

Vt,LA>0, E [eﬂyl(t)} _ o tCTA=R)N"

We now consider the pure jump Lévy process ()1, )s) where the component ), is
defined multiplying each jump of ), by an independent copy of R. We can also
define (Y1, Y,) from its k-stable Lévy measure v supported on |0, +00[x]0, +0o[ and
defined by

!/

Vo > 0,y > 0, v [z, +0o[x[y, +oo]) = %E [72”]17«4 + % (R > Q) .
Y -z xh x

It is easy to see that the first definition implies the second and also that the Lévy
process (Y1, )s) has Laplace transform

Vt,a, B > 0, E [e70NO=0%20] = o~ TA-mEla+fR)"],

As in [4], our limit distribution for the supremum of the local time is a function of
(V1,)s). For Z an increasing cad-lag process and s > 0, we put respectively Z(s—),
Z%(s) and Z7!(s) for respectively the left-limit of Z at s, the largest jump of Z
before s and the generalized inverse of Z at s :

Z(s—) =lm Z(r), Z(s) := sup (Z(r) — Z(r—)), Z7*(s) := inf{u >0, Z(u) > s},

r—s
P 0<r<s

where inf () = 400 by convention. We now define the couple of random variables
(Il,z-z) .

Vi ' (1) =0, (1)-)

N = (1 — (1) —
T =YYy (1)=), In : (1 No(Y; (1) ))Xy2(y2_1(1))—y2(y2_1(1)_)’

and we have

Theorem 4.1.3. If0 < k < 1, V has unbounded variations and V(1) € LP for some
p>1 then

L (t)/t tﬁéo T := max(Ty, Ty).

This result is a generalization, for more general environments, of Theorem 1.3 of
[4]. A key point in its proof is the fact that the contributions to the local time and
to the time spent by the diffusion between the bottoms of two consecutive valleys
are negligible, so the local maxima of the local time are localized at the bottom of
the valleys, where most of the time is spent. This is where appears the pure jump
subordinator (Y1, ),) with two correlated components, one for the local time, and
one for the time spent. Each jump of ()),)s) represents the contribution of the
bottom of a valley to these two quantities.
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Our generalization of the results known in the brownian case also yields some
other results such as the convergence of the supremum of the local time before and
after the last valley (the first two points of Theorem 1.5 in [4]).

When 0 < k < 1, our study relies deeply on the decomposition of the potential
into h-valleys and on the localization of the contributions to the local time and to
the time spent near the A-minima. In fact, we have to make h going to infinity
when ¢ goes to infinity, this is why we briefly study the asymptotic of the h-valleys.
The definition of the h-extrema and h-valleys are given in the next section but we
already note the following result about the asymptotic of (my, ma,...), the sequence
of h-minima.

Theorem 4.1.4. When h goes to infinity, the renormalized random sequence

e " (my,my,...) converges in distribution to the jumping times sequence of a stan-
dard Poisson process with parameter q (which depends explicitly on the law of V). If
V =Wy, the k-drifted brownian motion, then q = k?/2.

Some of the estimates used to prove this theorem will also be useful to establish
the negligibility of the local time between the bottoms of two consecutive valleys
when 0 < k < 1. However, the main interest of this theorem is that it informs us on
the typical distance between two consecutive minima, and this provides an heuristic
explanation for why the method based on valleys fails when x > 1.

As we can see in Theorem 4.1.4, the distance between two consecutive h-minima
is of order e®. In the case 0 < k < 1, what happens between the bottoms of the h-
valleys can be neglected, so the main contributions to the local time and to the time
spent by the diffusion are localized at the hA-minima and are highly correlated, this
explains the form of the limit distribution for the favorite site given in [4]. When
x > 1, this distance between two consecutive h-minima is so large that the time
spent by the diffusion between the h-minima is no longer negligible compared to the
time spent in the bottoms of the h-valleys, and there are extreme values taken by
the local time between the h-valleys. In fact, it is impossible to use the valleys to
localize the large values of the local time as we do when 0 < x < 1, this explains
the asymptotic uniform distribution for the favorite site. Moreover, the case k > 1
is the case where X has positive speed. The local time at time ¢ is then close to the
local time at the hitting time of ¢/m and the latter can be expressed thanks to a
generalized Ornstein-Uhlenbeck process. The supremum of the local time is therefore
similar to the supremum of the heights of iid excursions of a Markov process. This
explains the appearance of a Fréchet distribution in the limit distribution.

The rest of the paper is organized as follows. In section 4.2 we study the case
where k > 1 and prove Theorems 4.1.1 and 4.1.2. In section 4.3 we recall the de-
finitions of the h-extrema and h-valleys for V' and establish some usual properties
such as the independence of the consecutive slopes and the law of the bottoms of
the valleys. We end this section by proving Theorem 4.1.4. In section 4.4 we assume
0 < kK < 1 and prove Theorem 4.1.3. In section 4.5 we prove some fundamental
estimates on V, V' and V1 and some technical results.
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4.1.2 Facts and notations
We denote by (Q,,v) the generating triplet of V' so Wy can be expressed as

0
Uy () = %/\2 — YA+ / (¥ — 1 — Azl )v(d). (4.1.1)
If V jumps at instant u we denote AV (u) := V(u) — V(u—), the jump of V at w.
For r > 0, we define V<"" to be the sum of the jumps of V' that are less than —r :

Vs >0, V<7 Z AV (u) LAy (uy<—r}-

0<u<s

V is the sum of the processes V' — V<=" and V<7" that can be seen to be inde-
pendent spectrally negative Lévy processes, thanks to the Lévy-Khintchine formula
(4.1.1). According to Corollary VI.2 of Bertoin [8] we have E[V(1)] < 0 so for r
chosen large enough we have E[(V — V<"")(1)] < 0 which, thanks to Corollary VI.2
of [8], implies that V' — V<=7 drifts to —oco. In other words, removing the very large
jumps of V' does not change its convergence to —oo

For Y a process and S a borelian set, we denote

7(Y,S):=inf{t >0, Y(t) € S}, K(Y.S):=sup{t>0, Y(t) € S}.

We shall only write 7(Y, z) instead of 7(Y, {z}) and 7(Y, x+) instead of 7(Y, [z, +00]).
Since V' has no positive jumps we see that it reaches each positive level continously :
Ve > 0,7(V,z+) = 7(V, z). Moreover, the law of the supremum of V' is known, it is
an exponential distribution with parameter x (see Corollary V.II in [§]).

Y denotes the infimum process of Y : V¢ > 0, Y(t) := infjp Y. The process
V' —V is known as the process V' reflected at its infimum, note that Proposition
VL1 of [§] tells that it is a cad-lag Markov process. The same holds for V — V.

If Y is Markovian and z € R we denote Y, for the process Y starting from z. For
Y, we shall only write Y. For any (possibly random) time 7" > 0, we write Y7 for
the process Y shifted and centered at time T : Vs > 0, YT (s) := Y (T +s) — Y(T).

Let B be a brownian motion starting at 0 and independent from V. A diffusion
in potential V' can be defined via the formula

X(t) = A7 (BT (1)) (412
where
T +o00
Ay (z) = / "Wdy andfor 0<s<T (B,/ ev(“)du) :
0 0
0
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4.2. SUPREMUM OF THE LOCAL TIME WHEN « > 1

It is known that the local time of X at x until instant ¢ has the following expression :
Lx(t,z) = e‘V(x)EB(T;l(t), Ay (x)). (4.1.3)

For the hitting times of » € R by the diffusion X we shall use the frequent notation
H(r) (instead of 7(X,r)). We denote by H.(r) (respectively H_(r)) the total time
spent by the diffusion in [0, +oo] (respectively | — 0o, 0]) before H(r).

The quenched probability measure P" is the probability measure conditionally
on the potential V. When we deal we events relative to the diffusion X, P represents
the annealed probability measure, it is defined as P := [ P¥(.)P(V € dw).

We often denote by dyr the total variation distance between two probability
distributions on the same space.

4.2 Supremum of the local time when x > 1

We now treat the case k > 1. Since some of the lemmas we state in this section
are true in a general context we do not assume k > 1 yet. We thus have x €]0, +o00|
unless mentioned otherwise. As we mentioned in the introduction, the valleys are of
no use in this section so we have to study directly the expression of the local time.
It is given by (4.1.3). According to [66], if m := —2/1y (1), then t is close to H(t/m)
(when x > 1 and t is large). It is then convenient to look at the local time until the
hitting times. It has a simpler expression :

Lx(H(r),z) =e V@ Lp(r(B, Ay(r)), Ay (z)). (4.2.1)
The supremum of the local time until instant H(r) can thus be written

Ly (H(r)) = max{M;(r), Ma(r)}, (4.2.2)

My(r) i= sup Ly (H(r), 2) = supe™ O L(7(B, Ay (1)), Ay (x))

<0 <0

<0

< <supe—V<w>) X (SupEB(T(B,AV(JrOO)),Av(a:))) <+4oo  (4.2.3)

and

My(r) == sup Lx(H(r),z) = sup e O Ly(r(B, Ay(r)), Ay ().

z€(0,r] z€[0,r]
We also define the favorite positive site until time H(r) by

FY(H(r)) := argmax)y 1 Lx (H(r),.)
=1inf{x € [0,r], Lx(H(r),x)V Lx(H(r),z—) = Ma(r)}.
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To lighten the notations, we often use the notation argmax in this section. Now,
note that Moy (r) is the same as Jy(r) of [66] with a supremum on [0, 7] in place of
an integral on this interval. In particular, if, similarly to [66], we define

Z(z) :=e"@R (/ e_V(y)dy> :
0

where R is a two-dimensional squared Bessel process independent from V', we get

Mo(r) £ sup Z(xz) and F}(H(r)) £y argmaxg 1 Z. (4.2.4)

z€[0,r]

We can therefore prove our results using some precise properties of Z. Recall from
[66] the definition of L, the local time of Z for the position 1, of n the associated
excursion measure, and of L~! the right continus inverse of L. We denote by ¢ a
generic excursion.

4.2.1 The local time at hitting times

We now prove a lemma to justify rigorously that the local time of the diffusion
at some instant can be approximated by the local time at an hitting time.

Lemma 4.2.1. Let us denote by Q) the positive constant denoted by n[C] in [66], for
r large enough we have

P(L7N(r/Q—r**) <r < L7'r/Q+1r%") >1—r7V4 (4.2.5)

Assume k > 1. For any o €] max{3/4,1/k}, 1] their exists € > 0 such that for r
large enough we have

PH(r/m—r*)<r<H(r/m+r"))>1—r"¢ (4.2.6)

P(LY(H(r/m —1r%) < Lx(r) < LY (H(r/m+1Y))) >1—1r"¢ (4.2.7)
Démonstration. According to Lemma 5.1 in [66], E[L7(1)] = @ and the subordi-
nator L~! admits some finite positive exponential moments, so, in particular, it has
moments of the second order. Let us define the Lévy process U(t) := L™1(t) — Qt.

U has finite mean equal to 0 and moments of the second order, this implies that
E[|U(t)?] = tE[|U(1)|*]. Using Markov’s inequality we get

Vt,s >0, P(JU(t)] > s) < sPE[JU®)P] = s HE [JUD)]?] . (4.2.8)
Then,

P(r> L7 (r/Q+ 1) <P (IL7Mr/Q + %% = (r+ Qri/h)| > Qrilt)
P(U(/Q + )] > Q') < (r/Q + rE U] /@
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where we used (4.2.8) with t = r/Q 4+ r*/* and s = Qr*/*. We get a similar estimate
for P (r < L7 (r/Q — r¥*)) so (4.2.5) follows. We now turn to (4.2.6). Until the end
of this proof we assume k > 1. We have

PHr/m—rY)>r)<P(H_(r/m—r*)+ H.(r/m—7r%) —(r—mr®) >mr®)
<P(H_(+00) > mr®/2)

+P (/Ow/mr“ Z(x)dx — (r —mr®) > mra/2> : (4.2.9)

because, as we can see from [66], f(f Z(x)dz has the same law as H () (denoted by
Jo(t) there). The second term in the right hand side of (4.2.9) is less than

7(Z,1) r/m—r®
P(/ Z(:l:)dw>mro‘/4) —l—IP’(/ Z(x)dx—(r—mro‘)>mr°‘/4>
0 7(Z,1)

yS—
<P(r(Z,1) > mr*/4) +P (/0 Zy(v)dx — (r — mr®) > mra/4> :

where we put Z; := Z(7(Z,1) + .). It is well defined since Z has no positive jumps
and thus reaches [1, +oo[ continuously. Since Z is a Markov process, Z; has indeed
the same law as Z starting from 1. According to Proposition 4.3 of [66] :

P(r(Z,1) >t) <e ™, (4.2.10)
for some constant ¢ > 0 when ¢ is large enough. We now put this in (4.2.9) where

we also use Lemma 4.5.18 for the term P(H_(+00) > mr®/2), we obtain for r large
enough

r/m—r®
P(H(r/m—r%)>r) SIP’(/O Zy(x)dx — (r — mr?)

> mra/ll) + eyr e

(4.2.11)

for some positive constant ¢;. Let us define U (t fo x)dx —mL~1(t). Note
that, from Section 7 of [66] we can see that U is a Levy process with finite mean
equal to 0 and such that P(U(1) > 2) ~u400 cx ™™ for some positive constant c.
As a consequence, E[|U(1)|"] < +oo for v €]1/a, k[. We choose such a v and use
successively Markov’s and Von Barh-Esseen’s inequalities :

Vi, s >0, P (lU(t)| > 5> < sE [|U(t)|7] < 2577 (LtJE [|U(1)|V] + sup E [|U(s)|7]> .

s€[0,1]
(4.2.12)
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We now use (4.2.5) and get that for y large enough, y < L~ (y/Q + y*/*) with
probability greater than 1 —y~/* so

y L™ (y/Q+y*/*)
/ Zy(z)dxr —my < / Zy(z)dz — my
0 0
= U(y/Q +y"") + mU(y/Q +y*"*) + mQy*"*.
Let C' be an arbitrary positive constant. Applying (4.2.12) and (4.2.8) with ¢ =

y/Q +133/* and s = Cy® we get for y large enough

Y
P (/ Zy(x)dx —my > Cya> <oy (Y 2y
0

for some positive constant cy, depending on C'. We prove a similar inequality for
my — foy Z1(z)dz so we have actually, for ¢z a positive constant (depending on (')
and y large enough,

"

Applying (4.2.13) with a good choice of C', y = r/m — r® and putting into (4.2.11)
we get

y
/ Zy(x)dx — my
0

> C’yo‘) <y (YT Yt 4y Y (4.2.13)

P(H(r/m—r%) >r)<r /2, (4.2.14)

if € > 0 is chosen to be less than max{ay—1,2a —1,ax/(2+ k), 1/4} and r is large
enough. Then,

r/m+re

(Z,1)

PH(r/m+r)<r)<P(Hi(r/m+r*) <r)<P (/ Z(x)dr < 7’)

<P (/OT/WFM/2 Zy(x)dx < 7") +P(r(Z,1) > r%/2),

so, using (4.2.10) and (4.2.13), we conclude the same way as for P(H (r/m—r%) > r) :
we get P(H(r/m+r®) <r) <r=¢/2for r large enough, and combining with (4.2.14)
we get (4.2.6).

Finally, (4.2.7) is only a consequence of (4.2.6) and of the increases of L.
[l

We also need an almost sure version of (4.2.5) :

Lemma 4.2.2. Almost surely, for all t large enough we have

Qt —t3/* < L7Yt) < Qt + ¥4
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Démonstration. Since L™1(1) admits some finite exponential moments we have an
iterated logarithme law. O]

Now, we study the supremum of the process Z in terms of its excursion measure
n.

Lemma 4.2.3. There is € > 0 and rq > 0 such that for all r > ro and h > 1 we
have

e~ (r/QETE e e _ e < p ( sup Z(z) < h) < 1@ Il Eh) 4 e
z€[0,r]

Démonstration. Recall the definition of Z; in the proof of Lemma 4.2.1. For A > 1
we have

P| sup Z(z) < h| =P sup Z(x)<h|>P| sup Zi(z) <h |, (4.2.15)
z€[0,r] z€[r(Z,1),r] z€[0,r]

because of the Markov property and the fact that the length of [7(Z,1),r] is less

than r. Let us choose 1 €]0,3/4[. We have

P ( sup  Z(z) < h) <P ( sup  Zi(z) < h) +P(r(Z,1) >1r"). (4.2.16)
z€| ),r]

T(Z,1 xz€[0,r—r")
From (4.2.15), (4.2.16) and (4.2.10), we see that we only need to prove the lemma
with Z; instead of Z and r%/* instead of /8. We only prove the lower bound, since

the proof of the upper bound is similar. For r large enough so that (4.2.5) is true
we have

P ( sup Zi(x) < h) > P ( sup Zi(x) < h) — VA

z€[0,r] 2€[0,L-1(r/Q+73/4)]

and from the point of view of excursions, the probability in the right hand side is only
the probability that no excursion higher than h occurs before L exceeds r/Q + /4,
It is known, from properties of Poisson point processes, that this probability equals
e~ (r/Q+r¥/n(sup€>h) and the result follows.

m

4.2.2 Proof of Theorems 4.1.1 and 4.1.2
In this subsection we assume that x > 1.

Démonstration. of Theorem 4.1.1
According to (4.2.7), we only need to prove that

ExUH() £, 2 o0 (r)n 0 fm) )

(rm)l/’f r——+00
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or, equivalently,

Ly (H(r)) £, ‘7_—(/{72(11(,{),{2[()1/%)' (4.2.17)

ri/e r—+00

Now, recall (4.2.2). Combining it with (4.2.3) and (4.2.4), we are left to prove that

Va >0, P ( sup Z(z) < arl/“) — ¢ FT(K a” (4.2.18)

z€[0,r] r—+00
According to Proposition 5.1 of [66] we have

n(sup& > h) e Q2"T(k)k*K /h". (4.2.19)

Applying this with h = ar/* and putting it into Lemma 4.2.3 we get (4.2.18) and
the convergence of L% (t)/t'/* follows.

]
Démonstration. of Theorem 4.1.2
We now study the asymptotic of the favorite site. We first prove that
F*(H(r)/r = U. (4.2.20)

r—+400

L% (H(r)) converges in probability to +oo (because of (4.2.17)). Therefore, the com-
bination of (4.2.2), (4.2.3) and (4.2.4) tells us that (4.2.20) will follow if we prove
that

argmax  Z/r  — U. (4.2.21)

r—-+00

Let us choose v €]0, 1/8x]. Similarly as in the proof of Lemma 4.2.3, we have

P sup Zy > P =1 = e—(7"/Q—7‘7/8)n(suI3£>r1/'€—'y)7
[0,L=1(r/Q—r7/8)]

and using (4.2.19) with h = /=7 we get that this probability converges to 1 when
r goes to infinity :

P ( sup Zy(x) > 7’1/"‘7) — 1. (4.2.22)

€[0,L1(r/Q—r7/8)] reo

Since L~Y(r/Q — r7/®) is a stopping time for Z; and is such that Z,(L~*(r/Q —
r7/8)) = 1, we have that

P sup Zy<rt/F ) =P sup  Zy <rir
(L7 r/Q=17/%), L1/ Q+r /%) 0.L1(2r7/%)
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and we prove, similarly as for (4.2.22), that the probability in the right hand side
converges to 1. We thus have

P sup Zy<rVir) — L (4.2.23)
[L=1(r/Q—rT/8),L=1(r/Q+r7/8)] rheo

Putting (4.2.22) and (4.2.23) together, we get that, with a probability converging
to 1, argmax, | Z; stays constant on [L~'(r/Q — P78, L7 (r/Q +rT/®)]

P (Vo € [L7Hr/Q —r"/®), L7 (r/Q + r"/®)], argmaxp, ;1 2, = argmaxy -1,y %1) — 1.

r—-+00

(4.2.24)

Now, note that, on {7(Z,1) < r}, we have argmax,,|Z = argmaxy,_,z1)Z1-
Then, choose 1 €]0,3/4[. According to (4.2.10), 7(Z,1) < r" < r with a probability
converging to 1 and, applying (4.2.5) we get

L r/Q — 7’7/8) <L Y —=r/Q—(r— 7“77)3/4) <r—r<r<L'(r/Q+ 7“7/8),
with a probability converging to 1. Combining with (4.2.24) we get

P (argmax[oyr]Z = argmaX[QL,l(T/Q)}Zl) — 1. (4.2.25)

r—-+o00

Let us denote L := L(argmaxy ;-1(,/0yZ1). Considering the Poisson point pro-
cess of excursions of Z; associated with the local time L, L is the instant when
occurs the highest excursion before the instant r/@Q. It is a well-known property of
Poisson point processes that it follows a uniform distribution on [0,7/Q)] :

QL/r£u. (4.2.26)
For the process Z, this excursion begins at L~'(L—) and ends at L~'(L) so
L™ (L—-) < argmaxy ;14,021 < L7(L). (4.2.27)

Then, note that arbitrary high excursions of Z arise if we wait long enough. As
a consequence, L~(L—) converges almost surely to +oco when r goes to infinity. We
can thus apply Lemma 4.2.2 and get that almost surely, for r large enough :

QL —L¥* < L™ YL-) < argmaxi r-1(,/g) 41 < L™YL) < QL+ L**.

Combining with (4.2.26), we deduce that

L
aI'gl’IlaX[07L71(r/Q)]Zl/T t—mo Z/l,

and putting it together with (4.2.25), we get (4.2.21) and (4.2.20) follows. We now
have to prove the result for the favorite site until a deterministic time, instead of the
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hitting time H(r). For this, let us choose « as in Lemma 4.2.1 and v €]0, (1 — «)/k[.
We prove that, with high probability, the favorite site remains constant between
H(r/m —r®) and H(r/m + r®), that is,

P(Vx e [H(r/m —r%),H(r/m+rY)], F*(z) = F*(H(r/m)) — 1. (4.2.28)

r—+00
First, note that, as a consequence of (4.2.20),
P(F*(H(r/m—1%)) <r/m—2r®) il 1, (4.2.29)
and, as a consequence of (4.2.17), we have
P (L5 (H(r/m — 1)) > r'/577) i (4.2.30)

Then, since H(r/m — r®) is a stopping time for the diffusion X we have

r/m—r®),+o00] 0,4o00[ r—+oo

P ([H( inf X >r/m— 27“0‘) =P ([ inf X > —ro‘) — 1, (4.2.31)

and using similarly the Markov property together with (4.2.17), we get

P( sup Lx(H(r/m+r1r%),.) Sr”“‘”)

[r/m—2r%r/m+re]

=P | sup Lx(H(3r%),.) <r/* 7| — 1. (4.2.32)
[0,3r] T+oo

The four estimates (4.2.29), (4.2.30), (4.2.31) and (4.2.32) tell us that with high
probability when r is large, at time H(r/m — r®), the supremum of the local time
has been reached before r/m — 2r® and is larger than r'/*~7, moreover, the diffusion
will never reach back | — oo, r/m — 2r®|, and at time H(r/m + r®), the supremum
of the local time on [r/m — 2r®, 4-o0[ is less than 7'/%~7. As a consequence, with a
probability converging to 1, the favorite site does not move between H (r/m — r®)
and H(r/m + r®), this proves (4.2.28). Then, (4.2.28) together with (4.2.6) give

P(E"(r) = F*(H(r/m))) ——= 1,

r—+400

and this together with (4.2.20) prove the sought convergence in distribution for the
favorite site.

]
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

4.3 Path decomposition of a spectrally negative Lévy
process

4.3.1 h-extrema, h-valleys and some processes conditioned to
stay positive

Let us recall the notion of h-extrema which was first introduced by Neveu et
al. [53], and studied in the case of drifted Brownian motion by Faggionato [37]. For
h > 0, we say that x € R is an h-minimum for V if there exist u < x < v such
that V(y) AV(y—) > V(z) AV (x—) for all y € [u,v], V(u) > (V(z) AV(z=))+h
and V(v—) > (V(x) AV (z—)) + h. Moreover, = is an h-maximum for V' if z is an
h-minimum for —V, and z is an h-extremum for V if it is an A-maximum or an
h-minimum for V.

Since V' is not a compound Poisson process, it is known (see Proposition V1.4, in
[8]) that it takes pairwise distinct values in its local extrema. Combining this with
the fact that V' has almost surely cad-lag paths and drifts to —oo without being the
opposite of a subordinator, we can check that the set of h-extrema is discrete, forms
a sequence indexed by Z, unbounded from below and above, and that the h-minima
and h-maxima alternate.

We denote respectively by (m;, i € Z) and (M;, i € Z) the increasing sequences
of h-minima and of h-maxima of V', such that my < 0 < m; and m; < M; < m;1,
for every ¢ € Z.

As in [37|, we define the classical h-valleys as the fragments of the trajectory
of V between two h-maxima, translated at the h-minima between them : the 7
classical h-valley is the process

(V(i)(x), My <z < M;) where VO .=V(z) - V(m), VzeR.

In order to state the law of these valleys, we need to recall somme definitions
about V' and V' conditioned to stay positive but first, let us recall a useful fact.

Fact 4.3.1. Let Y be a spectrally negative Lévy process which is not the opposite
of a subordinator, then it is reqular for |0,+oo[ and the reqularity for | — oo, 0| is
equivalent with Y being of unbounded variations.

Démonstration. The regularity for |0, +oo[ and the condition for the regularity for
| — 00, 0[ are stated respectively in Theorem VII.1 and in Corollary VIL5 of [§].
0

V being spectrally negative, the Markov family (V.,z > 0) may be defined as
in [8], Section VII.3. For any x > 0, the process V,| must be seen as V conditioned
to stay positive and starting from z. We denote VT for the process VOT. It is known
that V.| converges in the Skorokhod space to V! when x goes to 0. Also, as well as
V', VT has no positive jumps and reaches every positive level continuously.
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According to Fact 4.3.1, V is regular for |0, +ool, so V' is for ] — oo, 0[. Moreover,
V drifts to +00. We can thus define the Markov family (V,|, > 0) as in Doney [31],
Chapter 8. It can be seen from there that the processes such defined are Markov and
have infinite life-time. If moreover V has unbounded variations then V' is regular for
10, +o0], and from Theorem 24 of [31], we have that V', that we shall denote by V7,
is well defined.

Here again, for any x > 0, the process \A/:f must be seen as V conditioned to stay
positive and starting from x. Note that, since V' converges almost surely to infinity,
for x > 0, V,I is only V, conditioned in the usual sense to remain positive.

4.3.2 Law of the valleys

We now prove some facts about the law of the consecutive valleys near their
bottom. In order to delimit the bottom of the valleys we define

7, (h) := sup{z < my, v® (x) > h}, 7i(h) = inf{z > m,, V(i)(x) = h}.

7

For any ¢ € N*, let Pl(i) be the truncated process (VW (m;—x), 0 < x < m;—7, (h)),

)

and P, the truncated process (V@ (m; + x), 0 < z < 7;(h) — m;). We have,

Proposition 4.3.2. (valleys decomposition)

Assume V' has unbounded variations. All the processes of the family (Pj(i), 1>1, 7€
{1,2}), are independent and :

— For all © > 2, the law of Pl(i) 1s absolutely continus with respect to the law of
the process (wa))ogng(f/ﬂh-i-) and has density cy /(1 — e~V CVTR)) ith
respect to this law, where ¢, is a constant depending on h.

— Foralli>1, PQ(z) is equal in law to (V1(2))oca<rvtny (this statement is true
even if V' has bounded variations).

Moreover, the density ¢ /(1 — e‘“VT(T(m’hJF))) is bounded by 2 for h deterministically
large enough and it converges to 1 when h goes to infinity.

Remark 4.3.3. Pl(l) may be a part of the so-called central slope, so its law is dif-
ferent.

Démonstration. We assume V' has unbounded variations, recall from Fact 4.3.1 that
this implies a regularity condition. In Lemma 4 of Cheliotis [21], the assertion that
lim, ,, X = —oo,mt_ﬂrooXt = +oo can be dropped. Indeed, because of the regu-
larity condition, the stopping times 7, and 7T are almost surely finite. This lemma
is therefore true in our context. As a consequence, the proof of Lemma 1 of [21] also
applies in our context. We thus get the fact that the slopes are independent and
that (except the central slope), all descending (respectively ascending) slopes have
the same law.
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

For the law of the ascending slopes (not covering the origin) until their hitting
time of h, we use the classical argument that can be found, for example, in the proof
of Theorem 2 in [37] : the law of P is the law, before its hitting time of h, of the
first excursion higher than h of V' — V., and using Proposition VII.15 of [8] (which
does not require V' to have unbounded variations), we prove that the latter is the
law of (VT(2))o<z<r(vtn), that is, VT killed when hitting h.

Then, by the time-reverse property the descending slopes (not covering the origin)
have the same law as the ascending slopes of 1% so, here again, we get that the law
of P is the law, before its hitting time of [h, —|—oo[ of the first excursion higher
than hof V —V. Unfortunately, since V is not spectrally negative, we can no longer
apply the previous argument to determine the law of the excursion. However, since
] — 00, 0[ and ]0, +oc[ are regular for V (because they are for V) and V does not
drift to —oo, we can apply Proposition 4.7 of Duquesne [33] but we first need to
introduce some notations.

Let (L', 1) denote the ladder process of V', of which the definition has been
adapted to our setting : L' is the inverse of a local time at 0, denoted by L of V— V
and for any positive ¢, It )= —V(L~1(t)). We denote by N the excursion measure
of V —V associated with L, and for £ an excursion, let ((£) := inf{s > 0, &(s) = 0}
denote its life-time.

We denote by 7 the potential measure of I, and, since V is spectrally positive,
it can be seen from [8], Section VIL1, that Z([0,z]) = (1 — e "*)/k for any x > 0.
Proposition 4.7 of [33] tells us that for any measurable function G defined on the
space of cad-lag functions from [0, 400] to R with possibly finite life-time, we have

that E[G((VT(S))OSSST(VT,H))] equals
N (G ((€()osssriens)) ZU0,E(T(E A+NDIT(E ht) < C(€)) X N (&,7(6, ht) < C(€))
(1 — e rErEht))
N (

Ch

G (€ osserienn) |7(6 1) < <<5>)

where we have set ¢, := k/N (&, 7(, h+) < ¢(€)). So, for any measurable function
F', we get that

~

N (F ((605)omserienn) 7(6 h+) < C(€))

— Ch ~ 4 A
=K |:1 — e—RVT(T(VT,h+))F ((V (3))0S3§7—(VT7]—L+)>:| .

That is, the law of the first excursion higher than h, and killed when reaching
[h, +00[, of the process V—Vis absolutely continus with respect to the law of the

process (V7(s $))o<s<r(itny) and has density cy/(1 — e=" VT (VLAY with respect to
this law. o

For the last assertion of the proposition, note that ¢, = kIN(E T(E, h+) < ¢())
increases, when h goes to infinity, to co := x/N(£,((§) = ¢(£)), where N'(,{(§) =
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

+00) is the measure of infinite excursions above 0 for V — V, which is strictly
positive, because V' almost surely converges to infinity. Also, we have almost surely
that V1(r(V'1, h+)) > h. Hence, for h deterministically large enough we have

Ch/( 7,'{VT (VT,h+))) < 204
Then,
7}{VT (\A/T,h+)) —
<Ch/( ) hjoo COO) 17
so by the dominated convergence theorem we get c,, = 1 and the last assertion of
the proposition follows. O

4.3.3 Standard valleys

Since V' drifts to —oo, the descending phases of V' between two h-minima are
quite important and have to be taken in consideration for the study of the diffusion
in V. Therefore, as in [4], we here define a new sequence (1m;);>; of h-minima that
are separated by descending phases of V' and we then show that for a large number
of indices, this sequence coincides with the sequence (m;);>1 with an overwhelming
probability. Our definition of the standard valleys are similar to the one given in [4]
but we have to improve it to get a definition more adapted to our context. We first
introduce some notations.

0 > 0 is defined once and for all in the paper and can be chosen as small as
we want. In this subsection £ is a fixed positive number such that e(1=0)rh > b We
define 7y(h) = Lo := 0 and recursively for ¢ > 1,

=3

Lt .= inf{zx > Li 1, V(z) < V(fzi_ﬁ — 6(1_5)%}:
7i(h) = inf{z> L V(x) — mf[Lu gV = h},

i = inf{x > L} V(z)=inf (£ ()] V}
i = inf{x > 7;(h), V(z) < h/2},
“(a) = sup{z <my, V(z)—V(m;) >a}, Ya € |0,h],
o) = inf{z>m;, V(z) = V(m;) = a}, Ya €[0,h].

!
Ahl St L

7

Z
A

%

Note that all these random variables depend on h, even if this does not appear in
the notations. We also introduce the equivalent of V® for the 7,1 € N* as follows :

VO(z):=V(z) = V(m), YreR.

We call i'" standard valley the re-centered truncated potential (V(i) (), Lig <z <
L;).

Remark 4.3.4. The random times Lﬁ 7:(h), and L; are stopping times. As a conse-
quence, the sequence (V( (2 + 1my), L2 1=y <x < L —my)is1 is iid.
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Our definitions take in consideration the absence of positive jumps for V, in
particular 7;(h) < 400 and V(7;(h)—) = V(7i(h)) = V(1n;) + h. We can see that the
m;, © € N*, are h-minima. The next lemma, which is the analogue of Lemma 2.3 in
Andreoletti, Devulder [3], shows that, with hight probability, the sequence (71;);>1
coincides with the sequence (m;);>; for indices ¢ < n when n does not grow too fast
with h.

Lemma 4.3.5. For alln > 1 and h large enough,
P (Vn,h = 61 {m; = mz}> > 1 — pe 9Fh/3,

Démonstration. As we said before, {m;, i € N*} C {m;,i € N*}. Hence on the
complementary Vin of V,,.n, considering the smallest 1 < ¢ < n such that m; # m;,
we have Mmi_1 = Mi_1 < m; < m;.

For this 7, we can not have m; € [Ef, m;[. Indeed, in this case, m; — f/f would

- 7
be the starting point of an excursion higher than % for Vi~ VE | but from the
definitions, m; — LE is the starting point of the first excursion higher than h for

zy it . . - - =
Vi — KLZ‘, which contradicts m; < m;. Hence, m; €]m;_q, LE[

m;_1 is an h-minimum and there cannot be any h-maximum belonging to
[Mi—1,Ti—1(h)[ so, as the h minima and the h maxima alternate, necessarily we have
m; > %i—l(h)a SO M, 6]7~'i_1(h), Lzﬁ[

Since m; is an h-minimum, there is v; > m; such that V(m;) = infy,, .,V and
V(v;) = V(m;) + h. Since by definition of L* we have V(L) = inf. )V, we

Ti

cannot have L €]m;,v;] so we must have
Fioe(h) <m; < v < L.
For similar reasons we can neither have L, , €lm;, v;] so
Tic1(h) <m; <wv; < Ly or Ly <m;<uv< f/f
We have proved that
- (ﬁl {m; = mz}>c c igl (B VE?),
where
Vi) yre® ) < (V™ ] - oo, /7)) |
v - vEhe p) <7 (VEe ] = oo, —e0-0) |

/N 77N
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Since 7;_1(h) and L;_, are stopping times, we get for h large enough :
1P (A {mi=1iu}) <20P (7 (V =V, h) < 7 (V,] - 00, —e(=9))

and the result follows for A large enough according to Lemma 4.5.5, applied with
a=h,b=el=%h and n = §/2.
O

We now make use of the preceding lemma to precise the law of the bottoms of
the standard valleys. First, for any i € N*, let us define
PP = (VO (i, — x), 0 < a <1y —7 (h)),
By = (VO + @), 0.< @ < 7i(h) — i),
B = (VAR (h) 4+ 2), 0 <z < L — 7(h)).

Note that for any index ¢, m; = m; implies P(i) = 151(1') and P(i) = IB(i).

Prop051t10n 4.3.6. Assume V' has unbounded variations. All the processes of the
family (P D i>1, j€ {1,2,3}), are independent and for all i > 1,

dyr (P, PP) < 207, PO £ (VM2 Joaerivr .
L

B E (h+ V(%)) ocwsr(v)—oo—h/2)-

The statements about the laws of 152(1) and ]5351) do not require the hypothesis of un-
bounded variations. The statements about the laws of P(l) is true for h large enough.

Démonstration. For the mdependence We use Remark 4.3.4, so it only remains to
prove that for any ¢ > 1, Pl( , P( and P are independent. P is, after a stopping
time, the first excursion of V' —V greater than h, considered up to its hitting time of
h. 1t is therefore independent from the previous slopes and, using again Proposition
VII.15 of [8] (which does not require V' to have unbounded variations), we see that
it has the same law as (VT(x))OSxST(VT,h)' Also, the Markov property applied at time

7;(h) gives the asserted law of 15@ and its independence from (Pfi), ﬁ(i))
For the assertion on P1( , note that for h large enough, IP( 7é P ) < 2e70N/3

according to Lemma 4.3.5 (applied with n := 2) and that for any i > 1, Pl(i) is equal

in law to }51(2) according to Remark 4.3.4. The assertion follows.

]

We now consider the first ascend of h from the minimum, after 7;(h),

751 (h) := inf {u > 7;(h), V(u) — - 1(%)f ]V h}

my,, = inf {U > 7y(h), V(u) = inf (h)] V} ‘

[Ti (h) )Ti*_i'_l

We prove that these coincide with 7;,1(h) and m;,; with a good probability.
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Lemma 4.3.7. There is a positive constant ¢ such that for h large enough,

Vi > 1, P(7(h) = 7i(h), M} =m;) > 1—e "
Démonstration. Note that m; = m,; whenever 7;(h) = 7;(h). We thus only prove
the latter. Fix ¢ > 2 and recall the definitions of T*(h) and 7;(h). We have V(L) =
inf. g 2) V so, if L} < 7*(h), we must have 7*(h) = 7;(h). Therefore,

) £ 7my < {70 < L = {7 0) < Lo fu{Lo < 70) < L}

Then, from the Markov property at time 7;_1(h) and the definitions of L, ; and
75 (h) we get

)

P (7 (1) < Lin) = P(r(V = L.h) < 7(L] = 00, ~h/2])) < 2672 (432

where the last inequality comes from Lemma 4.5.5 applied with a = h,b =h / 2 and
n=1/4. Then, V(L;_,) = inf. .z, gV so,if 77 (h) > Li_y we have 77(h)— L;_, =

Tz—l

T(VLl_l —NKLl 1. h). Combining this with the definition of Lg and the Markov property
at time L;_; we get

P(Liy<#(h) <L) <P(r(V =V, h) <7 (V,] = o0, —e-0])) < ¢=003,
(4.3.3)
where the last inequality is true for h large enough, according to Lemma 4.5.5 applied
with a = h, b = =% and n = §/2.

Putting together (4.3.1), (4.3.2) and (4.3.3) we get the result when 7 > 2. Ifi = 1,
(4.3.1) and (4.3.3) are true but recall that 7o(h) = Lo = 0, so {75(h) < Lo} = 0.
The result is therefore also true for i = 1.

[

4.3.4 Exponential functionals of the bottom of a standard
valley

Let J(h) be the exponential functional of the bottom of the first standard valley :

i (h/2)
J(h) ::/ e VW gy,
1 (h/2)

We now make use of Propositions 4.3.2 and 4.3.6 and of the existence, proved in
[72], of some finite exponential moments for I(V?") and I(V?) to prove a very tight
convergence of J(h) to R. This result is crucial in Section 4.4 where we make R
appear in the limit distribution of the supremum of the local time.
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Proposition 4.3.8. Assume V' has unbounded variations. The family of random
variables (J(h))nso converges in distribution to R and there exists a positive Ny such
that

VA< X, E[MM] — E[7], (4.3.4)

h—+o0

and the above quantities are all finite. As a consequence, the moments of any positive
order of J(h) converge to those of R when h goes to infinity.

Démonstration. We consider a probability space on which are defined two inde-
pendent processes Z; and Z, with Z; £V and Zo £ VT, and we define

~ 7(Z1,h/2+) 7(Z2,h/2)
I(h) = / e~ @ dy 4 / e 2@ dy, Vh >0
0 0

+oo +oo
R :—/ eZl("”)dx—i-/ e 2@y,
0 0

We have trivially the equality in law R £ R and the almost sure increase of the
family (I(h))n>0 to R. Then, from the definitions of Pl(l) and P2(1),

TPV hj24) (P /2
J(h):/ e D (”)du—i—/ e 2 Wy,
0 0

According to Proposition 4.3.6, the two terms are independent and the second is
equal in law to the second term of I(h). It is easy to see that, having four random
variables A, B, C4 and Cp where A and C, (respectively B and Cp) are defined
on the same probability space and independent, and such that C'4 and C'g have the
same law, then we have this inequality for the total variation distance :

dyr(Ca+ A, Cp+ B) <dyr(A, B).

In our case, we thus have

3 (P h/2+) ) 7(Z1,h/24)
dyr (J(h),f(h)) < dyr / e PV @y, / e 2@ gy | . (4.3.5)
0 0

Then, we see that if A and B are random variables (valued on a metric space E),
and f is a mesurable mapping from E to R, we have

dVT (f(A>7f<B)> S dVT (A7 B) :

In our case, this yields

7'(]51(1>,h/2+) (1) T(Zl,h/2+) ~ (1
dyr / e h (“)du,/ e 1@ dy | < dyr (Pl( g (Z1(2))ocozr(z, h+)> :
0 0 S

(4.3.6)
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From the triangular inequality and Proposition 4.3.6, we have for h large enough,
5(1 5(1 2 2
dvr (Pl( , (Zl(x))ogxgr(zl,m)) < dvr <P1( P )> +dvr (Pl( L (2 (x))OSxST(Zhh*))

< 2e~ kI3 4 dyr <P1(2)> (Z1 ($))0§x§T(Z1,h+)> :
(4.3.7)

Now, using Proposition 4.3.2, P1(2) is absolutely continus with respect to the

law of the process (VT(S))ogng(VT,th) and has density ¢, /(1 — e~ "V (VhH)) with
respect to this law. It is known that, if a random variable B has a density dg with
respect to a random variable A (both valued in a metric space), then, their total
variation distance is expressed as follow :

dyr (A, B) /\1—dB|d[,A

That is, in our case,

2 1 Ch
dVT <P1( )7 (Zl(x))ogng(Z17h+)> = §E Hl — 1_ eff{‘A/T(T(‘A/T,h+)) H . (438)

Now combining (4.3.5), (4.3.6), (4.3.7) and (4.3.8) we get for large h,

- 1 c
—6kh/3 | * o h
dyr <J(h),f(h)> < 2e + 2E Hl [ ot 0T H )

and because of the last assertion in Proposition 4.3.2 and dominated convergence,
the right-hand-side converges to 0 when h goes to infinity. From this and the conver-
gence of (I(h))pso to R we deduce that (J(h))sso converges in distribution to R
(and therefore to R). In order to prove (4.3.4), it only remain to prove a uniform
integrability condition. In particular, (4.3.4) will follow if we prove the existence of
a positive \y and a positive finite constant C' such that

Vh>0, E [ekoj(hﬂ <c. (4.3.9)

Thanks to Theorems 1.1 and 1.13 of [72], the positive random variables I(VT) and
I(VT) admit some finit exponential moments. We can therefore choose a positive Ag
such that

E[M07] < 400 and E [e2/07)] < 400, (4.3.10)

For any such choice of A\g and h > 0,

(P h/2+) o
exp )\0/ e Wy
0

TPV hj2)
exp ()\0 / e’Pél)(“)du
0

E [v®] —E

x E (4.3.11)
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Then, according to Proposition 4.3.6,

(P hj2) T(VT,h/2)
exp ()\0/ e_Pél)(“)du exp /\0/ eV gy
0 0

From Remark 4.3.4 and the fact that (1;);>1 is a subsequence of (m;);>1 we have,

E =K

(4.3.12)

(P h/2+) o
E |exp )\0/ e Wy
0

(PP hj24)
=E |exp )\0/ e’Pl(z)(“)du
0

(P h/24)
=E |exp )\0/0 e P Way ]lpl(z)zplm

. P2
exp /\0/0 e Wy ]1151(2):}31(1')
(PP h/2+)
exp ()\0/ e_Pl(Q)(“)du
0

T(Pfi)7h/2+) o s )
+Z E |exp 2)\0/ e P’ (Wdy \/P <P1( ) _ P1(1)>‘
0

i>2
Now, according to Proposition 4.3.2, the two expectations are (for large h) less
than respectively 2E[e*!(V")] and 2E[e2*/(VD]. Using the arguments of the proof of
Lemma 4.3.5 we can prove that for A large enough IP’(PI(Q) = PI(Z)) < e ORE=2/3,
This proves that

(P /)
exp (/\0 / e_le(")du
0

for h large enough. Now, combining (4.3.11), (4.3.12), (4.3.13) and (4.3.10), we get
(4.3.9) so (4.3.4) is proved as well.

+> K

i>2

<E

E < 3,/E [eQAOI(VT)} , (4.3.13)

]

4.3.5 Asymptotic of the h-minima sequence

In this subsection, we are interested in the asymptotic distance between the h-
minima when h goes to infinity. This leads to estimates that are useful to study the
local time of the diffusion in V' outside the bottoms of the valleys, and Theorem
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

4.1.4 is also proved in the end of the subsection. First, we define the first ascend of
h for V-V

7"(h) :=1inf{u >0, (V =V)(u) =h}, m*(h) :=inf {u >0, V(u) =V (r*(h))}.
Note that, since 75(h) = 0, 7"(h) and m*(h) coincide with respectively 7;(h) and
mj, defined in Subsection 4.3.3. We study m*(h) by the mean of excursions theory.
Let F denote the space of excursions, that is, cad-lag functions from [0, +oo[ to
R, starting at zero and killed at the first positive instant when they reach 0. Note
that this instant can possibly be infinite. For ¢ € F, recall the notation ((§) :=
inf{s > 0, &(s) = 0} for the length of the excursion {. Also, let Fj, _ and Fy
denote respectively the set of excursions which height is strictly less than h and the
set of excursions higher than A :

Fh—=RE6€F,sup&<hp, Fpy:=KE€F, sup{>h,.
[0,¢] [0,¢]

With the help of Fact 4.3.1, we see that {0} is instantaneous for V' —V (and it is
regular if and only if V' has unbounded variations), excursion theory above 0 can thus
be applied for V' —V (see [8]). Let L be a local time at 0 of V — V., N its associated
excursion measure and L' its right continus inverse. Then, the excursions above
0 of V — V form a Poisson point process on F with intensity measure N. In the
irregular case (when V' has bounded variations) the local time L has to be defined
artificially as in [8], Section IV.5. In this case, the excursion measure is proportional
to the law of the first excursion and in particular the total mass of the excursion
measure is finite.

Let us define S~ and S™* to be two independent pure jumps subordinators with
Lévy measure respectively (N (Fp,— N.) and (N (Fp 4 N ), the image measures of
respectively N (Fp,—N.) and N (F, +N.) by ¢. Since (N (Fp —N.)+CN (Fr+N.) = (N,
the Lévy-Khintchine representation yields that S := S™~ + S"* is a pure jumps
subordinator with Lévy measure (N, it is therefore equal in law to L~!.

We also define T}, to be an exponential random variable with parameter N'(Fy, 4 ),
independent from S™~ and S™*. We can now express m*(h) in term of these objects.

Lemma 4.3.9.
m*(h) £ S ~(T}), and 7*(h) —m*(h) £ (V' h).

Démonstration. Considering (e;);>0, the excursion process of V' — V| we have that
L(7*(h)) is the instant when occurs the first jumps belonging to Fj, ., and this jump
corresponds to the excursions having m*(h) as starting point. We can thus write

m'(h) = Y (ledeer, ) (4.3.14)

0<t<L(r*(h))
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

Also, L(7*(h)) follows an exponential distribution with parameter N (F}, ) and is in-
dependent from the process (e;1.,cr, _)i>0. By properties of Poisson point processes,
the process in the right hand side of (4.3.14), >, ((eile,ex, ), is the sum of the
jumps of a Poisson point process on R, with intensity measure (N (Fy,_N.). Thus,
from the Lévy-Khintchine representation, it has the same law as the subordinator
Sh= which yields the result for m*(h).

Then, (V(z) —V(m*(h)), 0 <z < 7%(h)—m*(h)) is, considered up to its hitting
time of h, the first excursion higher than h of V' — V. As we sais in the proof of
Propositions 4.3.2 and 4.3.6, the latter is equal in law to (V'(x))o<s<rvt ). The
result about 7*(h) — m*(h) follows.

O

We are now left to study S and N (Fj, ), the parameter of Tj. For S, we have
the following lemma :

Lemma 4.3.10. The random variable L'(1) (or equivalently S(1)) admits some
finite exponential moments.

Démonstration. We fix an arbitrary ¢t > 1. N (£ € F, ((§) > t) is equal to
NEeF, &>t (&, 1) <) +N(EeF, (&>t 1(&1)>1). (4.3.15)

The first term is less than

N(EeF, 7(&1) < +oo, inf{s >0, {(7(§,1)+s) =0} >t—1)
=N (e F, 7(,1) < +o0) x P(7(V1,] —00,0]) >t —1)
<N (EeF, 7(6,1) < +o0) x P(V(t—1) > —1)
<N (EeF, 1(&1) < 4+00) x *E [V V]

where we used the Markov property in the excursions, chose some A €]0, [ and used
Markov’s inequality. We thus get that N'(£ € F, C(E) >t, 7(£,1) < 1) is less than

N(EeF, 1(6,1) < +00) x & x =¥, (4.3.16)

and Wy (A) < 0 since A €0, k[. Then, the second term of (4.3.15) is less than

[ B = o000 > £ 1) X N (G0 = 1, €0) € ).
where we used the Markov property at time 1 in the excursions,
< [P0G-1> N> 1 e
g/OIIP’(V(t 1) s —1) x N(C(O) > 1, £(1) € d=)

<N (((€) > 1) x K [NV
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4.3. PATH DECOMPOSITION OF A SPECTRALLY NEGATIVE LEVY PROCESS

for the same A €]0, k[ and again we used Markov’s inequality. We thus get that
N(EeF, (&) >t 7(£1) > 1) is less than

N(EEF, C(&)>1) xe xet-DIviy, (4.3.17)

Now putting (4.3.16) and (4.3.17) in (4.3.15), we get the existence of positive
constants cq, co such that

Vi1, N(EeF, (&) >t) <cre®

which proves that for some ¢ > 0,
+oo
/ e“@ON (dz) < +o0.
1

Using Theorem 25.3 in Sato [59], we deduce that L~'(1) admits some finite expo-
nential moments.
[l
The next lemma deals with the asymptotic behavior of N (Fj, ).

Lemma 4.3.11.
N(Fni) = e "N (Fi 1) x (e — E [erV1TViImc ]y 4 O(e=28h),

Démonstration. We fix h > 1. From the strong Markov property applied at the
hitting time of 1 in the excursions belonging to JF; ; we get

N(Fai)[N(Fi) =B(r (Vih) <7 (4] —00,0) = o (43.18)
Then,

e =P sup Vi >h
[0,+00[

—pn+P <T(V1,] —00,0]) <7(V1,h), [sgp[%(T(Vh] —00,0]) +.) > h>

= pp + B [e7 " OOV on<ram]

where we used the strong Markov property at the stopping time 7(V},] — 00, 0]). We
get

pp=e " (" —E [e”vl(T(Vl’]_oo’Omﬂr(Vh]—oo,OD“(Vlvh)])

_ e—Hh (en - E [envl(T(Vl,]—oo,O}))] +E |:6RV1(T(V17]_OO’0D)]lT(V17]—OO,0])>’T(V17h):|) )

According to (4.3.18), it only remains to bound the last term. Since eV1(7(Vi.]=00.01))

is almost surely less than 1 we have
E [T 4 oo ] S P(T(Vi, h) <= +o0) = eV,

and the result follows.
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We can now get the asymptotic behavior of m*(h).

Proposition 4.3.12.

—kh * L
e "™ m*(h) W E(q),

where E(q) is the exponential distribution of parameter
+o00
0= N(Fie) x (" = Bl 000/ [ (0 (da),
0

The parameter ¢ here is the one appearing in Theorem 4.1.4. If V' = W, the
k-drifted brownian motion, the calculations can be made more explicit. Using (2.7)
of [37], we can prove that the parameter ¢ in the above proposition (which is the
same ¢ as in Theorem 4.1.4) equals £?/2.

Démonstration. of Proposition 4.3.12
Thanks to Lemma 4.3.9, we are reduced to study S™~(T}). We have

h,— h,+
S"(Th) _ S(Th)  S"H(Th) (4.3.19)
Th Th Th

According to Lemma 4.3.11, P(T}, > M) converges to 1 when h goes to infinity,
for any M > 0. According to Lemma 4.3.10, S(1) has finite expectation so we can
use the law of large number for Lévy processes (see for example Theorem 36.5 in
[59]) and deduce that S(t)/t converges almost surely (and therefore in distribution)
to E[S(1)]. We deduce that

S(Ty)/ T hi> E[S(1)]. (4.3.20)

—+00

We now deal with the second term of the right hand side of (4.3.19). From the
independence between S"* and 7T}, we have

E [S"*(T0)/Th] = /Om E [$"* (u)/u] L1, (du) = E [$"*(1)] .

Then, (N(Fpn 1 N.), the Lévy measure of S™T, converges to 0 when h goes to
infinity. Since S™ is pure jump, we deduce that S™* (1) converges to 0 in probability
when h goes to infinity. Then, S"*(1) < S(1) and S(1) has finite expectation, so we
deduce by dominated converges that E[S™*(1)] converges to 0, we thus get

ShH(TY) /T, hi> 0. (4.3.21)

—+00

Combining (4.3.19), (4.3.20) and (4.3.21) we get

Sh(Ty) /T, hi> E[S(1)]. (4.3.22)

—+00

164



4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < k < 1

Recall also that E[S(1)] = E[L"'(1)] = [, 2 (N(dz). Then,
e ST (Th) = (€7 N (Fit)) x (N (Fie) x Tn) x (8™ (Th) /),

so combining Lemma 4.3.11, the definition of T}, (4.3.22) and Slutsky Lemma,
we get that e *"S™~(T},) converges to an exponentlal distribution with parameter
q:=N(Fi,) x (ef — E[erV1(r(Vi]=00.0) /f+°o N (dz). Thanks to Lemma 4.3.9
we get the result.

m
We can now prove Theorem 4.1.4.

Démonstration. of Theorem 4.1.4

As we said in the proof of Proposition 4.3.2, Lemma 1 of [21] applies here, so
the random variables (m;.; — m;);>1 are iid, and m, is also independent from this
sequence. To prove Theorem 4.1.4, we thus only need to prove that the random
variables e *"m; and e*”h(mg — my) converge in distribution to an exponential
distribution with parameter ¢q. Then, note that according to Lemma 4.3.5 applied
with n := 2, we only need to prove this convergence for e *"1m; and e~ (17
Now, according to subsection 4.3.3,

mo — ml).

my — i = (71(h) — i) + (L — 71(h)) + (L — L) + (s — L),

and according to Proposition 4.3.6 for the first term and the Markov property at
times 7 (h), Ly and Eg for the other terms, we get that the terms on the right
hand side have respectively the same law as 7(VT k), 7(V,] — oo, —h/2]), 7(V,] —
o0, —e1=9%h)) “and m*(h). Now, using Lemma 4.5.6 for the first term, and Lemma
4.5.4 for the second and third terms, we get that these terms, renormalized by
e *h converge to 0 when h goes to infinity. Proposition 4.3.12 gives the convergence

for the last term renormalized by e~**. Combining with Slutsky Lemma we get that

e~ " (1my—nm, ) converge in distribution to an exponential distribution with parameter
q.
For 7hy it is even simpler, we have 1y = L} 4 (; — L), so we can conclude the
same way.
O

4.4 Supremum of the local time when 0 < Kk < 1

We now generalize, in the context of the diffusion in V', the arguments of [4] to
prove the convergence of the supremum of the local time when 0 < x < 1. First,
let us recall some definitions of 3] and [4] for the study of the diffusion across the
valleys.
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < x < 1

The diffusions moves across valleys, and for these to be neither too small or too
large with respect to the time scale, we have to make the size of the valleys grow
with time t. We are thus interested in h;-valleys where

he :=log(t) — ¢(t), for some function ¢ with log(log(?)) << ¢(t) << log(?).

We also define IVy, the indice of the largest h;-minima visited by X until time ¢,

N, = max{k: €N, sup X(s)> mk} :
0<s<t
We need our estimates on the valleys to be true simultaneously for a large de-

terministic number of valleys that we will prove to be greater than N; with good
probability. This is why we define n, := |e*(1+9¢®) |,

In all this section, we assume that ¢ is small enough so that (1 + 3§)x < 1, and
that the hypothesis of Theorem 4.1.3 are satisfied : V' has unbounded variations and
there exists p > 1 such that V(1) € LP, so all the results of Sections 4.3 and 4.5
apply here.

4.4.1 Proof of Theorem 4.1.3

As in [4], the idea is to approximate L% (t)/t by a functional of a sequence
(€St e;SIRY);>1 that is defined later. Our approximation is similar to Proposition
5.1 of [4] and can be stated as follows :

Proposition 4.4.1. Let us define the repartition functions

Nt(l—r]) t
+ o t pt t—m) " Ne(1-n) + iy
Pi(a) =P |1- n E e;5; R; . i 7 < aj g dpax = <a
i=1 Ne=m P Nya—ny " Nea—n) SUEN(1-n)

where aif == a(1 £ (loglogt)~/?). Let also v be a positive function such that
lim, 0 limy—, 1o v(n,t) = 0. For all t large enough we then have

Pr(a) —v(n,t) <P (sup Lx(t,z)/t < a) < Pf(a) +v(n,t).

zeR
The next step is to identify the objects in P (a) as continus functionals of
something that converges to (),)s) (defined in the Introduction) when ¢ goes to

infinity. Let (D([0, +oo[,R?),.J;) be the space of cad-lag functions taking values in
R? equipped with the J;-Skorokhod topology. If, as in [4], we define (Y7, Y3)! by
1 [ser®(® |
Vs >0, (V1,Y2)'(s) == - Y (€] e;SiRy),
j=1

then we have
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Proposition 4.4.2. (Y1,Y3)" converges in distribution to (Y1, Ys) in
(D([()? +OO[, R2)7 ‘]1)

The objects in Pif(a) can be written in term of functionals of (Y3,Y3)" : the
functionals J; ,, K14, K7, K/, and K , (with @ = 1 —n) defined in Subsection 4.3
of [4]. Thanks to Lemma 4.5 there, we see that the -stable subordinator (V1,D2)
is almost surely a point of continuity for these functionals so, by continus mapping
theorem and Proposition 4.4.2, we get, when t goes to infinity, the convergence of

Pli(a) to

P (max {5y (1 = m)-),
D5 (1= ) = (- ?7)—)} § a)
Y =) =% =n) ) =)

(1= ' (1 —n)-))

Then, we have almost surely Y, ' (1—n) = Y, *(1) for all 7 small enough (since almost
surely V(Y5 1(1)—) < 1). As a consequence, when 7 goes to 0, the above expression
converges to the repartition function of the random variable Z; V Z, (defined in the
Introduction) at a.

As a consequence, Theorem 4.1.3 follows if we prove Propositions 4.4.1 and 4.4.2.
For Proposition 4.4.1, we first need to show that the time spent by the diffusion and
the local time are negligible outside the bottoms of the standard valleys, this is the
object of the next two facts that are taken from [3] and [4] (however, the extension
of these results to our context requires some precautions, this is why we give some
details in the end of Section 4.5).

Fact 4.4.3. There exists a positive constant C > 0 such that for t large enough,

ne 1
P <At1 = ﬂ {O < H(m jz: ( (L) )) loztht }) > 1-Ce "Dy log hy.

j=1 i=1

The lower bound converges to 1 since (1 +2)k < 1.

Before stating the next fact, which proves that the supremum of the local time
is negligible outside the "deep bottoms" of the standard valleys, we need to define
what we mean exactly by "deep bottom". We define

Note that the definition we give is different from the one in [4]. Indeed, the
presence of negative jumps for the environment in our context implies to take some
precautions and to adapt some definitions.
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Fact 4.4.4. Recall the definitions of 7%(h) and m*(h) in Subsection 4.3.5. There are
positive constants C1,Cs, C3 such that for t large enough,

C
P £ (H(r(h te(F1+30)-1)o(t) | « 21
(xe[os,;lql*)(ht)} X( (T ( t)),x) - o ntemw(t)’
(4.4.1)
nt—l C
~ T K - — 2
P (Q {sip <£X(H(mj+1)7x> - ﬁX(H(LJ)vx)) < telr(439) 1)¢(t)}> z1- erdd(t)’
j=
(4.4.2)
nt - ~ —26(t) Csny
P m sup (EX(H(Lj),l‘) - £X<H(mj)v$)> < te ) 1=
j=1 I'E[i/j—l’i’j]mp;: ‘
(4.4.3)

The next step in the proof of Proposition 4.4.1 is to show that the main contri-
butions to the local time and to the time spent by the diffusion in the bottoms of
the standard valleys can be approximated by the sequence (e;S!, €;SIRY);>1 :

Proposition 4.4.5. The random variables e;, S5, RS, j > 1 are mutually inde-
pendent and for any € €]0, max(1/8, (1 —(14+6)k)/2)[ there exists a positive constant
¢ such that fort large enough,

P (A2 = ey {(1 = M)y St < Lx(H(Ly), ) < (14 e M )esth) > 1 — et

P (Af =Ty {(1 — e M/ M)e;SIRE < H(L;) — H(ry) < (1+ e_Ehtﬁ)ejS;Rj»}) >1—e M,

This proposition is proved in the following subsection. For the end of the proof of
Proposition 4.4.1, the idea is simply to use the previous steps to translate "L% (t)/t <
a" in term of events only involving the sequence (e;S!,e;SIRE);>1. We do this in

Subsection 4.4.3, following the arguments of the proof of Proposition 5.1 of [4].

Finally, Proposition 4.4.2 is roughly speaking a Donsker Theorem for heavy tailed
random variables, its proof relies on the study of the right tail of the random variables
e1 St and €15t Rt which is done in subsection 4.4.4.

4.4.2 Proof of Proposition 4.4.5 and consequences

We now prove that (Lx(H(L;),m;), H(L;) — H(1,));>1 can be approximated
by an #id sequence. This generalizes Proposition 3.5 of [4] to our setting.

First, note that the proof of the first point of Lemma 3.6 in [4] can be repeated
here. We only replace W, by V, consider the standard valleys to be defined in our
sens, replace the random times L of [4] by L;_1, apply Lemma 4.5.21 for the first
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n; indices instead of Lemma 3.2 of [3|, and use Remark 4.3.4 instead of Lemma 2.2
of [4]. We get

T\ o A 5 (7. 7. >1_ —kbhy /6
P ((ﬁx(H(LJ>»mJ)a H(L;) H(m])>1§j§nt (EJ’ h]>1§j§m) > 1—me )
(4.4.4)

where the sequence (£;, h;);>1 is iid and (L;, h;) is equal to

AV(Lj) % (ﬁm (r(B.1),0). / v, (r(B7 1), A (w)/ A9 (Ly) ) du) ,

j—1

(4.4.5)

where A9(u) == [* ¢V @dz and B’ is a sequence of id brownian motions star-
J

ting at 0, and independent from V. Note that e; := Lx(H(L;),m;)/A(L;) =
Lpi(T(B?,1),0) follows an exponential distribution with parameter 1/2. We are
thus left to give approximations of ﬁj and Aj(flj). For this, we first prove lemmas
to bound exponential functionals of the environment.

Lemma 4.4.6. Choose € such that 0 < ¢ < max(1/8,(1 — (1 +0)x)/2). Then,
/D)
Vi>1, P / eV Wy > g7 | < e
[N/j_l
for t large enough and some positive constant ¢ depending on § and e.
Démonstration. Fix 7 > 1. We have

) ) /2
/ eV Wy = / eV @y +/ e V@, (4.4.6)
L L 7

-1 j—1 S (he)

The first term of the right hand side is less than

(%;(ht) — f}j,1> X sup eV,
(Lj—1,7; (b))

According to Lemma 4.5.17 for the first factor, and the definition of f)g together with

Lemma 4.5.16 applied with @ = 1,n = € for the second factor, there is a positive
constant ¢; (depending on ¢ and €) such that for ¢ large enough,

7o)
P (/ 5 6_V(J)(u)du > 6—eht/2 > e((l—i—é)n-ﬁ-s—l)ht) < 6_clht. (447)
L

7—1
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According to Propositions 4.3.6 and 4.3.2 we have,

Fo(he/2) o (VT [he,400]) -
P / eV Wy > e /2] < 2P / eV Wy > e /2
77 (he) T(VT,[he /2,400[)

j
+ 26—5/4ht/3

and the integral on the right hand side is less than

T <VT, [he, +oo[> X sup eV
[T(VT7[hi/27+oo[)7T(VT7[ht7+°o[)]

Then, according to Lemma 4.5.11 applied with y = h;, = /% and Lemma 4.5.9
applied with a = h;/4,b = hy/2, z = 0, there is a positive constant ¢y such that for
t large enough,

7(e/2)
P </ 5 (e e_V(J)(u)du > e—eht/2 > e(l/8—1/4)ht) < 6_62ht. (448)

S (ht)

The combination of (4.4.6), (4.4.7) and (4.4.8) yields the result.
[l

Lemma 4.4.7. Choose € such that 0 < e < 1/8. There is a positive constant ¢ such
that for t large enough,

L; o
Vi>1, P / e VI W gy > g < e M,
7 (he/2)

J

Démonstration. Fix j > 1. We have

L; o 7 (he) o Lj =0
/ j o VW) gy — / A e VW gy, +/ J e VOW gy, (4.4.9)
F T ) 7j(ht)

T (he/2) T (he/2

According to Proposition 4.3.6, the fist term on the right hand side is equal in

law to
fT(Vtht) 6—VT(u

(Ve /2) )du which is less than

(VT hy) x sup e V'
[r(V1 ke /2),m (VT he)]

According, for the first factor, to Lemma 4.5.6 applied with y = hy,r = €/® and,

for the second factor, to Lemma 4.5.7 applied with a = h;/4,b = hy/2, there is a
positive constant ¢; such that for ¢ large enough,

7j(ht) ,
P (/ o e VW ay > e~ /2 > 6(1/8_1/4)ht> < el (4.4.10)

F(he/2)
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Because of the definition of ij, the second term in the right hand side of (4.4.9)
is less than e~"/2(L; — 7;(h;)). Because of Proposition 4.3.6, L; — 7;(h;) is equal in
law to 7(V,] — 0o, —h;/2]). Applying Lemma 4.5.4 with y = h,/2 and r = e"/* we
get, for t large enough,

L »
P (/ D e TOW gy > e /2 > 6(1/4_1/2)ht> <e M, (4.4.11)
7j(ht)

The combination of (4.4.9), (4.4.10) and (4.4.11) yields the result.
[

Lemma 4.4.8. Choose € such that 0 < ¢ < 1/4. There is a positive constant c
(depending on €) such that for t large enough,

A () /A (L)

VjZL]P’( sup

S 6(125)ht/2> 2 1 _ e*Cht.
w€lF; (he/2), 75 (e /2)]

Démonstration. We have

7 ) o) g [TV
AV(Ly) 2/ e (“)du:/ eV Wdy and
0

mj

‘ ’ T(VT he/2) R
PE ) E [T

where we used Proposition 4.3.6 for the equalities in law. For A7(L;) we use (4.5.8)
applied with h = hy, n = €/2 and for A/(7;"(h/2)) we use (4.5.9) applied with
h = hy/2, n = €. We get the existence of a positive constant ¢; such that for ¢ large
enough,

P <0 < N(F (hy/2)) /AT (L;) < e—<1—2€>ht/2) > 1 e, (4.4.12)

Then, A7(7; (h/2)) = ﬁz(htm ¢V’ @y and according to Propositions 4.3.6 and
4.3.2 we have,

' (VT he/24) . R
P (A](%Ji(ht/2)> < _eht(1+e)/2) < P / €V (u)du > eht(1+e)/2 + zef&{ht/S
0

—csh —6rkhe/3
< 2l 4 9emORh/3

where the last inequality is true for ¢, a positive constant and t large enough. It
comes from (4.5.14) applied with h = h;/2, n = €. Now combining with the lower
bound for A7(L;) (given by (4.5.8) applied with h = hy, n = €/2) we get

P (—e*ht“*%)/? < A(F5 (hy)2)) /2 (L) < o) >1 - eeoht, (4.4.13)

for some positive constant s, and when ¢ is large enough. The combination of (4.4.12)
and (4.4.13) with the increase of A7(.) yields the result.
O
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < x < 1

We now approximate ﬁj.

Lemma 4.4.9. Choose € such that 0 < ¢ < max(1/8,(1 — (1 +0)k)/2). There is a
positive constant ¢ (depending on § and €) such that for all t large enough we have
iL]‘ — Aj(f/j)R;ej

Vj> 1, JP( < e*Ght/GAJ(Ej)R§.ej) >1—e b (4.4.14)

where

. 7 (he/2) )
R; = / e du.

7 (he/2)
Démonstration. Our proof has the same spirit as the one of Lemma 4.7 of [3] but

relies on our estimates. We give the details. Here again, ﬁj JAI (f/j) can be cut into
three parts :

Li o . , -
/(L) = [ e T Ly (r(B1), 4 () (L)) du
Lj—l
e I T N AR o
= / + / + / e VL, (7(BY,1), AV () AT (Ly)) du
Lo e e
=T +T+ T3 (4.4.15)

We start by bounding JJ and J7 :

i]’ -
J3 < (supﬁBj (7(3171)’_)) x/ VO g,

0,1 F(he/2)

Thanks to estimate (7.12) of [4] in which we take x = ¢**/2 and Lemma 4.4.7, there
exists a positive constant ¢; such that for ¢ is large enough,

P(J5 < e /?) >1— el (4.4.16)

For joj :

, , )
Ty < (Sup Lpi (7(31,1),‘)> ></ eV gy,
] i

—00,0] j—1

Thanks to estimate (7.13) of [4] in which we take 2 = e“**/? and Lemma 4.4.6, there
exists a positive constant ¢y such that for ¢ is large enough,

P(J < e /) >1— e, (4.4.17)

For J7 we apply Lemma 4.4.8 and estimate (7.11) of [4] (applied with § =
e~ (=202 ¢ — o=(1-20hi/6) e get

, Ti(he/2)
Ji — ej/ eV Wy

/)
< 6_(1—2e)ht/6€j/ eV Wy, (4.4.18)
= (he/2) g

a (e /2)
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < k < 1

with probability greater than 1 — e~“"t_ for some positive constant cg, when ¢ is
large enough. Then,

7 (he)2) . 7 (ehe/8) | (VT eht/8)
/ 5 Ut e_V(])(u)du Z / J t e_v(g)(u)du é / t e_VT(u)dU,
75 (he/2) 7 (cht/16) (V7 ,eht/16)

where we used Proposition 4.3.6 for the equality in law. We thus get

/)
P < / eV gy < eeht/S) <P (7(V', ehy/8) — (V' ey /16) < 1) < e,
7 (he/2)

(4.4.19)
when ¢ is large enough, according to (4.5.7) applied with o = €/8, w = €/16, and
where c; is a positive constant.

We have P(e; < e~"/8) ~  e="/8 /2 50 combining with (4.4.18) and (4.4.19)

t—+o0
we get, for some positive constant cg and t large enough,

P(J] > e /%) > 1 — e M. (4.4.20)
Combining (4.4.20) with (4.4.16) and (4.4.17) we get
P(J)+T§ <2eMPT7) > 1 — et

for some positive constant cg, and when ¢t is large enough. Combining with (4.4.15)
and (4.4.18) we get the result.
[

Now, we approximate A7(L;).

t._ (L VO () 7, o ¢
Lemma 4.4.10. S} := f%j](ht/m eV Wdy is independent from (e;, R%) and such that

P(SI< (L) < (1+e™M8L) 21— e7eh,
for some positive constant ¢, when t is large enough.

Démonstration. S = f%?_j(ht/Q) eV Wy so (S5, %) only depends on V' and is thus
independent from e; which only depends on B?. The independence between S]t-
and R; comes from Proposition 4.3.6 : the latter gives the independence between
]52(j ) and pS(j ) and allows to apply the Markov property at time 7'(]52(j ) hy /2), since
Py £ (V1(#))o<w<r(vth)- The random variables e;, St and R’ are therefore mu-
tually independent. Then, from the definitions of S} and Al (E]) we have

L
e Wdu + St (4.4.21)

mj

S; < Al(Ly) I/
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < x < 1

Applying successively Proposition 4.3.6 and estimate (4.5.9) with h = hy/2, n = 1/3,
we get

7~'J+(ht/2) 50)
P / ev] (u)du < e4ht/6 >1— efclht’ (4422)

mj

for some positive constant ¢;, when t is large enough. Then,

Tilhe) Ti(he) Fh(he/2)

-+ (he/2) i i

Applying Proposition 4.3.6 for each term, and, for the first term, estimate (4.5.8)
with h = hy, n = 1/6, for the second term, (4.5.9) with h = hy/2, n = 1/3, we get

P (St > oSt /6 _ 641u/6) >1—e @M (4.4.23)

for some positive constant ¢y, when ¢ is large enough. Putting together (4.4.22) and
(4.4.23) we get that

FH(he/2)
P / ev(])(“)du/S;- < el >1-— 6_03]“,

mj

for some positive constant ¢z, when ¢ is large enough. This, combined with (4.4.21),
yields the result.
O

Putting together (4.4.4), the éid character of the sequence (L}, hj)1<j<n,, Lemma
4.4.9 and Lemma 4.4.10, we obtain Proposition 4.4.5.

Thanks to this proposition, we can compare N; with the overshoots of > ;_, e; ST R,
For any a > 0, let us define

J
N, := min {j > 0, ZeiSfRff > a} :
i=1
Lemma 4.4.11. Fiz € as in Proposition 4.4.5 and n €]0,1[. Assume that t is so
large such that (1 —e~"/T)=' < (147) and (1+e~"/T)~1(1—-2/log(h;)) > (1 —n).
Recall the events A} and A} introduced in respectively Fact 4.4.3 and Proposition
4.4.5. Then

Vi VAN <ng} 0 A NVAY C {Naonye < Ne < Nigye ) -

Even though it is used in the following subsection, an other interest of this Lemma
is to prepare the further study of the almost sure behavior of £% (¢). Indeed, for the
almost sure behavior, the contribution of the last valley can be sometimes omitted,
sometimes totally included, so we are left to study some behavior of vazt; "e;S'R!
or vaz’l e;SIRE, but the above lemma allows to replace N; by some N, which is
more convenient since it only depends on the sequence (e;S!RL, i > 1).
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < k < 1

Démonstration. Assume that the event V,,, n, N{N; < n,}NA; NA? is realized. Then,
for any k < n; we have

k—1
Ni> k= H(my) <t = H(mg) <t =y (H(L) - Him)) <t
=1
k—1
= D EGSIR < t(1— e M) < (L )t = Nagy > K,

i=1

and
k—1 k—1 )
Na—np 2 k= ZeiSitRﬁ <(1-nt= Z (H(Li) ) < (1 —n)(1+e MM
i=1
o HOm) <[00 ) 2/ log(h)] < ¢

We have thus proved that Mi_, < Ny < Ny is satisfied on V,,, p, "i{N; < n, }N
Al N A3
]

4.4.3 Proof of Proposition 4.4.1

We now use the preceding results of this section to approach the repartition func-
tion of L% (t)/t by a repartition function involving the sequence (e;S!, e; SR, i > 1).
We first state two facts which come from Lemmas 5.2 and 5.3 of [4].

Fact 4.4.12. Fiz € as in Proposition 4.4.5. Let us define the repartition functions,
depending on t,

1<j<k—1 —
k-1
:l: .- €ht/7 . t t —Eht/7
Fo(r) =P <1<r§1<ag{ ) e;S) < yt(1 4 2677, > e;S;R; < xt(1 £ 2e )) .
]:

Then, there is a positive constant ¢ such that for any 2 < k <n;, 0 < x <1 and
v > 0 possibly depending on t,

Fr(x) — e < Fy(a) < Fyla) + e,
for all t large enough.

Démonstration. This is a direct consequence of Proposition 4.4.5. O]
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < x < 1

Before stating the next fact we define Xy, := X(. +m;) which is, according to
the Markov property, a diffusion starting from m;. We also define, for any r € R,
Hx, (r) to be the hitting time of r by X, .

Fact 4.4.13. Fix € as in Proposition 4.4.5 and recall the definition of Xz, in Sub-

section 4.5.6. We define the repartition functions, depending on t,

1

fo(z) =P (zxr_nl (t(1 — @), 1) < t, Hx,, (L1) > t(1 — ), Hx,, (L1) < Hx,, @0)) ,
f(z) =P (sup Lx, (t(1—x),y) <t Hx, (Ly) > t(1 — z), HXml(f/l) < HXml(f/o)) ,

yED,
()

Then, there is a positive constant ¢ such that for any 0 < z <1 and v > 0 possibly
depending on t,

P(1/R) <~y(1+2e™7)/(1—2), etS{R} > t(1 — 2)(1 F 2~ M/T)).

fy (@) = e < f(2) < fy(a) < (@) + e
for all t large enough.

For the justification of this fact in our context, we give some details in the end
of Section 4.5.

In order to generalize Lemma 5.4 of [4] to our context, let us recall the definition
of the functionals K7, and K, defined there :

Va >0, Kp.(fi, f) = f(fs'(a)), K;a(fl,ﬁ) = fa(f5 ' (a)-).

Note that these functionals actually do not involve f;. According to Lemma 4.5 of
[4], (V1,)s) is almost surely a point of continuity for these functionals. Thanks to
this we can prove :

Lemma 4.4.14.

& k—1
1 1
T (8@”) -y P (2 S eSR > 12, 12 < Y eSRE< 1~ ?7)) _0.
=1

=0 {400 f<ny i=1

(4.4.24)
lim limsup (§(n,t) :==1—P(nt < H(my,) < (1 —n)t)) =0. (4.4.25)
=0 {400

This result is less precise than Lemma 5.4 of [4] of which it is the analogue, but
even in [4], they only need that the limits in ¢ converge to 0 when 7 goes to 0. We
can thus substitute our Lemma to theirs.

Démonstration. The events

k k—1
1 1
{¥§ eiSIRE > 1 —1n/2, 1—2n<;§ e,»SfRﬁgl—n}
i=1 =1
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for k € {1,...,ns} are clearly disjoint so s(n,t) equals

1 N(l—n)t N(l—n)t_l
t ot t pt
P ; eSIR; > 1—n/2, 1= 2 < - ; e;SIRE < 1—n, Nazgy <1y

=P (Y (Yy  (1=m) > 1—n/2, V(Y37 (1 =n)=) > 1= 20, Ny < ny)
<l~( Yt > 1 /27 KI_,I—n(YVZt) >1- 2777 Ml—n)t < nt> .

Now, according to Proposition 4.4.2 (to be proved in the following subsection),
(Y}, Y]) converges to (Vs, V) for the convergence in distribution in D(R,, R?) with
the J; topology, and we have that for any fixed n €]0,1/2[, (Y1, Ys) is almost surely
a point of continuity for K 11—y and K;,kn- We thus get

htrilfip s(n,t) <P (V31 =n) >1=1/2, YoV (1 —n)—) >1-2p),
(4.4.26)

and we now study the limit when 7 goes to 0. Since ), is a k-stable subordinator,
it is known that almost surely Eg := 1 — Yy(V; ' (1)=) > 0s0 Yy (1 —n) = Y, (1)
for all 0 < n < Ey and Yo(Y5 (1 —n)—) < 1— 27 for all 0 < n < Ey/2. This proves
that almost surely, the event in the probability in (4.4.26) fails to happen for all
small enough, so by dominated convergence, this probability converges to 0 when 7
goes to 0. This proves (4.4.24).

Let us fix € as in Proposition 4.4.5, put ¢, := e~*/7 and choose t large enough so

that 2/logh; <n,(1—¢) ' <2,(1— 377) (1—2n)(1+¢,)". Using successively the
definitions of A} and A} and Lemma 4.4.11, we get that P(nt < H(my,) < (1—n)t)
is greater than

P (77?5 < H(mNt) < (1 - 77)757 Vnt,htJ Nt < 1y, Az} Q.A?)

N¢—1
- 2
>p (nt < X (#) - #) < (=20 < (1= 20 ) Vi,
=1

Nt S Ty, A% mA?)

Ni—1
>P (77(1 —e) <2t < Y eSIRE< (1=3n)t < (1—2n)(1+€)'t, Vi,
=1
Ny <ny, Al N A
Na—ni—1 Nani—1
P2t < Y eSIRI< ) SR < (1=30)t Vo, N <y, AjNAL
=1 =1

(277 }/ét(Yt 1(1 - 77)_> < Yt(Ytﬁl(l + 77)_) < (1 - 377)7 Vnt,hﬁ Nt < T, 'Atl N "4?)
(20 < K7y (03) < Kiy (03) < (1=30), Vo, Ve <miy ALOAY).
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < x < 1

According to Lemma 4.3.5, Fact 4.4.3, Proposition 4.4.5 and Lemma 4.4.16 of
the following subsection, we have

P (Vane N {N: <y} 0 A NAY) b

and again, from the convergence of Yy, Y{) to (), V) and the continuity of & I
we get

htrffip Smt) <1=P2n <1 —n)—) <y (1+n)—) < (1-3n).
(4.4.27)

Here again, we have almost surely Ey := min{), (V5 (1)) =1, 1=(Y; ' (1)=)} > 0
so Vo '(1+m) =Y, 1(1) forall 0 < n < Ep and Yo(V; ' (1 +n)—) < (1 — 3n) for
n < Ey/3. Also, Yy (1—n) =Y, '(1) for all 0 < n < Ey and Yo (V5 ' (1 —n)—) > 25
for 0 < n < min{Ey, (1 — Ey)/2}. This proves that almost surely, the event in the
probability in (4.4.27) happens for all n small enough, so by dominated convergence,
this probability converges to 1 when 1 goes to 0. This proves (4.4.25).

1—np

]

Démonstration. of Proposition 4.4.1 The proof of Proposition 5.1 of [4] can be iden-
tically repeated here. We only replace W, by V', consider the standard valleys to
be defined in our sens, replace the random times i; of [4] by f/j,l, and we use
our estimates instead of theirs : Estimates (3.1), (3.2), (3.3), (5.2), (5.3), Lemmas
2.2, 3.2, 3.4, 4.1, 5.2, 5.3, Proposition 3.5 and the proof of Lemma 3.6 of [4] have
to be replaced here by respectively Fact 4.4.3, the combination of Lemma 4.5.21
and Lemma 4.5.20, Lemma 4.4.16 of the following subsection, (4.4.24), (4.4.25), the
combination of Lemma 4.3.5 and Remark 4.3.4, the second point of Fact 4.4.4, the
third point of Fact 4.4.4, Lemma 4.4.15 of the following subsection, Fact 4.4.12, Fact
4.4.13, Proposition 4.4.5 and the discussion before Lemma 4.4.6.

The only difference is that, since our definition of D; is different, we do not
need an analogue of (5.14) from [4] : it follows from our definition of D; that D; C
(77 (he/2), 71 (hy/2)], s0 We can use Lemma 4.4.8 to bound A7(u)/A7(L;) on D;, which
is the key to get the analogue of (5.17) from [4].

O

4.4.4 Proof of Proposition 4.4.2 and consequences

This proposition relies on :

Lemma 4.4.15. Fiz n €]0,1/3] and recall the constant C' defined in the Introduc-
tion. We have

lim sup !x”e”‘z’(t)P (e1S7/t > ) — | =0, (4.4.28)
t=+4o0 wefe= (=206 oo

lim sup |y”e”¢(t)IP’ (e1S{RY/t >y) —C'E[R"]| =0. (4.4.29)
t—+o00

S [6_(1_377)¢(t) 7J,»oo[
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4.4. SUPREMUM OF THE LOCAL TIME WHEN 0 < k < 1

For any positive o, e"*DP(e;St/t > x, e1STRL/t > y) converges uniformly when t
goes to infinity on [a, +00[X [, +00[ to C'y "E[R*Lr<y/s] + C'z"P(R > y/x).

Démonstration. We start by proving a convergence analogue to (4.3) of [4] :

lim sup |x”e”¢(t)IP’ (Si/t >z)—C|=0. (4.4.30)

t=+o0 z€[e= (=m0 foo]

and we will deduce the first statement. First,

akhe) o I o
Sf:/ eV (“)du—l—/ eV Wy, (4.4.31)
7 (he/2) 71(he)

From Proposition 4.3.6 we get

Ly he  pr(V]—00,—hi/2)) (V)] —o00,—ht/2])
1/ 1 VO gy, £ ¢ t eV Wy = e—cb(t)/ t VW dy,
F1(he) 0

t t Jo
(4.4.32)
and
1 [7i() - 1 (VT he)
—/ eV Wy = —/ eVWdy < e ?Or (VT hy). (4.4.33)
t S5 (hey2) tJr (vt he2)
By the second assertion of Lemma 4.5.3,
+0o0o
P (/ eVWdy > u) ~ Cu™". (4.4.34)
0 U—-+00

We define ¢, := e 7®/2 and take x € [e_(l_”)d’(t),—i—oo[ (this implies xe?® >
€™ which converges to infinity). From (4.4.31), (4.4.32), and (4.4.33),
zie? WP (St /t > x) is less than

+oo
grertOp (r(VT, hy) > xe¢(t)6t) + g OP (/ eVWdy > (1 - et)xe¢(t)> .
0

From Lemma 4.5.6, the limit of the first term is 0, and from (4.4.34) the limit of the
first second is C. We get

lim sup sup grer WP (Si/t>z) <C. (4.4.35)
t—+o0 xe[e—(l—n)¢(t)7+oo[

From the Markov property applied at time 7(V,] — oo, —h;/2]) we have

+00 - 7(V]—00,—h¢/2])
-t / VW gy £ o) / V) gy
0 0

+oo
4 oV (V]—oo—he/2D) (1) / Wy,
0
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where V is an independent copy of V. We now put ¢ := e /4 and note that

V(7(V,] = 00, ~hy/2]) < —hy/2. Then, P(e=¢® [[FV®)dy > (1 +¢,)) is less than

7(Vi]=o00,—ht/2]) oo
P (6_¢(t) / ev(y)dy > x) +P (e‘htﬂ_‘b(t) / Gv(y)dy > fﬁt)
0 0

+oo
<P (S{/t > ;E) +P (eht/Qd’(t) / "W dy > xet) )
0

where we used (4.4.32) and (4.4.31) for the first term. Using (4.4.34) in the above
inequality we get

lim inf inf a"e" P (St /t > z) > C.
t—+o00 xe[ef(lfn)qb(t)’_i_oo[

Combining this with (4.4.35) we get 4.4.30.

Now that we have (4.4.30), the rest of the proof is exactly the same as the proof
of Lemma 4.1 in [4] once they have proved (4.3). The argument crucially needs the
fact that (R!);~; converges in distribution to R and is bounded in all L? spaces.
This is true from Proposition 4.3.8 applied with h = h;, so the lemma is proved.

O

In [4], the proof of Proposition 1.4 (that is, the convergence of (Y7,Y3)" toward
(V1,))) relies only on their Lemma 4.1 from which is proved the tightness of the
family (Y3, Y2)" and the identification of the limit distribution. Using Lemma 4.4.15
instead of Lemma 4.1 of [4], the same proof can be repeated here and we get Pro-
position 4.4.2.

As an other consequence of Lemma 4.4.15, we can prove that no more than n;,
valleys are visited until instant ¢. This is fundamental since most of the estimates
we have are true not for all but for the first n, valleys.

Lemma 4.4.16. There is a positive constant ¢ such that for all t large enough,
P(Nt Z nt) S €7Cht.

Démonstration. We have {N; > n;} = {H(m,,) < t} and 3" H(L;) — H(1,) <
H(my,,) = H(my,,) on V,, n,. Let us fix € as in Proposition 4.4.5. Using the definition
of A? there, we get that P({N; > n;} NV, 5, N A?) is less than

nt—l nt—l
P <Z H(L;) — H(m;) < t, Af) <P (Z e;SIR < t(1 — eﬁht”)l)
=1

i=1
<P ( sup e SIRE <t(1— 6_6}””)_1) < [1 —P (eIS§R§/t > (1- e_Ehtﬁ)_l)]m_l

1<i<n,—1

<exp [~(ny — DP (e SIRL/t > (1 — e~h/T)=1)] |
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where the last inequality comes from log(1 — x) < —z for « € [0,1[. According to
Lemma 4.4.15 and the definition of n;, we have that

(ne — DP(erS{RY /t > (1 — e~/ ot C'E [R"] "¢,
—+o0
so P({N; > n;} N Vp,n, NA2) < e for t large enough. Also, P( h) < nyeOkhe/3

for t large enough according to Lemma 4.3.5 and ]P’(.A?’C) has an upper bound given
by Proposition 4.4.5. The result follows. m

4.5 Some estimates on V, VT, V1 and the diffusion
inV

In this section, we prove some estimates for the processes V', V' and VT, especially
about the hitting times and the exponential functionals of these processes. We also
prove some facts used in Section 4.4. Even though Section 4.4 gives the main ideas,
the estimates we prove here actually represent the biggest part of the work for the
proof of Theorem 4.1.3. Some of them are rather classical but some others, especially
those of Subsection 4.5.5, are new and technical. They are used in this paper in place
of simpler estimates that are true in the case of a drifted brownian potential, but
not for a general spectrally negative Lévy potential.

4.5.1 Estimates on V

Lemma 4.5.1. Let a, b be positive numbers and define T := inf{z > 0, V(z) ¢
[—a,b]}, then
(1—e"™)e ™ <P(V(T)=0b) <e ™.
Démonstration. For the upper bound, P (V(T') = b) < P(supy 4V > b) = e
For the lower bound, note that the process eV (*T) is a bounded martingale so,

by the convergence theorem for martingales and the dominated convergence theorem
we get

1=E [P =P(V(T) < —a)E [e"VDNV(T) < —a] +P(V(T) =b) e

which yields the result.
O

We now study how V' leaves an intervalle from below. More precisely, we control
the moments of V' (7(V,] — 0o, —1])). This is where the assumption V(1) € LP for
some p > 1 becomes necessary for Theorem 4.1.3.
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Lemma 4.5.2.
Vp>1, V(1) € LP = V (7(V,] — 00, —1])) € LP.

Démonstration. We use V<"" as defined in Subsection 4.1.2, where r is chosen such
that V' — V<77 drifts to —oo. Let k, denote the non trivial zero of Wy _y <. We fix
x > r. We have

P(1+V (7(V,] = 00, =1]))| > ) <P (7(AV,] — 00, —z]) < 7(V,] — 00, —1]))
<B(V ((AV,] - 00, ~a])-) > —1
SP((V—V<_T)( ( V,] =00, —a])—) = -1).

Then, since > r, we have 7(AV,] — oo, —z]) = 7(AV<"",] — 00, —z]) which is

independent from (V' —V<7"), because (V — V<"") and V<" are independent. We
thus get that P(|1 + V(7(V,] — o0, —1]))| > ) is less than

P((V = V) (FAVST,] = 00, —a])) 2 1) < /2R | (VYT (v e aD) 2]

— /2R |:e\IIV7V<_T(HT/Q)T(AV<_T,]foo,fx])i|

Y

where we used Markov’s inequality. Then, note that Uy_y<—r(k,/2) < 0 thanks to
the definition of k.., and that 7(AV<"",] — 0o, —z]) follows an exponential distribu-
tion with parameter v(] — oo, —z]). We thus get

enr/Q
P(1+V (r(V,| —o0,—1 >1x) <
1+ v r(v.] N> 2) < g e ] — oo, —a)
< Cy(] — o0, —x]), (4.5.1)
where we put C' := —e/2 /Wy _y<+(k,/2) > 0. We now choose p > 1 and assume

V(1) € LP. Theorem 25.3 in [59] implies that [~ |z[Pr(dz) < 400, or equivalently
fjoo 2?7 1u(] — 00, —z])dx < +00. Using (4.5.1) we deduce that

/_r QZP*IIED(H + V<7-<V,] — 00, —1]))‘ > ;(;) dr < +OO,

[e.9]

so V(7(V,] — 00, —1])) € LP.
0

The next lemma is fundamental. In Section 4.4, it allows us to compute precisely
the right tails of the contributions to the local and to the time spent by the diffusion
in the bottoms of the valleys. This allows to prove that the sum of these contributions
converges to the k-stable subordinator (Y, )s) from which is constructed the limit
distribution in Theorem 4.1.3.
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Lemma 4.5.3. — There is a positive constant ¢ such that for x small enough,

+oo
P </ eV Wy < x) < cy/x.
0

+oo
P (/ "Wy > a:) ~ Cx ™",
0 r—>+00

where as in the Introduction, C is the constant in Corollary 5 of [12] applied to
V.

Démonstration. For the first assertion, our argument is very close to the one given
at the beginning of the proof of Theorem 3 in [12], but to be into their setting we
would have to assume the existence of finite exponential moments for —V which we
do not. We thus give some details.

We use V<"1 as defined in Subsection 4.1.2. For > 0, and n > 0 that will be
chosen later, the probability P( fOJrOO eVWdu < x) equals

+00 +oo
P ( [ s e v - o) P ( [ e vt £ o)
0 0
n 1
<P ( / VTVEIW gy < g, V) = 0) +P(V<"1(n) #£0)
0

<P (/” V=V gy < x) 41— e ml-eenD)
0

because V' <"! is a compound Poisson process that jumps at rate v(] — oo, —1[). We
get

+o0 n L
P (/ eV Wy < x) <P (/ VTV gy < J:) + (] — oo, —1[). (4.5.2)
0 0

V —V=<~lis a Lévy process with bounded jumps so the arguments of [12| apply and
yield

7
P (/ V=V gy, < x) <P (sup ~(V-vsh> 108;(77/1'))

0 [0,m]

< 2P (—(V = V=1)(n) = log(n/x))
< g [emtv-v<m]

where we used Markov’s inequality. The crucial point is that the Laplace exponent
at 1: W_(y_y<-1)(1) is defined and finite since V —V="', having bounded jumps, has
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a Laplace transform defined on the whole complexe plane (Theorem 25.3 in [59]).
Now, combining with (4.5.2) and choosing n = v/x, we get, for any x small enough
so that eV*¥-w-v<-H1) < 9

P (/O+OO eV Wy < x) < (44 v( — oo, —1[)) v,

which yields the first assertion.

We now prove the second assertion, it is only an application of Corollary 5 of
[12] to —V. Since V is spectrally negative, we know that V' has a Laplace transform
which is defined on [0,4o00] and the € in the corollary is the non-trivial zero of
the Laplace exponent of V', that is k. To check the Cramer’s condition, we use the
decomposition V = (V — V<"1) + V<~ We have

E[|V(z)|exp(kV(x))] <E [|(V — V<Y (2)] exp (k(V — V< (z) + /iV<_1(x))}
+E[|[V<"Hz)|exp (k(V = V<) (z) + V=" (2))]
SE[|(V - V(@) exp (6(V = V=1)(2))]
+ ME [exp (k(V — V<"")(2))] .

where we used the fact that V<"!(z) < 0 for the first term and, for the second
term, the fact that, since V<"1(z) <0, |V<"!(x)|exp(kV<"1(z)) is deterministically
bounded by M, the constant bounding (y — ye™"¥) on R,. Then, since V-V <"1isa
Lévy process with bounded jumps, (V —V<"1)(z) admits finite exponential moments
of any positive and negative order (see Theorem 25.3 in [59]). As a consequence
the above expression is finite which yields the Cramer’s condition. Finally, V is
indeed not arithmetic because it is spectrally negative and not the opposite of a
subordinator. The hypothesis of Corollary 5 of [12] are thus satisfied for —V and we
get the second assertion.

O
Lemma 4.5.4. There are two positive constants ci, co such that
Yy,r >0, P(7(V,] — o0, —y|) > r) < et¥=",
Démonstration. Let us choose ¢; €]0, k| and define ¢ := —Wy(c1). ¢ is positive
because of the definition of k. We have
P (r(V.] = o0, —y) > ) SP(V(r) > —y) < VB [V = o,
where we used Markov’s inequality.
O

Lemma 4.5.5. Choose n €0, 1], then

Ya,b>0, P(r(V =V, a) < 7(V,] — 00, =b))) < (b/na + 1)e~r1-ma,
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Démonstration. We first remark that

{r(V-=V,a)<7(V,] —00,—nal)} C {[Osilp[v > (1-— n)a}
P(r(V —V,a) < 7(V,] — o0, —na))) < e~ *1=me, (4.5.3)

In order to establish a boundary with b instead of na, we define the sequence of
stopping times (7;);>o by Ty := 0 and

T;41 ;= min (T(VT" —Vha),r (KTi, ]—0o0, —na])) .

We have

[b/na+1]
N

=0

{r(V" — Vi a) > 71V - oo, —na))} C{r(V -V, a) > 7(V,] — o0, =b])},

and by the Markov property applied at the stopping times T}, the events in the
intersection have all the same probability, so taking the complementary

P(r(V =V,a) <7(V,] =00, =b])) < [b/na+1|P(7(V =V, a) < 7(V,] — 00, —nal))

<
< (b/na + 1)e~rt=ma,

4.5.2 Estimates on V'

We define V* to be "V conditioned to drift to +oc", as in [8], page 193. The
Laplace exponent Wy of V¥ satisfies Uy = Wy (k+.). As a consequence ¥, (0) > 0,
so V* drift to infinity (because of Corollary VII.2 in [8]) and it is also proven that
VT = (VHT. Therefore, for x > 0, V.| is only V conditioned in the usual sense to
remain positive, which is a useful property for our proofs.

Also, note that from the definition of the law of V* in [8], we have
VA> =k, E [V O] —E [(9V0] < toc, (4.5.4)

so the spectrally negative Lévy process V* has its Laplace transform, as well as its
Laplace exponent Wy, defined on the half-plane {K(z) > —k}.

Lemma 4.5.6. There are two positive constants ci, co such that

Yy, r >0, P (T(VT, y) > 7“) < eAyTer,
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Démonstration. Fix y and r > 0. From the first point of Lemma 2.6 of [72] we have
P(r(Vy)>r) <P(r(Vhy) >r). (4.5.5)

Then, V* is a spectrally negative Lévy process, so, according to Theorem 1 page
189 in [8], the process 7(V#,.) is a subordinator which Laplace exponent ®: is

defined for A > 0 by
Oyi(N) := —log <IE [e_’\T(Vﬁ’I)D :

_ gL
and we have @y = U ;.

From the discussion before the lemma, we know that V# has its Laplace trans-
form, as well as its Laplace exponent Wy, defined in a neighborhood of 0. Then,
since W{,,(0) > 0, the holomorphic local inversion theorem tells us that W, ;, that is
®y4, extends in a neighborhood of 0.

Therefore, the subordinator 7(V#,.) has a Laplace transform defined in a neigh-
borhood of 0. From Markov inequality we get, for a positive ¢y in this neighborhood,

P (r(Vi,y) > 1) < e [ (V)] = evtvilegmer,

Note that ¢; := —®y(—cg) is positive. Combining with (4.5.5) we get the result.
[

Lemma 4.5.7. There are two positive constants ci,co such that, for all 1 < a < b,
we have
P | inf V})T <a) < et
(0,400

Démonstration. VbT is only Vbji conditioned in the usual sense to stay positive, so
IP( inf vbT<a) :P(0< inf Vbﬁ<a>/1@< inf Vbﬁ>o)
[0,+00] [0,+00] [0,+00]
gp( inf Vﬁ<a—b)/19>( inf Vﬁ>—b).
[0,4+00] [0,400]

Then, according to [8] page 192, the Laplace transform of infj o V¥ is given by

Minflg oo VF| _ ! A

YA>0, E [@ 0.+e0l ] _ V,j(O)—\Pw()\). (4.5.6)

As we said in the beginning of this subsection, ¥ extends analytically on a neigh-

borhood of 0 and has a non null derivative at 0, so (4.5.6) extends too and infjg ;oo V*

admits a Laplace transform on a neighborhood of 0. Choosing ¢; > 0 such that —c¢;

is in this neighborhood and ¢, := E[e~ "0+t V¥] /P (inflg o VE > —1), we get the
result by Chernoff’s inequality.

O
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Lemma 4.5.8. There are two positive constants ¢; and co such that for any 0 <
a <w, n €|0,1] and all h large enough, we have

P(r(VT,wh) = 7(VT,ah) <1) < e @l (4.5.7)
T(VT,h)
P / VT Wy > ed-mh ) > 1 e~ c2h/2, (4.5.8)
0
(VT h)
v / V1 Wy < ) > et (4.5.9)
0

Démonstration. From the Markov property at time 7(VT, ah) and the fact that VOTh

is V, conditioned in the usual sense to stay positive we have that P(r(V",wh) —
(VT ah) < 1) equals

P (r(Vi,wh) <1) =P (T(vjh,wh) <1 nf Vi > 0) /P ([o?ilﬁo V> 0)
=P (T(Vﬁ, (w—a)h) <1, inf V¥> —ah) /P ( inf V¥> —ah)
[0,+00] [0,4-00]
< 2P (7(VF, (w—a)h) < 1),
for h large enough,

<2 xE |:6—T(Vu7(w—a)h)i| — 90 x ¢ Yyt (D@-a)h

)

where we used Chernoff’s inequality, the fact that 7(V¥,.) is a subordinator with
Laplace exponent 1) (see Theorem VIL1 in [8]) and the fact that v/(1) > 0
(because 1y:(0) = 0).

(4.5.8) is an easy consequence of Lemma 4.5.7 applied with a = (1 — n)h, b =
(1 —n/2)h, and (4.5.7) applied with a =1 —1/2, w = 1.

Then, we have obviously,

T(VT,h)
/ eV Wy < et (VT h),
0

SO

T(VTh)
P (/ ey, > e(H")h) <P(r(Vh)>e™) <e ™,
0

for h large enough according to Lemma 4.5.6. This yields (4.5.9).
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4.5.3 Estimates on V'

The aim of this subsection is to get, for VT, estimates similar to those that we
proved for V1 in the last subsection. We start with a generalization of Lemma 4.5.7.

Lemma 4.5.9. For all z >0 and 0 < a < b with b > z, we have,

P ~inf V9 <a| <et9/(1— e,
[T(Vva[

b,4-00[),+oo[

Démonstration. Let T := (V] [b, +00[). T is a stopping time so, if U is a random
variable having the same law as V(T), then V(T +.) is equal in law to V;}, that
is, the Markov process that conditionally on {U = u} has law V. We thus have
A A +Cx> A
P ( inf V] < a) =P < inf V] < a) = / P < inf [VJ < a) Ly (du)(4.5.10)
b

[T,+o0] [0,400[ [0,400

because almost surely, U > b. Now, since VJ is only V., conditioned in the usual sens
to remain positive, we have for any u > b,

IED( inf Vj<a) —IP’(0< inf Vu<a)/P( inf f/u>0>
[0,400] [0,400] [0,400]

S]P’( inf V<a—u)/IP’( inf V>—u>
[0,+00[ [0,4-00]

SIP’([inf V<a—b)/IP’(inf V>—b>,

0,4-00[ [0,4-00]

where we used the fact that a — v < a — b for the numerator and the fact that ©w > b
for the denominator. Since V' is the dual of V', the above estimate can be re-written

P ( inf VI < a> <P sup V>b—al|/P| sup V<b|=er"9/1—e")
[0,400[ [0,+00] [0,400]

Putting into (4.5.10) we get the result.
[

The proof of Lemma, 4.5.6 relies on the fact that the hitting times of V' are sto-
chastically smaller than the hitting times of V¥, for which we have precise estimates.
Here, the procedure to link the hitting times of V1 and V is different. This is what
we do now.

Let us fix z > 0. Let m, be the point where the process VJ reaches its infimum,
m, = sup{s > 0, VJ(s—) A V(s) = infj oo V;'}. Note that from the absence
of negative jumps, the infimum is always reached at least at m,— so VyT(mx—) =
inflg 4 oo V,. The next lemma is contained in Theorem 24 of [31],
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Lemma 4.5.10. Assume V' has unbounded variations, then
(VxT<mx + 3) - VxT(mx—), s> 0) é VT.

We can thus obtain VT from VJ, and ‘A{J is only V, conditioned in the usual sens
to remain positive. This allows us to link VT and V, so we are now able to prove our
estimate :

Lemma 4.5.11. Assume V has unbounded variations. There are three positive
constants cq, c1 and co such that

Vy>1,r>0, P (T(VT, [y, +00]) > r> < ¢ (6—Hy + ecly_CQ'f') ‘

Démonstration. Let us fix r > 0, y > 1 and choose x €]0, 1| (for example x := 1/2).
According to Lemma 4.5.10 we have

P (7(V1, [y, +00]) > ) =P (r(V (me + ) =V} (ma—), [y, +oo]) > 7)
<P (7(V(me+ ), [y +2,+00) > 1),
because VI(my,—) < z. Now, if VI never reaches [0,z] after the instant T :=
(V1 [y + z, +00[), then the minimum m, is reached before T" so
T<VIT(mx + ')7 [y + T, +OOD = T(‘Zj? [y + T, +OOD —my =T —my; <T.
We deduce that

P (Tm, ly, +oo[) > r) <P(T>7r)+P ( inf [Vj < x) . (4.5.11)

[T, 400

We now bound the two terms of the right hand side. For the first term, since V!
is only V. conditioned in the usual sens to remain positive, we have

P(T>r)=P (T(\z,[y+:c,+oo[) >r, inf V, > 0) /IP( inf V, > 0)
[0,400[ [0,4+00]

0,+00]
=P(r(V.] oo, —y]) >r) /(1 —e).
Combining with Lemma 4.5.4 we get
P(T > r) < cpe¥™ ", (4.5.12)

<P <7’(\A/E, [y + z, +o0[) > 7’) /P ([ inf V, > O)

where ¢; and ¢y are the constants in the lemma and ¢y := 1/(1 — e **). We now turn
to the second term of (4.5.11). According to Lemma 4.5.9 applied with z = a = x
and b =z + y we get

P < inf [‘A/J < x) <e /(1 — e @) < pem . (4.5.13)

[T, 400

Now, combining (4.5.12) and (4.5.13) with (4.5.11) we get the result.
[
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We can now use our estimate on the hitting times to bound an exponential
functional of V7.

Lemma 4.5.12. Assume V' has unbounded variations. There is a positive constant
¢ such that for all h large enough, we have

7(V1,[h,+00]) -
P / eV (u)du < e(lJrT])h > 1— eiCh. (4514)
0

Démonstration. We choose ¢ €]0, k[. We have

(VT [h,+00) - .
/ eV Wy < (VT [h, +00]),
0

S0
(VT [h,+o0]) N A
p / Wy > 0k ) < p <T(VT, [h, +00[) > e”h> <e
0

for any choice of ¢ €]0,k[ and h large enough, according to Lemma 4.5.11. This
yields (4.5.14).
O

Note that we do not prove an analogue of (4.5.8) for VT, even if it would have
been needed to repeat readily the arguments of [4] in our context. This is because
the existence of possibly large negative jumps for V' do not allow such an estimate to
hold in general. Because of this, we have to take some precautions, and in particular,
to prove some extra technical estimates in Subsection 4.5.5.

4.5.4 Estimates on the first ascend of h from the minimum

In order to bound the local time and the time spent by the diffusion between two
valleys, we have to study the expectation of some functionals of V' involving the first
ascend of h from the minimum. This subsection uses the notations and estimates of
Subsection 4.3.5.

Lemma 4.5.13. There is a positive constant C' such that for h large enough,
E[r*(h)] < Ce™.

Démonstration. We have 7*(h) = m*(h) + (7*(h) — m*(h)), and using Lemma 4.3.9
we get

E[r*(h)] =E [S"(T;)] + E [r(V',R))] . (4.5.15)
For the first term, note that E[S™~(T},)] = E[S"~(1)] x E[T}] since S"~ is a
subordinator and is independent from Tj,. Also, recall that S™~(1) < S(1) where S(1)
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has finite expectation according to Lemma 4.3.10. Then, T}, follows an exponential
distribution with parameter N'(F, 1) ~ ce ™", according to Lemma 4.3.11, where c
is the positive constant obtained in the lemma. For h large enough we thus get

E [S"(T)] < (2E[S(1)]/c)e™. (4.5.16)

For the second term, we use Lemma 2.6 of [72] and the fact that, since V* is a
spectrally negative Lévy process drifting to +oo, 7(V#,.) is a subordinator having
finite expectation (see [8], Section VII.1). We obtain

E[r(VT,h))] <E[r(V% h)] =hE [7(V* 1))]. (4.5.17)

Combining (4.5.15), (4.5.16) and (4.5.17) we get the result.
[

Lemma 4.5.14. There is a positive constant C' such that
™ (h)

/ "Wy | < Cell=mh,
0

Démonstration. Since V' is spectrally negative, single points are not essentially polar
for V' so, according to Theorem V.1 of [8], there is Ly, a local time that satisfies

the density of occupations formula for V' : almost surely, for all mesurable function
f and t > 0 we have fot f(V(s))ds = [ f(x)Ly(t, x)dz. Therefore, as in the proof
of the majoration of fy(h) in Lemma 3.6 of 3] we get :

7*(h)
/ eV dy
0

and, according to the strong Markov property,

Vh >0, E

h
E §/ e"E [Ly (+00,z)] dz,

oo

E[Ly(+00,2)] =P (7(V,z) < +00) X E[Ly(400,0)],

where

[0,400]

P(r(V,z) < +o00) <P ( sup V > x) =l,<0+e "1

We thus get

E

7 (h) 1
/ ev(“)du] < 1—1[:71 [Ly(+00,0)] x (et — k).
0 — K

Then, considering the Poisson point process of excursions away from 0 associated
with the local time Ly (., 0), we have that Ly (400, 0) is only the time when occurs the
infinite excursion of V', and this follows an exponential distribution with parameter
nv(& ¢(€) = +o0) > 0. As a consequence, E[Ly(+00,0)] < +o0o and the result
follows.

O
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4.5.5 Estimates on the valleys
We now use the previous results to prove some estimates on the standard valleys.

Lemma 4.5.15. For all h large enough we have

\v/j 2 1’ P (/mj 6V<j)(u)du Z 66(125)”h> Z 1— 6—5571/4.

Démonstration. Thanks to Remark 4.3.4 we only need to prove the result for j = 1.
Recall the proof of Lemma 4.5.5 in which we set a = h, b = e1=9%" and n = §/2.
For h > 1 let us define :

p(h) :=P (min (7(V — V, h), 7 (V,]—00, —6h/2])) > 1) = P (T} > 1) > p(1) > 0.

Since, from the Markov property, the sequence (T; — T;_1);>1 is 4id, the probability
that T; — T;_, < 1 for all i < [eU1=29] is

(1= p(h)"™ < (1= p(1) " < e,

for h large enough. Then, recall that we proved that, with probability greater than
1 — (b/na + 1)e="(1=m2 (which is more than 1 — e™®"/3 at least when h is large
enough), the index 4 such that 7; = 7(V — V., h) is greater than 2e(!=0%" /§h.

It means that after the [e!=29%" | one, V will still make 2e(1=9)%k /§h— | e(1=20)kh | >

el1=29)rh descents before 7(V —V, h) and so, before . In [0, /1], there will therefore
be an interval larger than 1 on which V() is greater than e(!1=29%" We thus have

mi
(1) (1-26)kh
/ eV Wy > et x 1
L

with probability greater than 1 — e — e=#"/3_for h large enough, and the result
follows.
[

Lemma 4.5.16. Fiz 0 <n < «a < 1. For h large enough we have
vi>1, P (f}g <7 (ah), y inf V9> (a—n) h) >1— e /3,
(5,75 (ah)]

It would seem convenient to use the time-reverse property to prove this lemma.
However this is not possible here so we have to show that V' cannot get too close to
its future minimum before time 7 (avh).

Démonstration. Thanks to Remark 4.3.4 we only need to prove the result for j = 1.
Recall that 7(h) is the first time after Lf when V — V reaches h and 1y is the
associated minimum, so

P (L3> 7 (0h) SP(r(V = V,h) < 7(V,] — 00, ~h])) < 32, (45.18)
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where the last inequality comes from Lemma 4.5.5 applied with a =b=h, n =1 /2.
When L} < 7 (ah), let u; be the unique point where V) reaches its minimum on

[}, 7 (ah)]. On the event {L! < 77 (arh), inf 7 - on) V) < (a—mn)h} we have

V(mi) < V(w) < V(i) + (@ —n)h < V(7 (ah)—) — nh. (4.5.19)

It implies that V' — V reaches nh between wu; and 7, («h), then V descends lower
than its minimum level V(uy) (because V(m1) € [V(u1) — (o — n)h, V(uy)]) and
then, V' — V reaches h before V reaches | — 0o, V(u1) — (o — n)h[. We thus consider
the times when V' —V reaches nh and separate them by the times when V' gets lower
than its previous minimum. We introduce the sequences of stopping times (.5;),>0
and (T});>1 where Sy := L* and

T;:=inf{t > S;—1, (V-=V)(t)=nh}, S;:=inf{t>T; V(t)<V(T))}.

Note that for all j > 1, V(13) = V(1) — nh and V(S;) = V(S;). Combining
with the Markov property, this implies that the sequences of truncated processes
(V(t+ S5j-1) = V(Sj-1), 0 <t <Tj—8j1)j1 and (V(E+T;) = V(T;), 0 <t <
S; —Tj);>1 are both 4id, and the two sequences are independent.

We see that 7, (nh) = T, where we define Jy to be the first index j > 1 for
which inf{t > T;, (V —V)(t) = h} < S; and m, is the minimum of V' before
Ty, (V(my) = V(Ty,) = V(T),) — nh). Moreover, we just saw that on the event
{L} < 77 (ah), inf[iﬁ,ﬂ‘(ah)} VW < (o —n)h}, Jy > 2 and u; is the minimum of V
before T for some random K < Jy (V(u1) = V.(Tx) = V(Tk)—nh). Using (4.5.19),
we get,

V(Tjy1) < V(Tk) = V(w) < V(m)+(a—n)h = V(T;)+(a=n)h = V(Ts)+(a—2n)h.

From the definition of \S; we have V(Sy,_1) < V(T),-1) so we get

(LY, 7 (ah)]

{ﬂ < 7y (ah), inf VO < (a—1n) h} CA{V(Ss-1) <V(Ty)+ (a—2n)h}.
(4.5.20)

For any k > 1, the event {V(Sk_1) < V(Tk) + (o — 2n)h} only depends on (V' (t +
Sk—1) — V(Sk-1), 0 <t < T} — Sk_1) whereas the event {Jy = k} only depends on
the sequence (V(t +1;) — V(1};), 0 <t < S; —T})j>1. Partitioning on the possible
values for Jy and using the fact that the sequences (V (¢t +5,-1) =V (S;-1), 0 <t <
T;—S;-1)j>1 and (V(t+T;)—V(T};), 0 <t <S;—T;);>1 are independent and both
1d, we get

P(V(Ss-1) < V(Ty) + (@ =2n)h) =

(V(So) < V(T1) + (a — 2n)h)
(1 (V =V,nh) <7 (V,] =00, —(a —n)hl))
< (1+a/n)e 22,
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where the inequality comes from Lemma 4.5.5 applied with a = nh, b = (o — n)h,
n = 1/2. Combining with (4.5.20) and (4.5.18) we get the result for h large enough.

O
Lemma 4.5.17. For all h large enough we have
Vi>1, P (%;(h) L > e(1+5)“h> < e onh/2,
Démonstration. Here again, we only need to prove the result for j = 1. We have
Fo(h) — Lo < 7(h) — Lo = <%1(h) - iﬁ) n (iﬁ - ZO) . (4.5.21)

For the first term, according to the Markov property at Eﬁ and the definition of
71(h), we see that 7, (h) — L* has the same law as 7*(h). We thus have P(7;(h) — L} >
eU+rh 19) = P(7*(h) > eI+ /2) and combining with Markov’s inequality and
Lemma 4.5.13, we get for h large enough,

P (%l(h) It e(1+5)”h/2> < 20", (4.5.22)

where (' is the constant in Lemma 4.5.13. For the second term, according to the
definition of Lf and Lemma 4.5.4 applied with y = e(=95% and r = ¢(1+05h /2 we
have, for h large enough :

~ ~ e(1+6)Kh o(148)kh
P (L’i = Lo>— ) =P (T (V,] = 00, —e179h]) > 5

> < e " (4.5.23)

The combination of (4.5.21), (4.5.22) and (4.5.23) yields the result.
0

4.5.6 Estimates on the diffusion in potential V/

We now give an upper bound for the time spent by the diffusion and the local
time in the negative half-line. Restricted to the drifted brownian case, our result is
a little stronger than Lemma 3.5 of [3]. It is the only estimate that we need for both
cases 0 < Kk < 1land kK > 1.

Lemma 4.5.18. Recall the definition of H_ in Subsection 4.1.2. There is a positive
constant C' such that for r large enough,

P (H_(+OO) > 7“) < CT—H/(Q-H:) and P <] inf ]EX(—i—oo’ ) > 7”) < 37,—5/(2—&-14)'
—00,0

Démonstration. From the definition of the local time and formula (4.2.1), we have

0

H(+oo):/_ ﬁX(—l—oo,x)dx:/ e VO Lp(1(B, Ay (+00)), Ay (z))dx

[ee] —00

:AV(+oo)/ e V@ Lp(T(B,1), Ay (z) /Ay (+00))dz

—0o0
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where B’ := B((Ay(+00))%.)/Av(+00). By scale invariance, we see that conditio-
nally to V', B’ is a brownian motion so

H_(+00) £ Ay(+00) / : eV @ Le(r(B,1), Ay (x) /Ay (+00))dr  (4.5.24)

—00

< <sup£B(T(B,1),y)> X Ay (+00) x /_U e V@ dy

y<0

+oo
= (sup Lp(7(B, 1),y)) X Ay (400) % / eV @dg, (4.5.25)
y<0 0
where V(z) := —V(—z). By time reversing, the process (V(z), = > 0) has the same

law as (V(z), x > 0). As a consequence, the right hand side of (4.5.25) features
three factors, the last two of them being equal in law to f0+oo e du. We thus have

+o0o
P(H_(+o00)>71) <P (sup Lp(T(B,1),y) > r”/(2+”)>+2ﬂ” (/ eV Wy > Tl/(2+“)) ,
0

y<0
and combining with inequality (7.13) of [4] for the first term, and the second as-
sertion of Lemma 4.5.3 for the second term, we get the result for r large enough.
For the assertion about the local time, we only replace the integrals on | — oo, 0]
by a supremum (as well as the integral on [0, 4+o0[ for V). Since sup V follows an
exponential distribution with parameter , the result follows.

]

The next lemma provides a useful estimate to bound the time spent by the
diffusion between two standard valleys. It generalizes a part of Lemma 3.6 of [3].

Lemma 4.5.19. Recall the definition of H, in Subsection 4.1.2. There exists a
constant C' > 0 such that for h large enough,

E[H, (T*(h))] < Ce". (4.5.26)

Démonstration. The beginning of the proof is similar to the beginning of the proof
of Lemma 3.6 in [3]. In fact (3.37) of [3] is still true in our setting, with V' instead
of the drifted brownian motion :

E[H (7*(h))] < 2E[r"(h)] x E

Combining this with Lemmas 4.5.13 and 4.5.14, we get the result.
O

A fundamental point to have the renewal structure for the contributions to time
and to local time is the fact that the diffusion never goes back to a previous valley.
Let us define B

X, = X(H(L;) + )
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which is, according to the Markov property, a diffusion in the environment V' starting
from L;. We also denote by Hx,_ (r) the hitting time of r by X} . The following lemma
proves that the diffusion does not go back :

Lemma 4.5.20. There is a positive constant ¢ such that for h large enough,
Vi>1, P (HXZ‘(%i(h)) < HXE‘(—Foo)) < eeh,

Démonstration. Let us fixi > 1. At fixed environment V', PV (Hx, (L}) < Hx, (+00))
equals

:"OO V(u) _ +00o V(u+i1)—V(Zl) .
_ fLi eV Wduy _ vigvem_Jo e du — VE)VGEM T,
[ VW Ji7 eV ) V) du

(4.5.27)

Since fji and 7;(h) are stopping times for V', both I; and I have the same law as
f;oo e du even though there are not independent. Then,

P (11/12 > eh/4) <P ([1 > eh/g) +P (12 < e’h/B) < 2Ce R84 emh/16,

where the last inequality and the constants come from the two assertions of Lemma
4.5.3. Tt holds for h large enough. From the definition of L; we have V(L;) —
V((h)) < —h/2 so the last term of (4.5.27) is less than e~/* with probability
greater than 1 — 2Ce "8 4 ce="/16 and is bounded by 1 otherwise. Integrating
(4.5.27) with respect to V' we thus get

P (HXL<%z(h)) < HXE(+OO>> S 6—’1/4 + 2C€_Hh/8 I Ce_h/167

and the result follows.

]

Recall the definitions of X, := X (. +0;) and Hx,, (r). The next lemma proves
that the standard valleys are left from the right.

Lemma 4.5.21. For h large enough,
Vi>1, P (me (ii—l) < HX@(L)) < ¢ 1oh/6,

This is where appears a difference with the brownian case. In Lemma 3.2 of [3],
they have a similar result with, instead of L;_;, an other random time denoted by
ZNL; . In the context of a Lévy environment, the existence of jumps may allow one
of the m; — f); to be quite small with a non negligible probability, which would
allow some standard valleys to be left from f); . In fact, we would need an analogue
of (4.5.8) for V' to have the same result as in Lemma 3.2 of [3]. In order to still

196



4.5. SOME ESTIMATES ON V, V!, VT AND THE DIFFUSION IN V

have the standard valleys left from the right, we have to change our definition of
"eave from the right" (replacing Ly by L;_1). A consequence of this is that the
study of the descending parts of the standard h-valleys is more technical (since we
have to consider a bigger part than in [3], and we do not know its law precisely) and
requires Subsection 4.5.5. In particular, our proof that the standard valleys are left
from the right requires the technical Lemma 4.5.15, but the idea of the result has
no qualitative difference with the drifted brownian case.

Démonstration. of Lemma 4.5.21 3 3
Let us fix i > 1. At fixed environment V, PV (Hx,, (Li-1) < Hx,, (L)) equals
JE VO dy 1

[, 0 Lk [ PO [ e

Li mio
< max (1,/ evm(“)du/[ eV<Z)(“)du> . (4.5.28)
m; L1

We first provide an upper bound for

L ow R L o
/ eV (“)du:/ eV (“)du—i-/ eV Wy,
According to proposition 4.3.6, the terms of the right hand side have respectively
(v T —00,— 0
the same law as [ VLR V@) gy and e 0 (Vil=o0=h/2D) V() gy, < el f0+ eV @ dy. We
thus have

Li (VT,h)
P / "Wy > 100 | < p / e Wy > eI+ /9
" 0
+oo
+P (/ eV Wy > eéh/2> : (4.5.29)
0

For h large enough, the first term of the right hand side is bounded by e~" because
of (4.5.9) and the second is bounded by 2C x 25" because of the second assertion
of Lemma 4.5.3. As a consequence, for h large enough,

L
P ( / "Wy > e<1+5>h) < 7N/, (4.5.30)
A lower bound for g: il VYW qy is given by Lemma 4.5.15. Combining with

(4.5.30), we get that for h large enough

L; _ m;
P (/ ev(z)(“)du// eV ay > eh) < e THOR/S
ﬁli Li—l

so integrating (4.5.28) with respect to V' we get the result for h large enough.
O
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4.5.7 Proof of some facts

We now prove Facts 4.4.3, 4.4.4 and 4.4.13. Even if they are taken from [3| and
[4], their proof use estimates that are only true for the drifted brownian potential.
This is why we have to adapt them to our context and to use our estimates instead
of the original ones. We shall refer to [3| and [4] for the proofs and only precise what
are the differences between their proofs and ours.

Démonstration. of Fact 4.4.3
This is Lemma 3.7 of [3]. For the proof, here are the differences :

W, is, off course, replaced here by V. The standard valleys are to be considered
as the ones defined in our sense. Also, L* of [3] has to be replaced here by 7;(h;) so
Lemma 3.3 of [3] can be replaced here by Lemma 4.5.20 and 7;*(h;) is like we defined
it in Subsection 4.3.3.

For the step 1, the event €57 is replaced here by N} {7 (h;) = 7i(h:)} (note that
this includes {7 (h:) = 71(h:)}) and the negligibility of the complementary is proved
by Lemma 4.3.7 (the constant in the exponential might be different from the one in
[3] but it does not matter).

For the step 2, the event £}% is replaced here by N { Hx, (7;(hy)) > Hx, (1)}
and the negligibility of the complementary is proved by Lemma 4.5.20. T hlen, esti-
mate (3.34) of [3] (which is, in the proof of Lemma 3.7 there, referred to as "Lemma
3.6") has to be replaced here by Lemma 4.5.19. For H, (1), it is obviously less than
H(71(h)) which equals H, (7 (h)) on {7 (ht) = 71(h:)} so, here, the expectation
E[H (m1)1gzs] is bounded by E[H(7%(h))], just as the other terms, and in parti-
cular, there is no need, here, to bother with the event €37 nor to specify we are on
the event V; where the classical and standard valleys coincide.

Finally, to bound H_ (1), we see from t/log(h;) > e (which is true at least
for large t) and Lemma 4.5.18, that, for ¢ large enough,

P (H_(1in) > t/log(he)) <P (H_(1iy) > ") <P (H_(400) > ™) < Ce ™M/,
]

Démonstration. of Fact 4.4.4
The first point is Lemma 3.3 of [4]. For the proof, here are the differences :

W, is replaced here by V' and we use the notations m*(h) and 7*(h;) instead
of mj(h;) and 77 (h). We change a little the definition of b(t), that is, b(t) :=
6Rp(t)e ™ /(1 — e™*) where R := —E[V(7(V,] — oo, —1]))]. Note that R is finite
according to Lemma 4.5.2 and the hypothesis assumed on V. For P(A§) (where Ay
has the same definition as in the original proof of [4] with, off course, V' instead of
W), we get a similar upper bound for ¢ large enough, thanks to the second assertion
of Lemma 4.5.3. Because of the negative jumps, we have, before bounding P(.A$), to
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give a different definition for the stopping times f; and to define a new event A’5.
First, fo := 0 and

Vi 2 1, fl := inf {ZE Z fi—17 V(ZL’) S V(fl—l) - 1} .
Let I(t) :== max{i € N, f;_1 < m*(h:)}, we now define A’y by
Ay :={I(t) <b(t)/2R} .

We define, for i > 1, E; := {supyy, , ;1 V — V. > I} Since infg 5,1V = V(fi_1) we
have

0,fi—fi—1]
and because of the Markov property applied at f; 1, the events F; are independent
and have the same probability that we denote by p;. Also, I(t) is the smallest ¢ > 1

for which E; is realized, so I(t) follows a geometric distribution with parameter p;.
Then,

E;, = { sup VSt —yfior > ht} )
[

pi =P (E)) > P(V leaves [—1, h;] from above) > (1 — e ")e ",

where, for the last inequality, we applied Lemma 4.5.1 with a = 1 and b = h;. We
deduce

PAS) = (1 — py) PO/2R) — (lo0)/2R) log(1-pe) < olb(0)/2R]log(1~(1—e~")e™") < =36(1)

(4.5.31)
where the last inequality holds for ¢ large enough. Then,
[b()/2R]
{V (fuwper) <=0} < Y. (V) = V(fim) + R) < —b(t)/2
i=1

The random variables V(f;) —V(fi—1) + R are iid having the same law as V (7(V,] —
00, —1])) + R, in particular they have 0 mean and belong to L” (because of Lemma
4.5.2). We can thus apply successively Markov’s and Von Barh-Esseen’s inequalities :

9 \P b(t)/2R) b
P (V (fiowry2r)) < —b(t)) < (@) Ell 2 V) -V({fia)+R
<2 (%) X (62(—2) X E[|V(r(V,] — oo, —1])) + R"]
< ek (4.5.32)

where the last inequality comes from the definition of b(¢) and holds for ¢ large
enough. Also,

A2 WV (fiw/em) = —b(1)} C { inf V> —b(t)} = A,

(0,7 (he)]

so combining with (4.5.31) and (4.5.32), the upper bound P(A5) < e=2*® follows
(for large t).
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Thanks to our definition of f;, we still have e=V® < e=VUD+! for f; < x < fiq
so (3.8) of [4] is true in our context.

Our upper bound for E 71 V@) qy] (denoted Bo(h) in [4]) is given by Lemma
4.5.14 ’

For P(A9), we use Lemma 4.3.9 and get
P(Aj) <P (T(VT7ht) <1) <P (r(V1 hy) — 7(VT, h/2) < 1) < echt/2.

where the last inequality holds for some positive constant ¢ and ¢ large enough,
according to (4.5.7) applied with w = 1 and o = 1/2.

We now justify the second point of Fact 4.4.4. We treat separately the case j = 0.
Since H(Ly) = H(0) = 0, the term Lx(H(L;), ) can be omitted.
P(supg Lx (H (1), x) > 1) is less than

P (] info] Lx(+00,.) > rt) +P <[ su(p ! Lx(H(t*(h)),.) > Tt> —HP’(ﬁll #m*(h)(= ﬁ”f{))
—0o0, 0,m*(h¢

Putting 7, := te(1430)-141) and applying Lemmas 4.5.18 and 4.3.7 together with
the first point, we get for some constant C} and ¢ large enough,

C/
P <sup Lx(H(my),z) > te(”(1+35)_1)¢(t)> < 2 (4.5.33)
R

- nteﬁ&f)(t) '

For j > 1, the proof has the same idea as the one of Lemma 3.2 in [4]. Thanks
to Lemmas 4.5.20 and 4.3.7 we have, for some constant ¢ and ¢ large enough,

v (ﬁ {HXj(ij) < Hx, (7;(h)), %ﬂh) = 7;(h), m; = mj}) > 1 — ne

(4.5.34)

On this event we have that, for i € {1,...,n; — 1}, the chain of inequalities (3.11) of
[4] is still true when L;, 7} and 77(h) are defined in our sense (in Subsection 4.3.3)
and L} of [4] is replaced by 7;(h). Moreover, the last term of this chain of inequality
has the same law as sup,c(g n(n,) £x (H(7*(ht)), z), so combining (4.5.34) and the
first point we get

ne—1
‘ . ; (14+30)— Cy(n — 1)

P (ﬂl {Sﬁp <£X(H(mj+1),x) _ £X(H(Lj)7x)> < te(r(1+39) 1)¢(t)}> >1-— W,@.a%)
‘]:

for some constant C4 and t large enough. The combination of (4.5.33) and (4.5.35)
is the sought result.

The third point of Fact 4.4.4 is Lemma 3.4 of [4]. For the proof, here are the
differences :
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W, is replaced here by V' and the standard valleys are to be considered as the
ones defined in our sense (in Subsection 4.3.3). For convenience, we have r; = (¢(t))?
(instead of 7, = Co¢(t) in [4]). In this proof, we systematically replace 7; (/) of [4]
by L; 1 (defined in our sens). For Ay, we have that P(A$) is less than

itk ) L o
p / Wy 5 260/ | | p / W) gy > hi+26(0)/x
mj 7j(ht)
T(VT,ht) T(V,]—OO,—%])
=P / eVT(y)dy > et t20(0)/k ) 4 P eht/ VW dy > ehit2eM/n )
0 0

where we used Proposition 4.3.6 for the laws of 152(j ) and Z%fj ),

+oo
<P (T(VT, hy) > €2¢(t)/n> +P (/ "Wdy > 6%@)/%) ’
0

< eCrhi—cae??®/x 4+ 9Ce~26)

— Y

for t large enough, according to Lemma 4.5.6 and the second assertion of Lemma
4.5.3 (the constants are the ones defined in there). For ¢ large enough we get P(.AS) <
ce= 2% where ¢ is some positive constant.

The event Aj of the original proof is not needed here thanks to our definition of
D;, and we redefine

[ ((6(1)2).7 (he)]

Ay = { inf v > (¢(t))2/2}

According to Proposition 4.3.6 and Lemma 4.5.7 applied with a = (4(1))?/2,b =
(6(t))?, we have P(AS) < e~2¢®) for t large enough. We also redefine

As = { inf V@) > (¢(t))2/2} and Ag := { inf V) > ht/4} )
(7 (

he), 7 ((6(4))2)] [Lj—1,7; (he/2)]

Combining Proposition 4.3.6 and Lemma 4.5.9 applied with z = 0,a = (¢(t))?/2,b =
(¢(t))?, we get for t large enough

P(AS) < 2e0%he/3 4 26*5(¢(t))2/2/(1 _ e*ﬁ(¢(t))2) < e 20(0),

where the last inequality holds for ¢ large enough. According to the definition of fjg
and Lemma 4.5.16 applied with a = 1/2,7 = 1/4, we have P(Ag) < e /12 for
large t.

On N&_,A;, we have VW (z) > (¢(t))?/2, Va € [L;_1, Lj] N DS so the conclusion
follows as in the proof of Lemma 3.4 in [4] (but here we do not need to intersect
with V, of [4]). O
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Démonstration. of Fact 4.4.13

This is Lemma 5.3 of [4]. As in there, let ox(a,b) := inf{s > 0, Lx(s,b) > a}
be the inverse of the local time of X at b. Here are the differences with the proof of
Lemma 5.3 of [4] :

W, is replaced here by V' and the standard valleys are to be considered as the ones
defined in our sense (in Subsection 4.3.3). In this proof, we systematically replace
f{ of [4] by Lo = 0, in particular, the domain of integration in the integral I, which
represents the inverse of the local time, is [Lg, L1].

We get the analogue of (5.22) of [4] using Proposition 4.4.5. Our lower bound for
P(AY (7 (he/2)) < e1F9/2) and P(AY(F(he/2)) < e"(+9/2) come from the proof
of Lemma 4.4.8.

Recall also that, since the domain of integration in 7 is [Lo, Li] we have in our

case .
71 (ht/2) L
[2 < eeht/2 /1 ' €V(1)(Z)dﬂj+/ ' e*V(l)("E)dx ,
L 71(ht/2)

with probability larger than 1 — 2e~"*/2 (note that we took ¢/2 instead of ¢ and h,
instead of logt). We bound the two integrals using Lemmas 4.4.6 and 4.4.7 and get,
for t large enough :

P (I < 2e /%) > 1 — em2h, (4.5.36)

where ¢, is a positive constant. Our lower bound for R comes from (4.4.19). Combing
with (4.5.36) we get for some positive constant ¢z and t large enough,

P (I, < e M/AR) > 1 — e M
so in place of (5.24) of [4] we have
i <|1 — VR > e PUR,, Hy, (Ly) > o(yt, 1) > H(1 — 2), Hy,, (L1) < Hx, @0))
< et (4.5.37)

for all ¢ large enough, and where ¢, is a positive constant.

From our definition of e; in Subsection 4.4.2 we still have
O'(")/t, Thl) > H(Zl) Syt > Al(il)el <~ ’}/tRl > Al(il)elRl.

(3.18) of [4] has to be replaced here by Lemma 4.4.10 and, as we already mentioned,
(5.22) by Proposition 4.4.5. In place of (5.26) of [4] we thus have

0(’)/75,7%1) > H(il) = ’}/tRl > (1 — e’c5ht)H(l~}1),

for some positive constant cs, except on a event which probability is less than e=¢s"
(for some positive constant ¢g). The fact that the constant are modified (with respect
to the ones in the original proof) has no importance so we omit to mention it for
the rest of the proof.
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For f,(x), note that we use our definition of D;. According to this definition we
have Dy C [1y (ht/2),71(ht/2)] for ¢ large enough, so we can use the lower bounds
for P(AY(7; (he/2)) < e (149/2) and P(A(F(he/2)) < eM(1F9/2) (from the proof of
Lemma 4.4.8) to bound @ on D;.

(5.24) of [4] has, off course, to be replaced here by (4.5.37). Finally, (3.2) of [4]
has to be replaced here by Lemma 4.5.21.
O
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Chapitre 5

ALMOST SURE BEHAVIOR FOR THE
LOCAL TIME OF A DIFFUSION IN A
SPECTRALLY NEGATIVE LEVY
ENVIRONMENT

This work has been the object of an article [73] that will be shortly submitted.

5.1 Introduction

We study the almost sure asymptotic behavior of the supremum of the local time
for a transient diffusion in a spectrally negative Lévy environment. Let V' be a two-
sided spectrally negative Lévy process which is not the opposite of a subordinator,
drifts to —oo at +o00, and such that V' (0) = 0. We denote its Laplace exponent by
\I/V .

Vi, A >0, E [e’\v(t)] = Vv,

It is well-known, for such V', that ¥y, admits a non trivial zero that we denote here
by &, k£ :=1inf{A >0, Uy (\) =0} > 0.

We are here interested in a diffusion in this potential V. Such a diffusion (X (¢), ¢t >
0) is defined informally by X (0) = 0 and

AX (1) = dB(r) - SV (X (),

where 3 is a Brownian motion independent from V. Rigorously, X is defined by its
conditional generator given V/,

Lvid (v d
26 dz ¢ dr /-
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The fact that V' drifts to —oo puts us in the case where the diffusion X is a.s.
transient to the right. The asymptotic behavior of this diffusion has been studied by
Singh [66], he distinguishes three main possible behaviors depending on 0 < k < 1,
k= 1or k> 1 (the case k > 1 being also divided into three subcases). We denote
by (Lx(t,x),t > 0,z € R) the version of the local time that is continus in time and
cad-lag in space, and we define the supremum of the local time until instant ¢ as

Ly (t) =sup Lx(t,x).
Tz€R
Here, we study the almost sure asymptotic behavior of L% (¢). When the environment
is a brownian motion with no drift, Shi [61] has studied this behavior and shown
that

. L5 (t) 1
P-a.s. limsu X > —, 5.1.1
PP oglollog®)) ~ 32 o
where P is the so-called annealed probability measure which definition is recalled
in Subsection 5.1.3. In the same case, Andreoletti and Diel [5] have proved more
recently the convergence in distribution of £% (¢)/t. Diel [29] has then continued the
study by giving a finite upper bound for the limsup in (5.1.1) and doing the same

study for the liminf :

L5t 2 2 L% (+ 2.2
P-a.s. lim sup x(®) < < and Jo < lim inf x(t) < o ,
t—+4o00 tlog(log(log(t))) — 2 64 — t—+oo t/log(log(log(t))) 4

where jg is the smallest positive root of the Bessel function J;.

In the case of a drifted-brownian environment, the almost sure behavior of £% (¥)
has been studied by Devulder [28] using annealed methods. He totally characterizes
the almost sure behavior when x > 1. In this case, for any positive non decreasing
function a we have

. —1 < +eo im su E}—(t) — 0 _a.S
2 wfal) { — oo TSP Gy { Lo s (5.1.2)
and
-a.s. limin £x0) = 4(K%(Kk — 1/k

When sk = 1 he obtains

(T
P-a.s. liminf Lx) <1/2.
t=+oo t/log(t)log(log(t))
When 0 < k < 1, his method fails and only provides partial results for the almost
sure behavior of the local time. More precisely he proves that the renormalisation
for the lim sup is greater than ¢ :

L (1
P-a.s. limsup % = 400, (5.1.4)

t——+o0
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and that the renormalization for the lim inf is at most ¢/ log(log()) and greater than
t/(log(t))/*(log(log(t)))?/®*¢ for any € > 0 :

. L5 (1)
P-a.s. I%inigofm < C(k), (5.1.5)

. Lx(t)
Ve >0, P-as. liminf t/(log(t))/=(log(log(t)))(2/m)+e

= 00, (5.1.6)

where C'(k) is a positive non explicit constant.

For the discrete transient Random Walk in Random Enrvironment (RWRE), the
almost sure behavior of the supremum of the local time has been studied by Gantert
and Shi [41], they obtain the behavior of the limsup in the two subcases 0 < k < 1
and Kk > 1.

For the diffusion in the general potential V', the convergence in distribution of
L% (t)/t has been studied by the author in [74] using two different methods : when 0 <
k < 1 a path decomposition of the environment that provides an interesting renewal
structure to study the diffusion is used, this method is inspired from Andreoletti
and al. [4], [3] which are themselves inspired from the work of Enriquez and al. [34]
in the discrete case. When x > 1 an equality in law between the local time and a
generalized Ornstein-Uhlenbeck process that was introduced in [66] is used. The main
contribution of this paper is in the case 0 < k < 1, pushing further the ideas of |74],
we make a deep study of the renewal structure of the diffusion in order to establish
the almost sure asymptotic behavior of L% (¢). We characterize this behavior when
0 < k <1 and k > 1. In particular, the restriction of our results to the case of a
drifted brownian potential with 0 < x < 1 improves the results (5.1.4), (5.1.5) and
(5.1.6) of [28] by giving the exact renormalizations and even the exact value of the
constant for the limsup, for the liminf we get the exact renormalizations and an
explicit upper bound of the constant.

5.1.1 Main results

We start with the case 0 < k < 1. In that case, the limit distribution of £% (t)/t
given in [74] depends on exponential functionals of V' and its dual conditioned to
stay positive. They are defined as follow :

+oo R +oo N
(V) = / eV Ogt and (V') := / eV Wqg,
0 0

where f/, the dual of V, is equal in law to —V. In Subsection 5.4.1 it is precised
how V' and VT are defined rigorously. These functionals are studied by the author
in [72| where it is proved in Theorems 1.1 and 1.13 that they are indeed finite and

well-defined. Let GG; and G5 be two independent random variables with G £7 (vh
and Go £ I(V1). We define R := G + Go.
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To study the limsup of L% (¢), we link the almost sur asymptotic behavior of
L3 (t) with the left tail of I(VT) (or of R according to the case). Before stating our
results, let us recall what is known about the left tail of I(VT).

In [72], the left tail of I(VT) is linked to the asymptotic behavior of Wy This
asymptotic behavior is usually quantified thanks to two real numbers ¢ and S :

o = sup {a >0, /\lim AWy (N) = oo} ,

—+00

3= inf {a >0, lim AUy () = o} .

—+00

If Uy has a-regular variation for o € [1,2] (for example if V' is a drifted a-stable
Lévy process with no positive jumps), we have 0 = § = a. Note that when @, the
brownian component of V| is positive, then ¥y has 2-regular variation, and when
Q =0,1< 0 <3 <2. The asymptotic behavior of P(I(VT) < ) as x goes to 0 is
given by the following theorem from [72] :

Theorem 5.1.1. [Véchambre, [72]]
There is a positive constant Ky (depending on V') such that for x small enough

P(I(V") <z) < e Folm, (5.1.7)

More precisely we have

1
1

If there are two positive constants ¢ < C and a €]1,2] such that cA* < Uy (A) <
CX\* for X large enough, then for any 6 > 1 we have, when x is small enough,

exp <— 6056%11 > <P(I(V") <z) <exp (_a_—l) , (5.1.10)

(cz)a 5(C)a

If there is a positive constant C' and « €]1,2] such that Uy () ~y_ 400 CAY, then

a—1
—log(P(I(VT) <z)) ~ —7F. (5.1.11)
UV <) 5, ook

(5.1.7) is Remark 1.6 of [72], (5.1.8) and (5.1.9) are a reformulation of Theorem
1.4 of [72], and (5.1.10) comes from Theorem 1.2 of [72]. (5.1.11) is Theorem 1.5 of

72].
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We can now state our results for the lim sup :

Theorem 5.1.2. — Assume that 0 < k < 1, V' has unbounded variation, V(1) €
L? for some p > 1 and V possesses negative jumps.

If there is v > 1 and C' > 0 such that for x small enough

P(I(VT) <) <exp (— ({ ) , (5.1.12)

-1
then we have

‘C;((t) < Ol—'y'

P-a.s. limsu 5.1.13
7 Hlogog@)) T 11
If there is v > 1 and C' > 0 such that for x small enough
4 C
PV <z)>exp|——]), (5.1.14)
ro—1
then we have
P-a.s. limsup Ex(t) > O, (5.1.15)

t—+oo t(log(log(t)))—t —

— Assume now that V(t) = W,(t) := W(t) — 5t with 0 < k < 1, (i.e. V is the
k-drifted brownian motion), then the above implications ((5.1.12) = (5.1.13)
and (5.1.14) = (5.1.15) ) are still true with [(V") replaced by R.

In the above theorem we had to distinguish the case where V' possesses negative
jumps and the case where V is a drifted brownian motion. First, note that this is
a true alternative : since V' is spectrally negative, the case where V' do not possess
negative jumps is the case where V' do not possess jumps at all and is therefore a
drifted brownian motion. In this case we assumed for convenience that the gaussian
component of V' is normalized to 1. The difference between the two cases in the above
proposition comes from the absence or presence of symmetry for the environment.
When V' possesses negative jumps, vt possesses positives jumps that might repulse
it very fast from 0, this is why the left tail of I(VT) is thiner than the left tail of
1 (VT), as we can see comparing Theorems 1.4 and 1.14 of [72]. As a consequence,
only the left tail of I(VT) is relevant in the left tail of R. When V is a drifted
brownian motion, a symmetry appears : V' and V1 are equal in law, R is then the
sum of two independent random variables having the same law as I(V") and none
of them can be neglected.

Remark 5.1.3. It has to be noted that the limsup above is P-almost surely equal
to a constant belonging to [0,4o00] and that the inequalities (5.1.13) and (5.1.15)
are inequalities relative to this value that the limsup equals P-almost surely. The
same will be true in all the results below : all the limsup and liminf considered are
P-almost surely equal to a constant. This fact is justified in Subsection 5.4.4.
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Putting together Theorem 5.1.2 and what is known for the left tail of I(VT)
(Theorem 5.1.1), we can state precise results for the limsup :

Theorem 5.1.4. If0 < k < 1, V has unbounded variation and V(1) € LP for some
p > 1, then we have

VB > B, P-a.s. limsup Lx(t)

ISP e log(E))F T (5.1.16)

and

. Lx (1)
If o > 1, Yo' €]1,0[, P-a.s. limsu X -
f ol 2 t(log(log (1))

If we make further hypothesis on the regularity of the variation of Wy we can
give the exact order of L% () :

= 4o00.  (5.1.17)

Theorem 5.1.5. — Assume that 0 < k < 1, V' has unbounded variation, V(1) €
LP for some p > 1 and V possesses negative jumps.

If there are two positive constants ¢ < C and o €]1,2] such that cA* <
Uy (A) < CA* for X large enough, then we have

c ' L5 (t) C
P-a.s. — <1 X < .
©F e = N Hog(og(®))e T = (a— 1)o

If, more precisely, there is a positive constant C' and « €]1,2] such that
Uy () ~ CA* for large A\, then we have

P-a.s. limsup Ex (1) = ¢ :
ttoo t(log(log(t)))*~t (o —1)*t
— Assume now that V.= W,,, the k-drifted brownian motion, with 0 < k < 1,
then we have

S (t 1
P-a.s. limsup A =—.
ts+o00 t(log(log(t))) 8
Remark 5.1.6. According to the combination of Theorem 5.1.2 and (5.1.7) we see

that, if 0 < k < 1, V' has unbounded variation and V(1) € LP for some p > 1, then

we always have
L5 (t
P-a.s. limsup x(®)

t—+o0 t(log(log(t)))
In other words, t(log(log(t))) is the mazximal possible renormalisation for the lim sup.

Remark 5.1.7. As it was noticed by Shi [61] and Diel [29] for the recurrent case, we
also notice a difference between the renormalization of the local time for the discrete
transient RWRE with zero speed (given by Gantert and Shi [{1]) and the renormali-
zation of the local time that we give for the transient diffusion with zero speed. This
difference can be explained as in the recurrent case : the valleys can potentially be
much steeper in the continus case with a potential having unbounded variation than
in the discrete case, so the local maxima of the local time can potentially be higher
in the first case.

< +00.
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We see in the above two theorems that the renormalization of L% (¢) for the
limsup depends directly on the asymptotic behavior of Wy . In particular, Theorem
5.1.5 says that for a drifted a-stable environment (with no positive jumps and o > 1),
the renormalization of L% (t) is t(log(log(t)))* !. We see that we have much more
possible behaviors with general spectrally negative Lévy environments, than with
drifted brownian environments. Even if, for technical reasons, the above theorems
do not apply when the environment V' has bounded variation, we can conjecture
that the behavior of L% (¢) remains linked in the same way to the left tail of I(VT)
which is given by Remark 1.7 of [72]. This implies

Conjecture 5.1.8. When V' has bounded variation, we have

Lx (1)
t

P-a.s. 0 < lim sup < +00

t——+o0

If this conjecture is true, we would have, when the environment has bounded va-
riation, the same renormalization as in the discrete transient case given by Theorem
1.1 of [41]. This would not be surprising since the discrete case gives rise to poten-
tials of bounded variation. Moreover, if V' has bounded variation then it is known
to be the difference of a deterministic positive drift and a subordinator. The valleys
can then not be steeper than the deterministic drift so, according to Remark 5.1.7,
the expected renormalization of L% (¢) has to be the same as in the discrete case.

For the lim inf, there is only one possible renormalization. Our result is as follows :

Theorem 5.1.9. If0 < k < 1, V has unbounded variation and V(1) € L? for some
p > 1, then we have

L L5(t) 1—k
P O R T Toa o8 = WEIT0V) + BT

(5.1.18)

Note that the expectations E[I(VT)] and E[I (V)] are finite and well defined
since I(VT) and I(V") both admit some finite exponential moments according to
Theorems 1.1 and 1.13 of [72].

Example : We consider W, the k-drifted brownian motion (W, (t) := W(t) —
£t), then, the expression of the Laplace transform of I (W1) is given by equation
(1.9) of |72]. This expression allows to compute the moments of (W) and gives
in particular E[I(W])] = 2/(1 + k). Moreover W and W have the same law so
E[I(WD)] 4+ E[I(W])] = 4/(1 + ). If we choose, as an environment, V = W, (for
0 < k < 1), then the above upper bound for the lim inf becomes (1— x?)/4x. Putting
this in relation with the results of [28], we see that the application of Theorem 5.1.9
in the special case of a drifted brownian environment improves (5.1.6) and completes
(5.1.5) by proving that this renormalization is exact and by providing an explicit
upper bound.
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The fact that we have many possible renormalizations for the lim sup, depending
on the environment V', while only one for the lim inf, whatever is the environment V|
might seem surprising, here is an heuristic explanation : In each valley the contribu-
tion to the time equals approximately the contribution to the local time multiplied
by an exponential functional of the bottom of the valley (which is close to R). The
lim sup concerns large values of the local time at a fixed time, it is reached when the
contribution to the local time of some valley is large while the contribution to the
time of the same valley has a fixed value, this happens when the exponential functio-
nal of the bottom of the valley has a small value. The link between the lim sup and
the small values of an exponential functional is made rigorously in Theorem 5.1.2.
The lim inf concerns small values of the local time at a fixed time, it is reached when
the contributions to the local time of the valleys are small while the sum of their
contributions to the time have a fixed value, this happens when the exponential
functionals of the bottoms of some valleys are large. We see that the difference bet-
ween lim sup and liminf comes from the difference between the left and right tails
of R. The left tail is mainly the left tail of I(VT) which depends on the asymptotic
of ¥y, according to Theorem 5.1.1, and ¥y have many possible behaviors. On the
other hand, the right tail is always exponential according to Theorems 1.1 and 1.13
and Remark 3.5 of [72|. This explains the difference of behaviors between the lim sup
and the lim inf.

We now treat the case where k > 1. In this case we use a different method and
the results are different.

Theorem 5.1.10. Let f be a positive non-increasing function. When k > 1, we

have
/+OO (f(t))ﬁdt{ < Heo & limsupM = {0 P-a.s.

t =400  {otoe  LU/F + 00

The above result is the analogue of Theorem 1.2 of [41] for the continus case. In
the special case where V' = W, (for k > 1), our result coincides with (5.1.2) (proved
by Devulder in [28]). Indeed, since f is decreasing we have the easy equivalences

+00 K +oo K R
/1 (f(z)) PN ; @ < to0 & ;(f@"))“ <400 (5.1.19)

The first equivalence shows that our result agrees with (5.1.2) and the second equi-
valence allows to reformulate the integrability condition in a form that is convenient
to prove Theorem 5.1.10.

Comparing Theorems 5.1.4, 5.1.5 and 5.1.10 we see that the renormalization for
the lim sup is larger in the slow transient case than in the fast transient case : this is in
accordance with intuition. However, it is surprising to see that the renormalization in
the slow transient case is also greater than the renormalization in the recurrent case,
given by Theorem 1.1 of [29]. Here is the heuristic explanation : In the recurrent case
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the diffusion is trapped in the bottom of a large valley while in the slow transient
case the diffusion gets successively trapped in the bottom of many valleys, these
bottom being much more narrow. This explains that the large values of the local
time have the tendency to be higher in the second case.

For the liminf, we provide an explicite value. Let the constants K and m be
defined similarly as in [66] :

We have :
Theorem 5.1.11. When k > 1, we have

o L5 (t)
P-a.s. lim inf . = 2(D(k)K*K /m)"/".
o R G ogllog (e 2T/
Example : If we choose V = W, (for k > 1), then K = 271 /T'(x) (see Example
1.1 in [66]) and m = 4/(k — 1). The above limit is then 4(x?(x — 1)/8)'/*. This
coincides with (5.1.3) (proved by Devulder in [28]).

For the liminf the behaviors of the different cases are in accordance with intui-
tion : comparing Theorem 1.1 of [29] with Theorems 5.1.9 and 5.1.11 we see that the
renormalization for the lim inf in the fast transient case is smaller than the renorma-
lization in the slow transient case which is in turn smaller than the renormalization
in the recurrent case.

5.1.2 Sketch of proofs and organisation of the paper

The rest of the paper is organized as follows.

In section 5.2 we study the case 0 < k < 1. We first recall the decomposition
of the environment into valleys from [74] and the behavior of the diffusion with
respect to these valleys. In particular, we recall how the renewal structure of the
diffusion allows to approximate the supremum of the local time and the time spent
by the diffusion in the bottom of the valleys by an #id sequence of R2-valued random
variables.

For the lim sup, we study the asymptotic of the distribution function P(L% (¢)/t >
x;), where x; is a suitably chosen quantity that goes to infinity with ¢. More precisely,
in Proposition 5.2.11 we compare the asymptotic of this distribution function with
the one of P(Y/' (Y, (1)) > ), the distribution function of a functional of the
above mentioned #d sequence, and in Proposition 5.2.15 we link the asymptotic
behavior of P(YF (Y, M (1)=) > z,) with the left tail of I(V') (or R in the case
of a drifted brownian potential). The synthesis of Propositions 5.2.11 and 5.2.15
allows to compare the distribution function P(L%(¢)/t > x;) with the left tail of
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I(V") (or R in the case of a drifted brownian potential) in Proposition 5.2.16. This
proposition entails Theorem 5.1.2 by the mean of the Borel-Cantelli Lemma and
the technical Lemma 5.2.10, which decomposes the trajectory of the diffusion into
large independent parts in order to get the required independence to apply the
Borel-Cantelli Lemma. The combination of Theorem 5.1.2 with what is known (and
recalled in Theorem 5.1.1) for the left tail of I(V") easily yields Theorems 5.1.4 and
5.1.5 which solves the problem for the lim sup.

For the liminf, we study the quantity P(L%(t) < t/x;). In Proposition 5.2.17
it is compared with P(Y* (Y, (1)) < 1/z,), the distribution function of an other
functional of the R2-valued iid sequence. In Lemmas 5.2.18 and 5.2.19 we study the
Laplace transform of a random variable involved in this functional, this allows to give
a lower and an upper bound for P(Y}*' (Y, (1)) < 1/z;) in Proposition 5.2.20. The
synthesis of Propositions 5.2.17 and 5.2.20 gives the asymptotic of P(L% (t) < t/z;)
in Proposition 5.2.21. This Proposition entails Theorem 5.1.9 by the mean of the
Borel-Cantelli Lemma and Lemma 5.2.10. This solves the problem for the lim inf.

In Section 5.3 we study the case k > 1. In this case, the local time at ¢ can be
approximated by the local time at an hitting time and the latter has the same law as
the generalized Ornstein-Uhlenbeck process introduced in [66]. Using what is known
for the excursion measure of this process we prove Theorems 5.1.10 and 5.1.11.

In Section 5.4 we justify some facts about V, VT and the diffusion in V that are
used along the paper.

5.1.3 Facts and notations

For Y a process and S a borelian set, we denote
(Y, S):=inf{t >0, Y(t) € S}, K(,S):=sup{t>0, Y(t)€ S}.

We shall only write 7(Y, x) instead of 7(Y, {z}) and 7(Y, z+) instead of 7(Y, [z, +-00[).
Since V' has no positive jumps we see that each positive level is reached continuously
(or not reached at all) : Vo > 0, 7(V,z+) = 7(V, x) (which is possibly infinite). Mo-
reover, the law of the supremum of V' is known, it is an exponential distribution
with parameter x (see Corollary VII.2 in Bertoin [§]).

If Y is Markovian and x € R we denote Y, for the process Y starting from z.
For Yy we shall only write Y. When it exists we denote by (Ly(¢,z),t > 0,2 € R)
the version of the local time that is continus in time and cad-lag in space and
by (oy(t,z),t > 0,z € R) the inverse of the local time : oy (f,z) := inf{s >
0, Ly(s,x) > t}.

Let B be a brownian motion starting at 0 and independent from V. A diffusion
in potential V' can be defined via the formula :

X(t) == A (B(T ' (1)) (5.1.20)
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where

x —+o0
Ay (z) = / "®Wdy and for 0<s<T (B,/ ev(“)du) ,
0 0
Tys)i= [ e e,
0

It is known that the local time of X at x until instant ¢ has the following expression :
Lx(t,x) =e VD L(T, (1), Ay (). (5.1.21)

Recall the notation £%(¢) for the supremum of the local time until time ¢. We also
sometimes use the notation E}J’ for the supremum of the local time on the positive
half-line : £37(t) := SUD,e(0, 400 £x (, ).

For the hitting times of r € R by the diffusion X we shall use the frequent
notation H(r) (instead of 7(X,r)).

D(R,R) is the space of cad-lag functions from R to R. Let P be the probabi-
lity measure on D(R,R) inducing the law of V. For v € D(R,R), the quenched
probability measure PY is the probability measure (associated with the diffusion
X) conditionally on {V = v}. P represents the annealed probability measure, it is
defined as P(.) := [, R E) PY(.)P(dv). X is a Markovian process under P but not
under P. Note that aﬁ the almost sure convergences stated in this Introduction are
P-almost sure convergences. For objects not related to the diffusion X we also use
the natural notation P for a probability.

If Z is a random variable, its law is denoted by £(Z) and if A is an event of
positive probability, £(Z|A) denotes the law of Z conditionally to the event A.

For Z an increasing cad-lag process and s > 0, we put respectively Z(s—), Z%(s)
and Z~!(s) for respectively the left-limit of Z at s, the largest jump of Z before s
and the generalized inverse of Z at s :

Z(s—) =lm Z(r), Z%s) := sup (Z(r) — Z(r=)), Z7'(s) := inf{u >0, Z(u) > s}.
7’?8 0<r<s

For two quantities a and b depending on a parameter, a &~ b means that log(a) ~

log(b) when the parameter converges (generally to 0 or infinity).

5.2 Almost sure behavior when 0 < Kk < 1

In all this section we assume the hypotheses of Theorems 5.1.4 and 5.1.9 : 0 <
k < 1, V has unbounded variation and there exists p > 1 such that V(1) € LP. The
hypothesis of unbounded variation is necessary to approximate the law of the left
part of a valley by the law of V' and the hypothesis about moments for V(1) allows
to neglect the local time outside the bottom of the valleys. For these reasons, many
results of [74] (that are recalled in the next subsection) have been proved under these
hypotheses.
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5.2.1 Traps for the diffusion

We now recall some definitions about valleys and describe how the diffusion gets
trapped into successive valleys. The facts and lemmas stated in this subsection are
more or less classical and there are all proved or justified in Subsection 5.4.3 (except
Fact 5.2.3 which is readily Lemma 3.5 of [74]).

We first recall the notion of h-extrema. For h > 0, we say that x € R is an
h-minimum for V' if there exist u < z < v such that V(y) AV(y—) > V(z) AV (z—)
for all y € [u,v], V(u) > (V(z) AV(z—)) 4+ h and V(v—) > (V(z) AV (z—)) + h.
Moreover, z is an h-maximum for V if x is an A-minimum for —V, and x is an
h-extremum for V' if it is an h-maximum or an A-minimum for V.

Since V' is not a compound Poisson process, it is known (see Proposition V1.4, in
[8]) that it takes pairwise distinct values in its local extrema. Combining this with
the fact that V' has almost surely cad-lag paths and drifts to —oo without being the
opposite of a subordinator, we can check that the set of h-extrema is discrete, forms
a sequence indexed by Z, unbounded from below and above, and that the h-minima
and h-maxima alternate. Let V C D(R,R) be the set of the environments v that
satisfy the above properties and that are such that

400
v(r) — —oo, wv(r) — o0, '@ dr < +oo.

T—-+00 T——00 0

Note that the path of V' belongs to V with probability 1.

We denote respectively by (m;, i € Z) and (M;, i € Z) the increasing sequences
of h-minima and of h-maxima of V', such that my < 0 < m; and m; < M; < m;;,
for every i € Z. An h-valleys is the fragments of the trajectory of V' between two
h-maxima.

The valleys are visited successively by the diffusions. For the size of the valleys
to be well adapted with respect to the time scale, we have to make the size of the
valleys grow with time ¢. We are thus interested in h;-valleys where

hi :==log(t) — ¢(t), with ¢(t) := (log(log(t)))*, (5.2.1)

where w > 1 will be chosen later in accordance with some other parameters. We also
define Ny, the indice of the largest h;-minima visited by X until time ¢,

Ny = max{k: eN, sup X(s) > mk} :

0<s<t
We need deterministic bounds for the number of visited valleys. We define
ng = "0 | and  fy = er?®),
where we fix p €]0, /(14 k)[ once and for all in all the paper. The following lemma

says that with hight probability, n; < N, < ny :
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Lemma 5.2.1. There is a positive constant ¢ such that for all t large enough,

P(N; >ny) < et < gm0 (5.2.2)
P (N, < 7y) < e”e?®, (5.2.3)

We recall the definition of the standard valleys given in [74]. Their interest is
mainly the fact that they are defined via successive stopping time, which make them
convenient to use in the calculations, and also the fact that they take in consideration
the descending phases between two h;-minima.

Let § > 0, small enough so that (1+3§)x < 1, be defined once and for all in the
paper. Assume t is large enough so that e(!=9%h > h, We define 7(h;) = Lo := 0
and recursively for ¢ > 1,

Lf = inf{z > Ly, V(z) < V(Liy) — e~}

7i(hy) = inf{z > Lf, V(x) - infz; V= hi},
m; = inf{z > L V(x) = inf[ig,ﬁ(ht)] Vi,
L; = inf{z > 7(h), V(z) < h/2},

R
I
—~
S

) = sup{z <my, V(z)—V(m;) > a}, Ya € [0, hy,
) = inf{z >m;, V(z)—V(m;) =a}, Ya €0, hy.

j
—~
S

These random variables depend on h; and therefore on ¢, even if this does not
appear in the notations. We also define

VO(z):=V(z) = V(m), VreR.

We call i standard valley the re-centered truncated potential (V@ (z), Ly < x <

L;). The law of the bottom of these valleys is given in Fact 5.4.7 of Section 5.4.
Similarly as in [74] we define the deep bottoms of the j™ standard valleys to be

the interval
D; = [7; ((6(1))%), 7} ((6())?)]-

Remark 5.2.2. The random times iﬁ, 7i(he), and L; are stopping times. As a

consequence, the sequence (VO (x + 1), Li_y —m; <o < L — M)y is did.

We also have that the sequence (m;);>; of the minima of the standard valleys
coincides with the sequence (m;);>1 with hight probability for a large number of
indices. Let

Vii={veV, Vie{l,...n}, mi=my}.

Note from the definition of V that the sequences (m;);>1 and (m;);>1 are always
defined for any v € V so in particular the event V; is well defined. We have :

Fact 5.2.3. (Lemma 3.5 of [74}])
There is a positive constant ¢ such that for all t large enough,

PVeV)>1—e™
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We define Xy, := X(. 4+ m;) which is, according to the Markov property, a
diffusion in potential V' starting from ;. We also define, for any » € R, H X, (r) to
be the hitting time of r by Xy . When we deal with X, we often need the notation

Al(z) = [T eV ) s,
J
As in [4] and [74], we approximate the repartition function of the renormalized

local time by repartition functions of functionals of the sequence (ejS]t-, ejS;fR;)jZl
where

- - L ) 7 (he/2)
= Lx(H(Ly),my) /A (L), S ::/ eV Wy, R ::/ e
€; X 3 )y T /s J ) J
7 (he/2) 77 (he/2)

J

,V(ﬂ(u)du

In [74], it is shown that e; follows an exponential distribution with parameter 1/2
(since the distribution of e; does not depend on ¢ we omit the dependence in ¢ for
e; in the notations) and that the random variables e;, S;, R;, 7 > 1 are mutually
independent. To simplify notations we define, as in [4] and [74], the process of the
renormalized sum of the contributions :

Lsewﬁ(t)J
1
Vs 20, (V. Y)(s) =1 D0 (65 ¢S R)).

J=1

and the overshoots of >, €;SIR! : for any a > 0, let us define

J
N, := min {j >0, ZeiSfRf > a} .

i=1

We have

Fact 5.2.4. (Proposition 4.2 of [74])
(Y], YY) converges in distribution in (D([0,+o0c[,R?),J;) to a non-trivial bidi-
mentional subordinator (Vi,Vs).

Let us define some events that happen with hight probability. They describe the
behavior of the diffusion and provide effective approximations for the time and the
local time, in the study of the case 0 < k < 1. On these events, the diffusion leaves
the valleys from the right and never goes back to a previous valley, the local time and
the time spent by the diffusion are negligible, compared with ¢, outside the bottom
of the valleys, the supremum of the local time and the time spent by the diffusion in
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the bottom of the valleys are approximated by the 7id sequence (ejSﬁ, ejS;RE.) j>1

ne

5t1 : j)

A
S

oy (L), Hx, (+00) < Hx, (75(h)) }

Il
1D
——
o
3
=

Stz:

I
< 3
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~
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i) y) — Lx(H(my), y)) < te‘2¢(t’} :

.
I
_

<(1+ eéht)ﬁx(H(ij)7mj)} ;

j—1

0< Himy)— (H(L) _ H(TM)) < 2 } ,
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w(\q
ot
Il

i1 o log ht

.
Il
=

3
iy
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()]

i
D)
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<.
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(1 — e_éht)ejS]t» S Ex(mj, H(f/])) S (1 + €_éht)€j5;} s

.
Il
—

3
g

& = {1 = e™™)e;SIRE < H(Ly) — H(g) < (14 ¢ ™)e; SLRS |

j=1

where ¢ is a fixed positive constant that has been chosen small enough (the constraints
for the choice of ¢ will be precised in the proofs of Fact 5.2.5 and Fact 5.2.7). Note
that the above events depend both on the environment V' and the brownian motion
driving the diffusion.

Fact 5.2.5. There is a positive constant L such that for all t large enough,

p(E) <o, SR (E) < e 524
1=1

Fiz n €]0,1[. If t is so large such that (1 —e~%)~1 < (14 1) and (14 e )71(1 -
2/log(ht)) = (1 —n), then

{(Vevin{N <n}n&NE {Nuoni < Ne < Mgy} - (5.2.5)

Our proofs are based on the study of the asymptotic of the quantities P(L% (t) >
txy) and P(L%(t) < t/x;) where x; depends on t and goes to infinity with ¢. More
precisely we define x; such that

Ty, o~ D(log(log(t)))* 1, (5.2.6)

where D > 0 and p €]1,2]. Precise choices of z; will be made later, they will all
satisfy (5.2.6) for some D > 0 and p €]1,2].
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Fix € small enough so that Fact 5.4.8 of Section 5.4 is satisfied. We define G, to
be the set of "good environments" in the following sens : v € V; belongs to G, if it
satisfies the following conditions :

7t (he/2)
Vi€ {1,..,n}, e/t < R; = / e~ (W=v0m) gy < he/8 (5.2.7)
75 (ht/2)
A 7 (he/2) )
Vie{l,...n}, |[A(F (h)2))] = / e~ WW=v0m)) gy | < Hhe/8, (5.2.8)
mj
A 75 (ha/2) )
Vi€ {l,...n}, AF(h)2) = / e~ W =v ) gy < Bhe/8 (5.2.9)
mg

7 (he/2) )
Vie{l,...,n}, / e~ (W=v0m5)) gy, < e=che (5.2.10)
Lj,1

L; )
Vie{l,...,m}, / e~ WW=vm)) gy < g7t (5.2.11)
7 (he/2)

PY(UL_, &) < e HoW/2 (52.12)

where P?(.) is defined in Subsection 5.1.3 and L is the constant defined in Fact 5.2.5.
Note that, since G; C V;, we will often use the fact that m; = m; for v € G; and
J < ng.

Lemma 5.2.6. There is a positive constant ¢ such that for all t large enough,
P(VeEG)>1—e 0,

We need that, as in Lemma 5.3 of [4], an inequality for the local time in the
bottom of a valley is related to an inequality for the corresponding random variable
R:. Since we deal with unlikely inequalities for the local time, we have to prove the
negligibility of the event where such inequalities happen but not the corresponding
inequalities for Rj. Recall the notations Xy, and H ij(.) defined above. For any

fixed environment v € G; and z € [0, 1] we define

1+ e
Ev,k, z) = {(1 — Z)El——eéht; < 7R, Slljlp Lx,, (t(1—=2),.) > tay,
k

mek (Ek) < mek (Ek71>} )
& v,k 2) = { Rifo < (1= e ™)(1 = 2), L, (11 = 2),770) < t/a,
Hiy, (Li) = (1 = 2), o, (Ly) < Ho,, (L)}
where ¢ is the same as in the definitions of £}, £ and &/. Note that the inequalitiy

(1—2)(1+e ) /(1 —e ) < 2R (vesp. R,z < (1—e %) (1 —2)) only depends
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on the environment v. We consider £5(v, k, 2) (resp. £ (v, k,2)) to equal ) when v
is such that this equality is not satisfied. In the rest of the paper, we use the same
convention when we consider events, at fixed environment, that partially depend on
the environment.

Fact 5.2.7. There is a positive constant ¢ such that fort large enough and any fixed
environment v € Gy we have

PY (U AN, >k, H(y)/t < 1—4/log(h)} N E (v, k, H(ry,) /t)) < e W),

(5.2.13)

P (UL, E3(v,k, 1 — 4/ log(Iy))) < e,
(5.2.14)

P* (Ui (N > kY N E vk, Hmy) /1) < e,
(5.2.15)

Note that in the above fact, v is fixed in G, C V; so N; > k implies H(my,)/t < 1.
The quantities in the above fact are thus well defined.

We know from Fact 5.2.5 that the contributions to the local time and to the time
spent of the successive valleys are approximated by the iid sequence (e; S}, €;S5 R} j>1.
Since we deal with extreme values of the local time, we need to know the right tail
of the distributions of e;S% and of e;SiR;. We also need informations about the
extreme values of Rj. All these are given by the next fact from [74] :

Fact 5.2.8. Fiz n €]0,1/3] and let C' be the constant in Lemma 4.15 of [74]. We

have
tginoo _ sup |x"‘e"‘¢(t)]P’ (e151/t > z) — C'| =0, (5.2.16)
xe[e (1 2")¢(t)7+oo[
lim sup [y e™*OP (e, S{RL/t > y) —CE[RF]| =0. (5.2.17)
t——+o00

ye[@_(1_3’7)¢(t)’+oo|:
(RY)i>0 converges in distribution to R and there exists a positive \g such that

VA<, E [e’\Rti] — E[eM], (5.2.18)

t—+00

where the above quantities are all finite. This entails the convergence of the moments
of any positive order of R} to those of R when t goes to infinity.

Finally, let us state a general lemma about the diffusion X :
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Lemma 5.2.9. Let g be the constant in Theorem 1.4 of [74]. There is a positive
constant ¢ such that for all v and t large enough,

P (S[[I]J_I])X > 2t“e”5(1°g(1°g(t)))w/q> < e che (5.2.19)
it

P (X(t) < Z5%e(p—f-e)(10g(10g(7f)))‘”/2q> < e, (5.2.20)

P <[oi,il£o[X < —r> <3 (5.2.21)

P (} f?of,m Lx(400,.) > r> < /2R, (5.2.22)

5.2.2 Decomposition of the diffusion into independent parts

An important point in our proofs is to give a decomposition of the trajectory
of X that makes independence appear in order to apply the Borel-Cantelli Lemma.
Let us fix @ > 1 and define the sequences t,, := €™, u, := e“("a*Z“"a_l/?’), Uy, =
er(n"=an®/3) et X" := X(H(v,) + .), the diffusion shifted by the hitting time of
vy, and T}, := min{t,, 7(X", u,), 7(X", un41) }. Note that from the Markov property
for X at time H(v,) and the stationarity of the increments of V', X™ — v,, is equal
in law to X under the annealed probability P. Let ny be large enough so that

Up < vy < Upyq for all n > ng. We define the events
Cn:={T,=t,} and D, :={H(v,) <t,/n}.

The idea is that the sequence of processes (X"(t), 0 <t < T},)n>n, is independent
so, intersecting a sequence (B,,),>n, Of interesting events (where each event 5,, only
depends on (X"(t), 0 <t < t,)) with C, will result in (B, N Cy)n>ny, & sequence
of independent events. Since X" is X shifted by H(v,), the event D,, is useful to
neglect this time shift when dealing with the renormalization of the local time. We
will need the following lemma :

Lemma 5.2.10.

Y P(C) < +oo, (5.2.23)
n>1

and
> P (Dn) < +o0. (5.2.24)
n>1

Démonstration. Here again, let ¢ be the constant in Theorem 1.4 of [74]. First, notice
from the definitions of ¢,,, u,, and v, that for all n large enough,

ot eroloellostn))” 1o <y ) — (5.2.25)
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and
(tn/n)relp=rIloglosltn/m))” 190 4y (5.2.26)

From the definition of C,, and the Markov property applied to X at time H(v,) we
have

(T(X" tUny1) < tn) + P(T(X", u,) < +00)
(T(X, Upg1 — vn) < tn) + P(7(X, up, — vp,) < +00)

SIP’(suszunH—vn) +IP’( inf Xgun—vn))

[0,t4] [0,+00[

< e M 13/ (v, — uy)

where c is the constant in Lemma 5.2.9. The last inequality is true for n large enough
and comes, for the first term, from the combination of (5.2.25) and (5.2.19), and, for
the second term, from (5.2.21). Recall that e~ ~ e~ 198(t") = ¢="" We thus deduce
(5.2.23).

From the definition of D,,, (5.2.26) and (5.2.20) we have for all n large enough,
P (Dn) < P(X(ta/n) < va) P (X(ta/n) < (ta/n) el IMsta/m j3q) < emetltn/m),

where ¢ is the constant in Lemma 5.2.9. Since e~ c@(tn/n) — g—cllogllog(tn/n))*
e~ca”(loe(m)* we deduce (5.2.24).
O

5.2.3 The limsup

We study the asymptotic of the quantity P(L%(¢)/t > x;). Recall that x; is
defined in (5.2.6) where D > 0 and p €]1, 2] are fixed constants. In all this subsection
the parameter w in (5.2.1) is fixed in |1, u[. We have :

Proposition 5.2.11. There is a positive constant ¢ such that for all a > 1 and t
large enough we have,

P (Yf’t (v " (1/a)=) > a :vt) — e < P(LY(1) > )
<P (VP (3 M(0)-) = wi/a)

4P (Rg < ﬁ) 4 et
Tt

Note that the functional of (Y}, V) involved in this proposition is Y (Y, **(.)—)
which represents the supremum of the local time before (and not including) the last
valley. Even though, as we see in Proposition 4.1 of [74], the repartition function
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of L% (t)/t involves a complex functional of (Y}, Yy) that represents the last valley
(together with the functional Y*'(Y, (.)) that represents the previous valleys),
Proposition 5.2.11 says that the right tail of this distribution function does not
involves the last valley. Before proving this proposition we prove some lemmas.

Lemma 5.2.12. There is a positive constant C' such that for t large enough,

ZIP’ )/t < 1) < Ce*

Démonstration. Since for all k& > 1 we have almost surely H (1) > Zk VH(L;) —
H(m;), we deduce that

ZIP )/t < 1) <ZP<ZH )/t<1>
< ZP (Z 1 _ e—&ht)ejS§R§/t < 1) +ntP <8_t7)

j=1
—('ht 2 E |: :1 e]Sth/ti| _'_ nte—Lhi

n

_ (et Z (E [e—els{Rg/tDk_l + (14020 Lh:.
k=1

where we used the definition of &7, Markov’s inequality, (5.2.4), the fact that the
sequence (e;S5R%);>1 is iid and the definition of n;. For ¢ large enough we thus get

1

ZIP’ mg)/t <1) < 622( [ —eleR’i/t])k 1 e Lhi/2

2

_ € —Lhy/2
1 —E [emerSiRi/] te T (5.2.27)

Then,
t pt +oo
1-E [e’elisl/t} = / e "P (eleRi/t > u) du
0

+oo
> / e P (e1S{R{/t > u) du

e—(1)/2

+o0
= e“‘ﬁ(t)/ u e (ue" P (e, SIR/t > u)) du.

—(t)/2
We can now use (5.2.17) with n = 1/6 and get that for all ¢ large enough
/ K +00 / K +o0
1-F [6761SfR§/ti| > %€H¢(t)/ u e %y~ c E[R ]€n¢>(t)/ u e duw.
0

B 2 e—o(t)/2 t—+o00 2
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Putting into (5.2.27), we get the result for ¢ large enough.
O

We now link the asymptotic of P(RY < a/x;) with the left tail of I(VT). We
have to make a distinction between the case where V' possesses negative jumps and
the case where V' possesses no negative jumps, that is, V' is the k-drifted brownian
motion. R} is an exponential functional of the bottom of the first valley. In the first
case, due to the jumps, the left side of the bottom of the valley can be neglected,
so only the right side counts. In the second case, both sides have the same law, so
both have to be taken in consideration in the left tail of R}.

Lemma 5.2.13. Let z; go to infinity with t satisfying (log(z))* << hy. Assume V
possesses negative jumps. There is a positive constant ¢ such that for any a > 1 and
t large enough,

e~cos(0=1/a20p ([(VT) < 1/az,) <P (R: < 1/z) < 2P (I(V') < a/z) . (5.2.28)
If V .= Wy, the k-drifted brownian motion then for t large enough,
P(R < 1/z) —2e7%M/3 <P (R} <1/z) <2P(R < a/z) + 2e 2"/, (5.2.29)
Démonstration. We first assume that V' possesses negative jumps. Recall that RY =
~+ ~
le (ht/Q) 7v(1)(u

7 (he/2)
7i(h) —my) and (VT(x), 0 < < 7(VT h)) given by Fact 5.4.7, we get

7 (he/2) - T(VT,he/2)
Y T
0

m

)du so, using the equality in law between (V@ (m; + ), 0 < 2 <

S0
T(VT,he/2) N
P(Ri <1/%) <P / e Mdu <1/ ). (5.2.30)
0

According to Lemma 5.4.6, for some positive constant ¢ and ¢ large enough,
(1—e ) xP (fOT(VT’ht/Z) e VT dy < 1/zt> is less than

(VT he/2) N +00 R
P / eV Wy < 1/z | xP (/ eV Wy < eht/4>
0 (VT he/2)

<P(I(V") < 1/z+e ™). (5.2.31)
Combining with (5.2.30) we get that for ¢ large enough,
P (R <1/z) <2P(I(V") <1/z+e™*) <2P(I(V') <a/z),

because e /4 < (a — 1)/z for large ¢ (thanks to the hypothesis (log(z))? << hy).
This is the asserted upper bound in (5.2.28).
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On the other hand, using the independence between the left and right parts of
the valleys (given by Fact 5.4.7), we get that P(R} < 1/z) is more than

A0 o m (1)
P / eV Wdy < 1/az | x P / eV WAy < (1—1/a)/z | .
m 71 (he/2)
(5.2.32)

From Fact 5.4.7, we get that the first factor equals

(VT ht/2) .
P / eV Wdu < 1/az | >P (I(Vh) <1/az),
0

while the second factor is more than

Chy (Ve /2) V7 (w) srhe /3
_ _ . - u < _ _ —OoKNt
[ o () ,/0 e du < (1—=1/a)/z| — 2e

+o00 R
>cp, P (/ VW gy < (1— 1/a)/zt> _ 9p—0Khi/3
0
Then, ¢, > ¢; when hy > 1 so, putting in (5.2.32), we get that for ¢ large enough,
P (R, <1/z) >P(I(V") <1/az) x <C1P (](VT) <(1- l/a)/zt> _ 26—5nht/3> ‘
(5.2.33)

According to Theorem 1.14 of [72], there is a positive constant ¢ such that for ¢
large enough,

E

B (1(01) < (1— 1/a)/2) > emeos=1//0)

Thanks to the hypothesis (log(z;))? << h; we deduce that, for ¢ decreased a little,
the second factor in the right hand side of (5.2.33) is more than e—clos((1=1/a)/z))*
This yields the lower bound in (5.2.28).

We now consider the case where V' is the x-drifted brownian motion W,. Let Z;
and Z, be two independent versions of the process W!. Since W, has no jumps, the
density of the process P® in Fact 5.4.7 is almost surely constant so P is equal

in law to (W,j(l’), 0<z< T(W,{T,ht—i—)) = (Wl(z), 0 <z < 7(W! hy)) (the last
equality comes from the fact that W,{T = W and W, is continus). Combining this
with (5.4.5) and the equality in law between (V® (r; + 1), 0 < z < 7(h) — ;) and
(Vi(z), 0 <z < 7(VT h)) (both are from Fact 5.4.7), we get

7(Z1,he/2) 7(Z,he)2)
P (Rﬁ < 1/zt) <P / e_Zl(“)du—i—/ e~ 22 gy < 1z | + 26_‘5”}”/3,
0 0
(5.2.34)

7(Z1,ht/2) 7(Z2,ht/2)
P (Rﬁ < 1/zt) > P / e_Zl(“)du—i—/ e~ 22y < 1/z | — 2¢0kht/3,
0 0

(5.2.35)
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Reasoning as in (5.2.31) we get for some positive constant c :

7(Z1,ht/2) 7(Z2,ht/2)
(1 — e )P / e 2 Wy +/ e~ 2Wdy < 1/2
0 0

S]P) (](Zl) + .[(ZQ) S 1/Zt + 26—’115/4) )
Combining with (5.2.34) we get that for ¢ large enough P(R} < 1/z) is less than
0P (I(Zy) + 1(Z) < 1)z +2e7 /1) 4 2e7 % M/3 < 9P (R < a/z) + 2 ""/3,

because 2e /4 < (a — 1)/2 for large t and because, form the definitions of R, Z;

and Z, we have R £ I(Zy) + I(Z5). The above inequality is the asserted upper
bound in (5.2.29).

On the other hand, we have trivially
7(Z1,ht/2) 7(Z2,ht/2)
P / e~ W gy, +/ e 2Wdy < 1)z | >P(I(Z) + 1(Z:) < 1/2),
0 0

and combining with (5.2.35) we get that for ¢ large enough,
P (R} <1/z) > P(I(Z1) + 1(Zy) < 1/z) — 2P = P(R < 1/z) — 2e7M/3,

This yields the lower bound in (5.2.29).
0

The next lemma studies the contribution of the last valley :

Lemma 5.2.14. There is a positive constant ¢ such that for all u > 1 and t large
enough,

DNt T

P (sup (Lx(t,.) — Lx(H(mn,),.)) > Yfﬂﬂt) <P (Rtl < ﬂ) 4 o)
Démonstration. We fix v € G;, a realization of the environment. Let us define

(v, k, 2) = { sup Lx,, (t(1 = 2),y) > txy,

y€Dy,
Hix, (1) = (1 = 2), Hx,,, (L) < Hi (Lia) |

We have

pPY (Sup (Lx(t,.) = Lx(H(mp,),.)) > txy, N < nt,5t1>

Dn,

Ski/ol PV (&(v, k, 2), H{my)/t € dz). (5.2.36)
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The fact that the sum stops at n; comes from N; < n; together with the fact
that v € G; C V,. From the definitions of & (v, k, 2), E8(v, k, 2), £ and &7 we have

1—2z(1 —Che .
Ei(v,k,z) C { th El i Z_éhti >z, (1+e ™)epSERL >t (1 — 2 — 2/10g(ht))}
E1—

UES (v, k,z) UEP UET.

When z <1 —4/log(h:) we have, on the big event in the right hand side,

t(1—2)/2 <t(l —z—2/log(h)) < (1 + e ")erSLRL
< (L em™)2(1 = e ™) 71 = 2)erSi /e
<9

(1 — 2)ex Sy /4,

for t large enough, and trivially (1 — z)(1 + e~¢")(1 — e~®)=1 < 1 4 e=/2 for ¢
large enough. As a consequence, for z € [0,1 —4/log(h;)] and ¢ large enough,

E(v.k,2) C {RE < (14 ™)z, 54/t > m,/4} UEN(w k. 2) UEF UE].

Note also that the sum in (5.2.36) corresponds to disjoint events (so it is actually
the probability of a union of events). We thus get that

oy 01_4/10g(ht) PY(E(v, k,2), H(my)/t € dz) is less than

nt 1—4/log(h¢t) ~
3 / P (RL < (14 /) [y, epSLt > w/d, Hi)/t € dz)
k=10

+P (EUET VU N, = b, Hg) [t < 1= 4/ log(h)} N EXw, b, H(u) /1))

Now, recall that (S%, R}) only depends on v and that, v being fixed, e;, belongs to the
o-field o (X (t),t > H(my)). In other words, it only depends on the diffusion after
time H (7). On the other hand, H(my) is measurable with respect to the o-field
o (X(t),0 <t < H(my)). From the Markov property applied to X at H(my), we get
that H(my) is independent from (eg, St, RL) so the above is less than

SO P (RL < (14 € ™2) Ja, exSLjt > m,/4) x P* (H(ig) /t < 1)
k=1
+P" (EF UE VU N = by Hw)/t < 1= 4/ log(h)} N €5 (v, b, H(i) /1))

<> PU(RL < (L4 e ™) 2y, e Sp/t > 1y/4) x P (H(Ek_l)/t < 1) + e,
k=1

where ¢ is a positive constant and where we used the fact that Li_1 < oy for
the first term and the fact that v € G, together with (5.2.12) and (5.2.13) for the
second term. Now, note that the first factor in the above product only depends on
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(0 (), Ly <z< f}k) (that is, only on v shifted at time Ly 1) while the second
factor depends on v before time Ly_;. This time Lj_, is a stopping time for the
Lévy process V' of which v is a fixed possible path. As a consequence, when we
integrate the above inequality with respect to v over D(R,R) = G, U G, equipped
with the probability mesure P, we get that the two factors are independent so

By 1 —4/log(hy) PY(&(V,k,2), H(my)/t € dz)], is less than

iIP’ (RL < (14 ™) /3, e S/t > 2,/4) P (H(E,H)/t < 1)

+e 0+ P(V ¢ G))

ne

<SP (RL < (14 e™2) /2,) P (e SL/t > 2,/4) P (H(ik_l) It < 1) et
k=1

where we used the independence between R and €Sy and Lemma 5.2.6, and where
the constant ¢ has been suitably decreased. Since the sequence (e, Sk, R} )i>1 18 #id,
we deduce that the first part of the right-hand-side of (5.2.36),

ER L 01 Y/ os(h) PV(gt(V k,z), H(my)/t € dz)], is less than

1 —Eht/Q nt N
P (Ri < +e—) x P (e1 S/t > x,/4) Z[{D (H(Lk_1)/t < 1) 4 emeolt),
k=1

Ty

Using (5.2.16) and Lemma 5.2.12 to bound respectively the second and third factor
of the second term, we get the existence of a positive constant C' such that for ¢
large enough,

nt 1—4/log(ht) 1 —ih )2
Z/ PY(&(V, k,z), H(my)/t € dz)] < xg]P’ (Rt < +e—) 4 oot
0

i
k=1 t t

E

(5.2.37)

It remains to study E[Y ;. fl 4/ log(he) PV(&(V, k,z), H(my)/t € dz)]. For v €
G;and z € [1—4/log(h), 1] we have, using the definitions of & (v, k, z) and £ (v, k, 2) :

gt(’l}, ]{?,Z) {sup LX (4/ IOg(ht), ) > tay, HXm (Lk) < HXﬁLk (f/k—l)}

yEDy,

4 (14 e %) . .
Ty 2 1—4/1
- {log(ht) (o) 2 Bl p UE(w by 1 — 4/ log(ln))

C {8/ log(hy) = Ry} U E (v, k, 1 — 4/ log(hy)),

where, in the last inclusion, we used the fact that (1 4+ e~*)/(1 — e~*) < 2 for
large t. Recall that the sum in (5.2.36) corresponds to disjoint events, we thus get
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that Y., f11_4/10g(ht) PY(&E(v, k, z), H(my)/t € dz) is less than

> P (R, < 8/x,log(hy), H(iw)/t € dz) + P'(UpL, & (v, k, 1 — 4/ log(hy)))
k=1

<3 L cofontogtng X P*(H()/t < 1)+ PP(UR EX(v,k, 1 — 4/ log(hy))
k=1

nt
<D Lri<s/tontn X P (H(Lk—l)/t = 1) + e,
k=1

where, for the first inequality, we used the fact that R only depends on v, and
for the second we used the fact that Ly_; < 7 for the first term and (5.2.14)
for the second term. Here again, the first factor in the above product only de-
pends on (9" (z), Ly_y < x < L) (that is, only on v shifted at time Lj_;) while
the second factor depends on v before time Lj_;. As a consequence, when we in-
tegrate the above inequality with respect to v over D(R,R) = G, U G, equipped
with the probability mesure P, we get that the two factors are independent so
B0 [ g togny PV (E(VE, 2), H(my)/t € d2)], is less than

ip (B} < 8/ log(h) P (H(Lioa)/t 1) + ™0 + P(V ¢ Gy)
k=1

nt

<P (R} < 8/log(hn)) D P (H(Lx1)/t 1)+ 0,

k=1

where we used the fact that the sequence (R})i>1 is #id and Lemma 5.2.6, and
where the constant ¢ has been suitably decreased. Note that from the definitions
of ; and hy we have z;log(h;) ~ K(log(log(t)))*. Therefore, using Lemmas 5.2.13
(with z; = x4 1log(h)/8, a = 2) and 5.2.12 to bound respectively the first and second
factor we get that for ¢ large enough the above is less than

Ce WP (I(V") < 1/K'(log(log(t)))") + Cer®W=0rhe/3 4 gmeolt),

for some positive constants C' and K’. The term Ce*¢®~9h/3 gppears when V =

W, (because of (5.2.29)) and it is not necessary otherwise, note that this term is
ultimately less than e=**®). Combining with (5.1.7) we get

E < Clero—K"108(05(0))" | 9o —cd(t)

ne 1
3 / PY(E(V. K, 2), H(w)/t € dz)
k=1 7 1—4/log(h)

where K" is a positive constant. Since we have chosen w €]1, u[ in (5.2.1) we have
(log(log(t)))* >> ¢(t) so for t large enough the above inequality yields

E

nt 1
Z / PY(&(V,k,2), H(my)/t € dz)| < e®), (5.2.38)
k=1 7 1—4/log(ht)
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where the constant ¢ has been suitably decreased. Now putting (5.2.37) and (5.2.38)
in (5.2.36) we get for some constant ¢ and t large enough :
u

P (sup <£X<t, ) - £X(H(mNt)7 )) Z tl’t> S P (Ri S

Dn,

)+P(Nt2nt)

Ty
+P (5_,}) + 70,

Using (5.2.2) and (5.2.4) we get the result for a suitably chosen constant ¢ and ¢
large enough.
[l

Démonstration. of Proposition 5.2.11
Upper bound

P(E}(t) Z tl’t) S ]P (;C}(t) Z t$t, V € Vt, Nt < Ty, gtl,gg)
+P(V ¢ V) +P(N, Znt)+IP’<8_t1> +P(5_3).

The event & ensures that for j < ny, L;_; is no longer reached after H(m;) and the
event £? ensures that the local time does not grow too much between H(L; ;) and
H(m;). The event {V € V;, N; < n;:} ensures that at time ¢ the diffusion is trapped
in one of the first n; standard valleys. The first term of the right hand side is thus

less than

]P’( sup  (Lx(t,.) — Lx(H(my,),.))V

[Ln,—1,Ln,]
sup sup (ﬁX(H(zj), ) — Lx(H(m;), )) >ti, VeV, Ny<n|,
lgjgNtfl [ijfl,i/j]
where I} = x, — eF(UF3)=19() ~ g, Then, since i} converge to 400, we have
7l > e72® for ¢ large enough. Using the definition of £, we get that for such large
t the above is less than

P <Sup (Lx(t,.) — Lx(H(,),. )V  sup  sup (LX(H(Lj), ) — Lx(H(imy), .)) > 171,

Dry 1<j<N¢—1 D;
Vev, N <nt)—|—]P’(5_f).

Putting all this together, we see that for ¢ large enough, P(L%(t) > ta;) is less than

1<j<Ny—1 D;

P ( sup  sup (cX(H(f,j), ) — Lx(H(my), .)) > til, VeV, N, < nt>

Dy,

+P (sup (Lx(t,.) — Lx(H(my,),.) = tf%)

YP(V V) +P(N;,>n)+ P (571) +P (5_3) 4P (5_5») | (5.2.39)
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We now deal with the first term. Using the definition of £ we get that the first term
of (5.2.39) is less than

P( sup EX(H(£J>,m]) > tf??, Ve Vt, Nt < nt) +P (5_;1) y

1<j<N—1
where 77 := (1 + e~%)~1 7! ~ z,. Now using the definition of £, the above is less
than
IP( sup ;!> F, VeV, N, < nt) +]P>(S_t4> +P<5_§),

1<j<N—1

where 7; := (1 + e %)"1 72 ~ z,. Using (5.2.5) with n = a — 1, the above is less
than

]P’( sup ejS; > it) —i—]ID(E_f) +P<5_t6> —i—]P(S_E) +P<5_t7) )
1<j<Nat—1
=P (Vi (v; M(@)-) > &) + P (&) + P (&) + P () + P (&]).
Combining with (5.2.39) and the fact that &} > Z;, we get that P(L%(t) > tay)
is less than

P <Y1h,t (Y;l’t(a)—) > jt> +P (sup (Lx(t,.) — Lx(H(mn,),.)) > ti:t> +P(V ¢V,
DNt

P (N; > ny) +]P’<S_t1> +P<5_f) +1P>(5_§>) +IP’<8_t4> +IP>(8_E> +P(5_§) +P(5_g> |

Applying Lemma 5.2.14 with v = y/a (and z; replaced by #; which does not change

anything since Z; also satisfies (5.2.6)), Fact 5.2.3, (5.2.2) and (5.2.4), we deduce the
existence of a positive constant ¢ such that for ¢ large enough,

P(Lx(t) > tw,) <P (Yf’t (Y5 ' (a)-) > :Et> +P (Rﬁ < ﬁ) L gmealt),

Ty

Since 7; ~ x; and a > 1 we get the upper bound when ¢ is large enough.
Lower bound

P (L3 (t) > tay) zp( swwp Ly(tm)) Zm)

1<j<Ne—1

Z P ( sup ,Cx<H<Z~—JJ),m]) Z t.Tt, Ve Vt, Nt < Ny, 5t1)

1<j<Ng—1

because, on {V € V,}N{N, < n,}NE/}, m; (for j < N;) is no longer reached between
times H(L;) and t,

> ]P’( sup ejS;- >tiy, V€V, Ny <ny, &, Sf)

1<j<Ne—1
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because of the definition of £5 and where & := (1 — e~%*)~1 2, ~ a2y,

> P ( sup ejS§ > tfi’t, Ve Vt, Nt < Ny, Stl, gt6’ (c:t5, 8;)

ISjSM/a_l

where we used (5.2.5) withn=1—a"1,

> P (VP (v, M (1/a)-) 2 )
- (IP’(V ¢V,) +P(N, > n,) +P(5_,}> +IP’(8_E) +P(5_$> +IP>(5_,Z)) .

Applying Fact 5.2.3, (5.2.2) and (5.2.4) we get the lower bound since #; ~ z; and
a > 1.
O

Proposition 5.2.15. Let y; go to infinity with t. For any b > 0 and u €]0, 1] there
is a positive constant C' (depending on b and u) such that for all t large enough,

C P (R <ub/y) [y <P (Yf’t (Y5 (b)) > yt) <P (R} <b/y).

Démonstration. For any z > 0, let k*(z) be the first index k > 1 such that e;S!/t >
z. We have

Kt (ye)

(M=) = u ) = () < N} ={ D eisirl <t

i=1

C {ekt(yt)Sit )Ri;t ) < tb} s (5240)

(yt (yt

and ex(y,) Spi(y,) ey, has the same law as e S{R] conditionally on €1 Sy > ty, so,
using (5.2.40) and the independence between ;5! and R} :

P (VP! (Y M(0)-) 2 ) < P (SR < thlerS) > ty) <P (RS <b/yi).

which proves the upper bound. For the lower bound, we fix n < 1 — u. Note that
according to (5.2.40),

k(ye)—1
{ekt(yt)s,it(yt)fiit(yt) < tb(]. — n)}ﬂ Z GszRZ < th] C {}/f»t ()/2_17t(b)—) > yt} ’

i=1
and both events on the left-hand-side are independent so

K (yr)—1
P <Y1h,t (Y2_1’t(b)—) > yt> > P (e1S{RY < th(1 —n)|e1S] > ty) x P Z e;SIR! < thn
i=1

(5.2.41)
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We first deal with the second factor. Let (Z;);>; be iid random variables such that
L(Zy) = L(e1StRY|e1St < ty,) and T be a geometric random variable with parameter
P(e1S% > ty;), independent from the sequences (Z;);>1 and (e;S!RY);>1. We then have

Et(ye)—1 T—1 T—1
Pl Y eSR <tn|=P <Z Z; < tb77> > P <Z e;S'R! < tb77> :

=1 =1 i=1

because the random variable e;S!R! is stochastically greater than the random va-
riable Z;. Then,

T—1
P (Z e;SIR! < tbn) >P(T < e”¢(t)) x P Z e;SIR! < thy

i=1 1<i<ene(®)

On the first hand we have

P E eiSIR; < tbn | =P (Y5(1) < bn) s P(Y2(1) < bn) >0,
—+o00
1<i<erd(t)

where we used Fact 5.2.4 and where ) is as in there, the second component of the
limit process (Y1, )2). On the second hand

P(T < e0) = 1= (1=P(er St > ty)) ") = 1 = el Im01-Fersizm),

Using (5.2.16) we get P (T < e“¢(t)) ~ C'/yy. Putting all this together, we get

t——+o0
the existence of a positive constant ¢; > 0 such that for ¢ large enough,

Kt (y)—1
P Z e SIRE <ty | > c1/yf. (5.2.42)

i=1

We now study the first factor in the right hand side of (5.2.41). From the inde-
pendence of the two factors e; St and R! in €;S! R} we have

P (e1S{RY < tb(1 —n)lerSt > ty,) > P (R} < bu/y,) xP (e1S] < tyu(1 — n)/ulerS] > tyy)

and

P (ty, < e1S) < tye(1 —n)/u)
P (e1 St > ty,)
_ P(eST > ty(1 —n)/u)
P (e St > ty,)
1= /(1 - ) >0,

t——+o0

P (e1S] < tye(1—n)/uleiST > ty,) =

=1
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where the limit comes from (5.2.16), because y; goes to infinity. We thus get the
existence of a positive constant co > 0 such that for ¢ large enough,

P (e1S{Ry < tb(1 —n)|e1S] > ty,) > P (R} < bu/y,)-. (5.2.43)

Putting (5.2.42) and (5.2.43) in (5.2.41) we get the lower bound.
[

Fix § > 1. We apply Proposition 5.2.11 (the upper bound with a = 6/ and
the lower bound with a = /%), Proposition 5.2.15 (the upper bound applied with
b= 03y, =032, and the lower bound with b = 0=1/4, y, = 04z, u = §~/%)
and Lemma 5.2.13 (the upper bounds of (5.2.28) and (5.2.29) applied with a = /2,
2 = 023z, and the lower bounds of these same expressions applied with a = /4,
2 = 0%/12,). We get :

Proposition 5.2.16. Fuz 0 > 1. If V' possesses negative jumps, there are positive
constants C' and c such that for t large enough,

~c(log(1))? )
- ao BTV <1/6) = e SP(L5(1) 2 1) < C P (I(VT) < 0fm) + 0.
i

(5.2.44)

If V .= W,, the k-drifted brownian motion, there are positive constants C' and c
such that fort large enough,

1 ~
=——P(R < 1/0z,) — e <P (L5 () > tay) < C P(R < 0/y) + e,

Ly

(5.2.45)

We can now link the asymptotic behavior of the local time with the left tail of
(v

Démonstration. of Theorem 5.1.2
First, we assume that V' possesses negative jumps.

Let us assume that (5.1.12) is satisfied with some constants v > 1 and C' > 0.
We now prove (5.1.13). Let a > 1 and define the events

L5 (1) _
A, = sup X > @30y
{té[a",a"+1] t(log(log(t)))”‘l

We define z; := C'7a?(log(log(t/a)))"~!. Note that such a choice of z; satisfies
(5.2.6) with g = v and D = C'™7. From the increase of £%(.), (5.2.44) (the upper
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bound applied with ¢ = a"™', § = a) and (5.1.12) we have, for n large enough,
P (A,) <P (Lx(a™) > C7a" P (log(log(a"))) ™)

CP (I(V") < 1/aC' " (log(log(a™)))"™") + g9 )

exp (—aﬁ log(log(a”))> + et

IN

IN
Qe

1 1 +1)
n

C (log(a))™®" '™ 4 e

Since e~ @) = g—elloglog(@a™™)* < =2 for p large enough, the above is the general

term of a converging series so, using the Borel-Cantelli lemma, we deduce that P-
almost surely,

. L (D) .
1 X < 31—y
msup e llog ) = ¢ ¢

and letting a go to 1 we get (5.1.13).

Now, let us assume that (5.1.14) is satisfied with some constants v > 1 and
C > 0. We now prove (5.1.15). Let a > 1 and let ¢,,, u,, v, (defined from this a)
and X" be as in Subsection 5.2.2 (recall that X" — v, is equal in law to X under
the annealed probability P). We define

* 1—v
B, = 3 GAUD NS
tn(log(log(t,)))—1 = a?0-1
We also define C,, and D,, to be as in Lemma 5.2.10 and &, := B, N C,,. We define
z, := C'(log(log(t)))?~*/a*—Y). Note that such a choice of x, satisfies (5.2.6) with
p =~ and D = C'"7/a*0~Y. According to (5.2.44) (the lower bound applied with

t =t,, 0 =a’ "), the definition of ¢,, (5.1.14) and the fact that n is large we have,
for some positive constants c,, K, and n large enough,

P (B,) > Koe e (osloslostD" p (1(V1) < 071 /0T (log(log(t)))" ™) / (log(log(t)))* )
I

_ Ko eatoseos) B (1(V7) < a7 /O (log(m)) ") / (alog(m)) <) — e-eo(e
> Kae—Ca(log(alog(n)))2 e~ (er(m)/a /(g 1og(n))<~Y) — gmeltn)

= K, exp (—ca (log(a log(n)))2 —log(n)/a + k(v —1)log (alog(n)))) — e~ c@(tn)
> K, exp(—log(n)) — ¢4t
= K, n~! — e7o0(tn),

Since e~¢®(tn) = g=clloglog(tn)” < =2 for n large enough, we get

> P (B,) = +oc. (5.2.46)

n>1
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Then, the combination of (5.2.46) and (5.2.23) yields

Y P(E) =D P(B) - P(C.) = +oo. (5.2.47)

n>1 n>1 n>1

Note that each event &, belongs to the o-field o(V(s) — V(u,),u, < s <
Unt1, X (t), H(v,) <t < H(v,)+T,), in other words, it only depends on the diffusion
between times H(v,) and H(v,) + T, and on the environment between positions u,
and u,1. From the Markov property and the independence of the increments of the
environment, we get that the events (&£,),>1 are independent. Combining this inde-
pendence with (5.2.47) and the Borel-Cantelli Lemma we get that P-almost surely,
the event &, is realized infinitely many often. For n such that this event is realized
we have

L5 (H (vy) + ) Lhen(ty) 1
tn(log(log(t,)))"~ Ztn(log(log(tn)))%l 2 Be-D

According to (5.2.24) ans the Borel-Cantelli Lemma we have P-almost surely

(5.2.48)

H(Un) + Zfn ~ tn;

n—-+0o
so combining with (5.2.48) we deduce that P-almost surely,
L3 (1) Cl=
li X >
e t(log(log(t)) L ~ @01

and letting a go to 1 we get (5.1.15).

If V =W,, the r-drifted brownian motion with 0 < k < 1, we proceed the same
proof, only replacing I(V") by R and (5.2.44) by (5.2.45). We thus get that the same
result is stil true for V = Wy, but with R instead of I(VT).

O

The other theorems for the limsup are now easy to prove.

Démonstration. of Theorems 5.1.4 and 5.1.5

In the case where V' possesses negative jumps, Theorem 5.1.4 is a direct conse-
quence of the combination of Theorem 5.1.2, (5.1.8) and (5.1.9). Similarly, the first
point of Theorem 5.1.5 is obtained from the combination of Theorem 5.1.2 and
(5.1.10). The second point of Theorem 5.1.5 is obtained from the combination of
Theorem 5.1.2 and (5.1.11).

In the case where V = W, the k-drifted brownian motion with 0 < k < 1, we
only need to prove the last point of Theorem 5.1.5, and this requires to determine
exactly the left tail of R. This variable is equal in law to the sum of two independent
random variables having the same law as I (I/VkT ). We thus have

—log (E[e™*%]) = —log ((E[e"\l(ij)]Y) = —2log (E[e_’\I(W'DD ~  4V2),

A—+400
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where the equivalent comes from (1.10) of [72]. Using this together with De Bruijn’s
Theorem (see Theorem 4.12.9 in [14]) we get

_log(P(R <)) ~ >

z—0 T

The last point of Theorem 5.1.5 follows from this combined with Theorem 5.1.2. [

5.2.4 The liminf

For the liminf we study of the asymptotic of the quantity P(L% (¢t)/t < 1/zy).
Recall that z; is defined in (5.2.6) where D > 0 and u €]1, 2] are fixed constants. In
all this subsection we take w := 2 for the parameter in (5.2.1).

Proposition 5.2.17. Recall the Ay defined in Fact 5.2.8. There is a positive constant
¢ such that for all a > 1 and t large enough we have,

P (VP! (v M (0) < 1/az,) — e 0 <P (L (1) < t/w)

< 2P <Yf’t (v (1/4)) < 2/xt>
+ e—)\oa:t/8 + e—cqﬁ(t)‘

Here, the functional of (Y{,Yy) involved is Y (Y, “*(.)) which represents the
supremum of the local time after leaving the last valley.

Démonstration. Lower bound
From the definition of N;, we have H(mpy,+1) >t on {V € V;, Ny < n;} so

P (Ly(t) < t/m) > P (Lx(H (1)) < t/ay, VEV, Ny <ny, ELE}).
The event & ensures that for j < n;, L;_; is no longer reached after H () and the
event &7 ensures that the local time does not grow too much between H(L;_;) and
H(m;). The event {V € V;, N; < n;} ensures that at time ¢ the diffusion is trapped
in one of the first n; standard valleys. The right hand side is thus more than

IP’( sup  sup (LX(H(Ej),.) —,cX(H(mj),.)) <t/il, VeV, N, <ny, 53,53),

1SGSNe[L;_1,L;)

where 7} = 1/((1/x,) — e(1+30)=1¢(®) Then, since 7} ~ x;, we have 1/7} > e~ 2¢(®)
for ¢ large enough. Using the definition of £, we get that for such large ¢ the above
is more than

IP( sup_sup (Lx(H(Ly), ) = Lx(H(my),.)) < t/3, V €V, N <m, 53,53,55) .

1<j<N¢ Dy
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From the definition of &} the above is more than

IP’( sup Lx(H(L;),m;) <t/ V eV, N, <ny, Etl,gf,gf’,gf) :
1<j<N¢

where 72 := (1 + e~ )il ~ x,. Now using the definition of £, the above is more
than

IP’( sup ejS; <1/%, VeVy, Ny <ny, Etl,gf,gf’,gf,gf) ,

1<j<Ny

where 7; := (1 + e %")7? ~ x,. Let a > 1. Using (5.2.5) with = a — 1, the above
is more than

P ( sup ¢ < 1/F, V € Vi Ny <, 53,53,53,5;‘,55,55,5[)

1<j<Nat

>P (V7 (v, () < 1/
~ (P(V ¢ V) +P (Ve 2 n) + PED) + P(EF) + P(E]) + P(ED + P(E]) + P(EF) + P(E))

where we used the definition of (Y{,Yy). Applying Fact 5.2.3, (5.2.2) and (5.2.4) we
get the asserted lower bound for a suitably chosen constant ¢ and ¢ large enough,
since T; ~ x; and a > 1.

Upper bound

]P)(‘C}(t) S t/xt> S ]P) < Sup EX(tamj) S t/xh V S Vt7 Nt < nt)

1<j<N;

sw(cwm)sm sup L (H(Ly). ) <t/

1<j<N¢—1

Vv c Vt, Nt < Ny, gtl)
+P (é:_g) YRV EV)+P(N, > n), (5.2.49)

because, on {V € V,, N, < n} NEL, my (for j < N;) is no longer reached between
times H(L;) and t. We fix v € G;, a realization of the environment. Let us define

Ei(v,k,z) =

{‘Cka (t(1 = 2),7u) < t/wy, Hy, (fxs1) > t(1—2), Hx, (L) < Hx,, (ik—l)} ,
and v (v, k, z) := P"(&(v, k, z)). The event & (v, k, z) belongs to the o-field

o (X(t),t > H(myg)). In other words, it only depends on the diffusion after time
H(my). On the other hand, H(my) is measurable with respect to the o-field

o (X(t),0 <t < H(my)). From the Markov property applied to X at H(1my), we get
that H(my) is independent from the event & (v, k, z). As a consequence,
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PU(Lx(t,my,) < t/my, SUP1<jon, 1 Lx(H(L;),m;) < t/zy, Ny <ny, E') is less than

nt 1
Z/ vi(v, k,z) x P" ( sup  Lx(H(L;),m;) <t/x, H(mg)/t € dz) .(5.2.50)
= Jo 1<j<k—1
The fact that the sum stops at n; comes from N; < n; together with the fact that
v € G; C V;. From the definition of &) (v, k, 2) we get
1—2 1
gt(vv k,Z) - { RZ (1 - B_Cht) < — Hka (mk-i-l) > t(l - Z)} U gtg(vv ]{5,2)

1Ut

and, v being fixed, the events in the above expression are independent from the o-
field o(X(t),0 <t < H(my)), so putting into (5.2.50), using the independence and
the fact that the sum in (5.2.50) corresponds to disjoint events (so it is actually the
probability of a union of events), we get that the first term in the right hand side of
(5.2.49) is less than

P (M( —e My <1/xy,  sup  Lx(H(Lj),my) < t/:m)

t
RNt 1<]<Nt 1

+E [Lveg PV (UL {N: > K} N E (V. k, H(m) /1))] + P(V ¢ G,)

N R H(n
<P ((1 _e—cht)—l Ny + (mNt) > 1, sup EX( ( ) m]) < t/xt) _’_e—cgb(t)’

Ty t 1<j<Ni—1
where ¢ is a positive constant and where we used (5.2.15) for the second term, Lemma
5.2.6 for the third term and the fact that ¢ is large enough,

~ Rt 1 7Cht
<P ((1 S L) e (R (1+e Z e;S;R; > 1—2/log hy,

Ly

7j=1

sup  €;55 < (1—e ™)/, VeV, N, <ny, 5,55,8,56,5;)

1<j<Ni—1
FP(V ¢ V) + P(Ny 2 ) + P (&) + P (&) + P (&) + e,

where we used the definitions of £, £ and &/,

( Ne 4 = Z eJSth >1/2, sup ejS;i < 2t/xy, V EVy, Ny < my,

1<j<N;—1
&8 &) + e

where we used the fact that ¢ is large enough, Fact 5.2.3, (5.2.2) and (5.2.4), and

where the constant ¢ has been suitably decreased,

| N
< A Z e;SiR; > 1/2, sup ;5! <2t/x;, ey, Sy, > 2t/xt)

1<j<Ne—1

+IP’( sup e]S < 2t/xy, V€V, Ny < my, 5;’,55,57) + e~?®),

1<j<Nt
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On the event in the probability of the first term, we have N; = k*(2/x;). For the
second term we use (5.2.5) with n = 3/4. The above is thus less than

R;?;t(z/ y 1 K (2/ae)-1
P == 4 - e;StRE>1/2 | +P sup e St < 2t/x + e~ )
y t ; 5if =1 1INy o

Ty

R}it@/ : 1 (2/xt)
Tt t ot
<p (e 1/4) FP(T Y SR =1/

Jj=1

+P | sup ;5] < 2t/xt> + e

1<j<Ny/4
<P (R, > ,/4) + 2P (Yf’t (V5 M (1/4)) < 2/ast) + et

where, for the last inequality, we used the fact that the sequence (R )j>1 1s #id and
independent from the random index k*(2/x;), (5.2.60) with b = 1/4, y, = x,/2, and
the definition of (Y{,Yy). Then, note that according to (5.2.18) we have for all ¢
large enough,

P (R} > z,/4) < e om/8,
Bounding the three terms in the right hand side of (5.2.49) thanks to the above,
Fact 5.2.3, (5.2.2) and (5.2.4) we get the upper bound for a suitably chosen constant

c and t large enough.
O

We now study the functional involved in Proposition 5.2.17. For this we need
two lemmas.

In the remaining part of this subsection we fix n €]0,1/3[. Let y; go to infinity
with ¢ satisfying log(y;) << ¢(t). Let p; := P(e1St > t/y;) and (H;);>1 be iid random
variables such that H; has the same law as e; St R} conditionally to {e; St < t/y;}
L(H)) = L(e1StR:|er St < t/y,). Since we have log(y,) << ¢(t), (5.2.16) gives
py ~ C'e "*®tyr We have

Lemma 5.2.18.
C'kE[R]
t—+o00 (1 — /{,)emz’(t)ytl_ﬁ ’

1—EF”ﬁﬂ (5.2.51)

e

Démonstration. For any A > 0, E equals

E [efAelszﬁ/t’els{ S t/yt] — (1 . pt)fl]E [eiAeIS{Ri/tﬂelsfgt/yt}

+o00
—=p) B[ ] £ORD 0

400 1/yt
=(1—py) 1/ (1 e MYy, — )\/ ue M"P(e, St/t > x)d:v) L(R})(du),
0 0
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where we used iteration by parts,

" 1/yt .
:u—m>1G—E&wmwﬂm—A/’1EMRAMﬂMa$ﬁ>xMQ,
0

where we used Fubini’s Theorem,

. l/yt "
=a—mr10—m+@u—E&*%Mb—A/‘1Ehk*wﬂMm$ﬁ>@M>.
0
(5.2.52)

We now study the second and third term in (5.2.52). Using the fact that the difference
between two points of a continuously differentiable function is the integral of its
derivative, the last part of Fact 5.2.8 and the equivalent for p; we get
(1 —E [e_’\Rtl/yt]) - pté /I]E [Rie_/\“Rtl/yt] du ~ )\M ~ /\C/L[Rl.
Yt Jo t—+o0 Yp  to+oo emi’(t)ytl R
(5.2.53)

Then, from the last part of Fact 5.2.8 again,

1/yt 1/yt
/ E [Rﬁe”\””Rﬁ] P(eySi/t > x)dx ~ E[R] / P(eyS7/t > x)dw. (5.2.54)
0 0

t——+00

Recall that n €]0,1/3]. fol/yt P(e1S%/t > x)dx equals

e~ (1-2ma(t)
/o

e~ (1-20)9(t) Ve
:/ P(e; S/t > x)dx + e”¢(t)/ a7 (27" OP (e St /t > ) — C') da
0 e—(1=2m)¢(t)
e—(1=2m6 ()

L/ys
+C'e‘“¢(t)/ r "dr — C’e‘”¢(t)/ r " dx. (5.2.55)
0 0

1/yt
P(eySt/t > z)dx + e "0 / g r xR e"OP(e S/t > 2)da

e*(1*27l>¢<t)

Now, the absolute values of the first and fourth terms of (5.2.55) are respectively
less than e~(172M¢() and C'e~Gmt(1=2m)6(1) /(1 — ). In particular, thanks to 2nx +
(1 —2n) > k (which is trivial) and log(y:) << ¢(t), both are negligible with respect
to e~"*® /! =" From (5.2.16) we also have

1yt
e rot) / x " (:c”e”d’(t)IP’(ele/t > 1) — C’) dx = O(e= "W jyl=r),
e*(1*277)¢’(t)
and the third term of (5.2.55) equals C'e™*¢®) /(1 — k)y; *. Combining with (5.2.54)
we get
C'E[R]

1/yt
N t —AzR} t ~  _
)\/O E [Rle 1] Pe, S/t > x)dz ~ )\(1 myspETmES (5.2.56)

Putting together (5.2.53) and (5.2.56) in (5.2.52) we obtain (5.2.51).
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Lemma 5.2.19. Recall the A\ defined in Fact 5.2.8. For any A € [0, \o[ we have

t—+o0

- 1
<]E [e’\ytHl/t} - 1) /pr — 1—E[e"] + )\/ 7 "E [ReM®] dx,  (5.2.57)
0

and this limit is positive for all X €]0, \o.

Démonstration. For any A € [0, o[ we have Ay,e1.57/t € [0, Ao[ on the event {e, 5]/t <
1/y:}, so E[e? 71/t equals

E [e/\thIS{Ri/%le < t/yt] =(1- pt)flE [eAytelsiRi/tﬂelsiSt/yt}

400
~1-p) [ B[ g, ] (R @
0
400 1/yt
=(1- pt)l/ 1 — eMvewl/vep, 4 Ayt/ ue P (e St/t > x)dx | L(RY)(du)
0 0

—+o00 1
=(1— pt)_lf (1 — M, + /\/ ue’\y“IP’(ele/t > y/yﬁdy) L(RY)(du),
0 0

where we used iteration by parts and made the change of variable y = y,x,

1
=(1—p) ! (1 —E [e’\Rg] pe + )\/ E [Rﬁe’\yRﬁ} P(e,St/t > y/yt)dy>
0
where we used Fubini’s Theorem,
1
—(l-p) (1 — (1 —E []) + ) / E | Rie™™| P(eySi/t > y/yody) .
0
(5.2.58)

According to (5.2.18) the second term is equivalent to p;(1 — E[e*?]). We now study
the third term in (5.2.58). Recall that n €]0,1/3[. This term equals

yre—(1=2m6(®) t
)\/ E [Rﬁe’\le] P(e S/t > y/y:)dy
0

1
+Ayre o /

e—(1—2n)9(t)

B[R] (/) e OB(e,SL > /)y
yre—(1=2m(0) t
:)\/ E [R'i@Ale] P(er ST/t > y/ye)dy
0

+Ayre o™ /

yre—(1=21)(®)

1

v E [ R ] ((y/90) e OB (e1 1/t > y/u) — C') dy

yre— (1=2me(t)

1
+ACype o / yE |RieM M| dy — ACype / yE |Rie™™] dy.
0 0
(5.2.59)
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5.2. ALMOST SURE BEHAVIOR WHEN 0 < x < 1

Now, thanks to (5.2.18), the absolute values of the first and fourth terms of (5.2.59)
are ultimately less than 2 E[R]y,e~ (12121 and 2)\C'E[R]y,e~ 2+ (1=2m)¢®) /(1 — k).
In particular, thanks to 2nx + (1 — 2n) > & (which is trivial) and log(y;) << ¢(¢),
both are negligible with respect to e **®y*. From (5.2.16) and (5.2.18) we also have

1
Aype ot / yE [Rie“’Rl} ((y/yo) e OP(es ST/t > y/y) = C') dy
Y

e (1=2n)6(1)

=0(e " Wyr),

and, thanks to (5.2.18), the third term of (5.2.59) is equivalent to
T fol Yy "E[ReMR]dy. We thus get

1 1
A E [Rie’\yRﬁ] P(e S/t > y/y)dy ~ MCyfe "0 [y *E[ReMR|dy
0 t—-+o0 0

t—+00

1
~ A\ps / y "E[ReMRdy.
0

Putting into (5.2.58) we obtain (5.2.57).

We justify the positivity of the limit as follows : we see that the right hand side
of (5.2.57) is equivalent to AkE[R]/(1 — k) when A goes to 0. The limit in (5.2.57) is
therefore positive for small A. On the other hand, (E[e***1/{] — 1) /p, increases with
A so the limit in (5.2.57) is non-decreasing on [0, A\o[. We thus get the positivity of
the limit for all A €]0, A\o|.

[

We can now study the lower and upper bounds given by Proposition 5.2.17 :

Proposition 5.2.20. Let y; be chosen as before (that is, y, — +oo and log(y;) <<
¢(t)). There is a positive constant L (not depending on the choice of y;), such that
for any b >0, u>1 andt large enough we have

e~ ub(1=r)yt /KE[R] <P <Y1b7t (Y;l’t(b)) < 1/%) < el

Démonstration. Lower bound
Let us fix @ €]b(1—k)/kE[R], ub(1—k)/KE[R][. For any z > 0, k*(z) still denotes
the first index k > 1 such that e;,S%/t > 2. We have

Kkt (1/ye)—1

{Yf’t (VM) < 1/yt} = (H(y) >N} =3 Y @SR > thp . (5.2.60)
i=1
Now, recall that (#;);>1 are iid random variables such that £(H;) = L(e1 St Rt|e, St <
t/y;) and let T be a geometric random variable with parameter p, = P(e1.S% > t/y,),
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independent from the sequence (H;);>1. Recall that p, ~ C’ e_“¢(t)yf. We have

N

lah(#)]
H; > )2]P(T>ah(t)+1)><IP’ S Histh|,

-1

i=1 1

-
Il

KE(1/y) -1
Pl Y eSR>th]|= (

(5.2.61)

where we put h(t) := y,/p;, ~ e"*®y!~"/C'. We give a lower bound for the two
factors in the left hand side of (5.2.61). We first study the Laplace transform of the
normalized sum of the second factor to prove its convergence to a constant number.
For any A > 0, we have

E [ Z8 O FA] 2 (i [ ) 2 pleno (i)

According to Lemma 5.2.18, the exponent is equivalent to
—AC'KE[R] ah(t)/(1 — r)e " Wyl=r,
and since h(t) ~ e"*Wy! =% /C" we get

E [642}2’5“” Hi/t} Ly e anER]/(1-r)
t—+00 ’

SO Z I3, /t converges in probability to axE[R]/(1 — &) which yields

lah(®)]
P> Hi>th L (5.2.62)

—+00
=1

since a > b(1 — k) /KE[R].

We now study the first factors in the left hand side of (5.2.61). Since T is geo-
metric with parameter p;, we have

P (T > ah(t) + 1) = (1 — p,) O+ — elah®)+1]log(1=pe)

Now, since h(t) ~ y, " /C" and p; ~ C'e "*Wyr we get
log (P(T > ah(t) +1)) ~ ay. (5.2.63)
t—+o00

Now, putting (5.2.62) and (5.2.63) into (5.2.61), and combining the latter with
(5.2.60), we get the result for ¢ large enough since a < ub(1 — k)/KE[R].

Upper bound
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Recall (5.2.60) and the definitions of (H;)i>1, pr, T and h(t). Let us fix a > 0
that will be chosen latter. We have

Kt (t/y)—1 T-1 lah®)]
Pl Y SR >t :IP(Z”H,Z»>tb> <P(T>ah(t)+P| > H;>tb
=1 =1 =1

(5.2.64)
Let us choose A €]0, \o[ where )\ defined in Fact 5.2.8. The second term equals

leh@)) lah)]
Pl > wHi/t>by | <e™E |exp | X Y yHi/t
=1 =1
= e (14 K [exp (M /t)] — 1) "
_ ef)\bytJrLah(t)J log(lJrE[exp(/\ytE/t)]fl)'

According to Lemma 5.2.19, the fact that h(t) ~ e**®y! =" /C" and p, ~ C'e "Dy~
we have

lah(t)]log (1 + E [exp (AyH;/t)] — 1) L <1 —E [e*?] + )\/0 1 "E [ReM%] dx) .

Thanks to the positivity of the limit in Lemma 5.2.19 we can choose a such that
0<a<b\2(1—E[eT]+ A\ fol 1 "E[Re*R|dx). We thus get for ¢ large enough

Lah(t))
P| > wHi/t>by | <e M/ (5.2.65)
=1

Since T' is geometric with parameter p;, we have

P (T > ah(t)) = (1 _pt)tah(t)J = eloh®]log(l=p) ooyt < o—own/2, (5.2.66)

t—+o00

where we used the equivalents for h(t) and p; and where the last inequality holds
for t large enough.

Now, putting (5.2.65) and (5.2.66) into (5.2.64), and combining the latter with
(5.2.60), we get the result for ¢ large enough.
[

Fix 6 > 1. We apply Proposition 5.2.17 with a = #'/3 and Proposition 5.2.20 (the
lower bound with b = 0'/3, u = /3y, = 0'/3z, and the upper bound with b = 1/4,
Yy = x/2). We get :

Proposition 5.2.21. Let L €]0, min{L/8, \o/8}[ where L is the positive constant
defined in Proposition 5.2.20 and Xy is defined in Fact 5.2.8. There is a positive
constant ¢ such that for any 6 > 1 and t large enough we have

6—9(1—&)@/}&1[72] . e—cqﬁ(t) S P(E}(t) S t/ZCt) S e—ixt + e—cqﬁ(t)'
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We can now prove Theorem 5.1.9.

Démonstration. of Theorem 5.1.9
Recall that L is the positive constant defined in Proposition 5.2.21 and let z; :=
4log(log(t))/2L. Note that such a choice of z; satisfies (5.2.6) with p = 2 and

D = 4/2L. We define the events

A, = {te[ inf % < Z/4}.

2n 2011 £/ log(log

From the increase of L% (.) and Proposition 5.2.21 (the upper bound applied with
t = 2") we have for n large enough,

P(A,) <P (C}(Q") < "L /4 log(log(Z“))) < exp (—2log(log(2"))) + e~¢")
~ (log(2)) 2~ + e,

Since e~?(2") = ¢—c(loglos(2"))* < =2 for p large enough, the above is the general term
of a converging series so, using the Borel-Cantelli lemma we deduce that P-almost
surely,

* t -
lim inf (O > L/4,
t—+oo t/log(log(t))
so the liminf is positive.
We now prove the upper bound for the liminf. Let a > 1 and let ¢,, u,, v,

(defined from this a) and X™ be as in Subsection 5.2.2 (recall that X™ — v,, is equal
in law to X under the annealed probability P). We define

Lol _@0-m\ . [ Lx(H@) 1
B “{tn/logaog(tn))S <E[R] } By "{tn/logaog(tmgn}'

We also define C,, and D,, to be as in Lemma 5.2.10 and &, := B,, N C,,. We define

z; = KE[R]log(log(t))/a*(1 — k). Note that such a choice of z; satisfies (5.2.6) with

p =2 and D = kE[R]/a*(1 — k). Recall the notation £ defined in Subsection

5.1.3. Let us choose n and C' as in Lemma 5.3.2 of the next section and () be as

defined in the next section. According to (5.2.22) and Lemma 5.3.2 applied with
L (H(va)) 1)

u = t,/nlog(log(t,)), v = v, we get for all n large enough,
P(B,) <P| inf Lx(+00,.) > t,/nlog(log(t, +P > —
B) <P ( il LxCroen) > bo/nlogllog(en) ) + 7 (A ED
< 3(tn/n log(log(tn)))*”/@“) +C (Un/Q + UZ/S) (nlog(log(t,)))"/(tn)" + v, ™.

From the definition of t,, the fact that nuv,/t® = n®e 2" "'/3 and log(log(t,)) =
alog(n), we get

> P (B]) < +oc. (5.2.67)

n>1
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According to Proposition 5.2.21 (the lower bound applied with ¢ = ¢,, 0 = a)
and the definition of ¢,, we have

]P)(Bn) 2 eflog(log(tn))/a o efcqs(tn) — efalog(n)/a o efc(;ﬁ(tn) _ n—l . €*C¢(tn).
Since e(tn) — g—clloglog(tn))* < =2 for large enough, we get

> P(B,) = +oc. (5.2.68)

n>1

Then, the combination of (5.2.68) and (5.2.23) yields

Y P(E) =) P(B,) - Y P(Ch) = +o0. (5.2.69)

n>1 n>1 n>1

As in the proof of Theorem 5.1.2, we see that each event &, belongs to the o-field
o(V(s)=V(up),un <8 < upy1, X(t), H(v,) <t < H(v,)+T,) so the events (&,)n>1
are independent. Combining this independence with (5.2.69) and the Borel-Cantelli
Lemma we get that P-almost surely, the event &, is realized infinitely many often.
Combining with (5.2.67) and the Borel-Cantelli Lemma we get that P-almost surely,
the event B, N B,, N C, is realized infinitely many often. For n such that this event
is realized we have

Ly (H(vn) + tn) < L (tn) L (H (vn)) < a*(1-rk) 1

tn/log(log(t,)) ~ tn/log(log(t,)) = t./log(log(t,)) = KE[R] + (5.2.70)

Recall that according to (5.2.24) and the Borel-Cantelli Lemma we have P-almost
surely

H(Un> + tn ~ tna

n—-+00

so combining with (5.2.70) we deduce that P-almost surely,

o L (1) a*(1 — k)
e (log(®) = KE[R]

and letting a go to 1 we get the asserted upper bound for the lim inf.

5.3 Almost sure behavior when x > 1

In this section we prove Theorems 5.1.10 and 5.1.11. Let us first recall some facts
and notations from [66] and [74]. Our proof is based on the study of the so-called
generalized Ornstein-Uhlenbeck process defined by

Z(z) = e"@R (/ e_v(y)dy) :
0
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where R is a two-dimensional squared Bessel process independent from V. Let L be
the local time of Z for the position 1, n the associated excursion measure, and L~!
the right continus inverse of L. We denote by £ a generic excursion. Let us denote
by @ the positive constant denoted by n[(] in [66]. Recall also the notations K and
m defined in the Introduction. We have :

Fact 5.3.1. There isn > 0 and rq > 0 such that for allr > ry and h > 1 we have

e~ (r/QtrTPnlsup ) _ o < ( sup Z(x) < h) < e (/@ nlsupeh) g o
z€[0,r]

(5.3.1)

n(sup& > h) e Q2°T(k)K* K /Rh". (5.3.2)

The first point is Lemma 2.3 of 74| while the second point is Proposition 5.1 of
[66]. Note that Fact 5.3.1 is true for a general positive k and not only for x > 1.

Let us recall the link between Z and the local time until the hitting times. The
local time at point x and within the hitting time H(r) is given by :
Lx(H(r),z)=e V@ Lg(r(B, Ay(r)), Ay (x)). (5.3.3)

M (r) and My(r) denote respectively the supremum of the above expression for
r €] —00,0[ and x € [0, +o0[. The supremum of the local time until instant H (r)
can be written

LY (H(r)) = max{M;(r), Ma(r)}, (5.3.4)
where

£

M (r) < Mi(+0) < 400 and, as in [7T4], Ma(r) = sup Z(z). (5.3.5)

z€[0,r]

We can now study the behavior of the local time at a hitting time. This allows
to prove the following useful lemma.

Lemma 5.3.2. There exist n > 0, a positive constant C, ug > 0 and vy > 0 such
that
Yu > ug,v > vy, P (LY (H(v) >u) < C(v/Q+v"B)u™ + v,

where Ly is as defined in Subsection 5.1.3.

Démonstration. From the definition of My and (5.3.5) we have

P (LY (H(v)) > u) =P (My(v) >u) =P (supZ > u) : (5.3.6)

[0,0]
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Now let us choose n and vy such that (5.3.1) is true for all r > vy and A > 1 with
this 7. We choose C' > Q2"T'(k)x*K and ug such that n(sup& > u) < Cu™" for all
u > ug. Such a wug exists thanks to (5.3.2). For u > ug and v > vy we have

P (supZ > u) <1-— 6—(U/Q+v7/8)><n(sup§>u) 47
[0,]

< (v/Q+v®) x n(sup& > u) +v7"

<C/Q+ v u ™" +o.

Putting into (5.3.6) we get the result.
[

Remark 5.3.3. Neither Lemma 5.5.2 nor its proof require the hypothesis that k > 1.
The lemma is thus true whatever is the value of k.

We need to study the supremum of the local time until a deterministic time. The
following fact from [74| says that we can replace a deterministic time by a hitting
time when k > 1. We now assume x > 1 until the end of this section. We
have :

Fact 5.3.4. For any o € max{3/4,1/k}, 1] their exists n > 0 such that for r large
enough we have

P(H(r/m—r*)<r<H(r/m+r*)) >1—r7". (5.3.7)

Let o €] max{3/4,1/k}, 1] be fixed until the end of this section and n > 0 be
small enough so that both (5.3.1) and (5.3.7) are satisfied (with this «).

5.3.1 The liminf

In this subsection we prove Theorem 5.1.11. Let us define J := 2(I'(r)x2K /m)'/*,
the expected liminf. We begin to prove that

lim inf Lx(1) > J.

i—+oo (t/log(log(t)))/r = (5.3.8)

Let ¢ > 1 and define the events

| £i(0) J
= < )
A= o Tt S 5 )

250



5.3. ALMOST SURE BEHAVIOR WHEN &« > 1

From the increase of L%(.), (5.3.7), (5.3.4), (5.3.5), and (5.3.1), we have

P(A,) < P (Lx(a") < J(a"?/ log(log(a™)))"")
< P (Lx (H(a" /m — a™) < J(a" ">/ log(log(a"))"") +a ™™
< B (My(a"/m — a*") < J(@"/ log(log(a"))) /") +a ™™

P ( sup Z < J(a”_Q/log(log(a”)))l/“> +a ™

[0,a™/m—a®™]
< o (7 /@m=a/Q—(a" m—a2)7/%) xn (sup €5 (a2 ogllog@)!/*) | -
+ (a"/m — a®")7". (5.3.9)

According to the equivalent given by (5.3.2), the exponent in the above expression
is, for n large enough, less than —alog(log(a™)), so for such large n,

o~ (@ /@m—a2"/Q—(a" fm—a%")7/% ) xn (sup €1 (a" 2 log(log(a")) /") < (nlog(a)) ™",

The other two terms in the right hand side of (5.3.9) are also general terms of
converging series so we obtain,
ZIP’ ) < +o0.

n>1

According to the Borel-Cantelli lemma we get

lim inf Lx()
B & Tog(log (@)

in which we can let a go to 1 which yields (5.3.8). We now prove that

J/a?)/n’

Lx(t)
lim inf < J. 3.1
PR i oglog(®)) 7 =7 (6:310)
Let us fix a > 0, u, = n®", v, := up,/m + u® = n*"/m + n?*" and X" =

X (H(2v,) + .), the diffusion shifted by the hitting time of 2v,,. Note that from the
Markov property for X at time H(2v,) and the stationarity of the increments of V,
X" —2uv, is equal in law to X under the annealed probability P. We take n so large
such that 2v, < v, and define the events

_ L3 (H(2v,)) .
Bn = {(un+1/10g(log(un+1)))1/“ = J}’

[ L (X7 0) )

Co = {<un+l/1og<1o ey =0 ”}
D, = {1 (X", vpi1) <7 (X", 0,)},

£, =C,ND,,

Fo =L (un) < LY (H(va))} -
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Recall that n > has been fixed so that (5.3.1) is satisfied. For this n and for
C > Q2"T'(rk)k*K, the inequality of Lemma 5.3.2 is true for u and v large enough.
According to this lemma applied with u = aJ(u,;1/log(log(u,11)))Y*, v = 2v, we
get for all n large enough,

P (B,) < C (2v,/Q + (2v,,)7/®) log(log(t41)) /T a 41 + (2v,) 7.

Since, for n large enough, v, /u, 1 < 1/mn? and log(log(u,1)) ~ log(n) we can
deduce that

> P (B.) < +oo. (5.3.11)

n>1

From the equality in law between X" — 2v,, and X under P, , (5.3.4), (5.3.5),
(5.2.22), (5.3.1)

P(C) =P (L (H(as1 = 200)) < (14 )J (tns1/ log(log(un 1)) ")

> P (Ma(H(vn1 — 200)) < (1+ 0)J (tny1/ Tog(log(un:1))) ")

—P (}_igofm Lx(+00,.) > (1 +a)J (upi1/ log(log(unﬂ)))l/“)

v

P swp  Z<(1+a)J (uns1/loglog(uns))
[0,05,41—2vp]
= 3((1+a)J) ™ x (w11 / log(log(un 1))/
e ((v"“72”")/Q+(Un+1*2vn)7/8) ><"(Supﬁ>(1+a)J(un+1/log(log(unﬂ)))l/m)
— (Vnt1 — 20,) 7" = 3((1 + a)J) ™ x (w41 / log(log(u,))) ).
(5.3.12)

According to the equivalent given by (5.3.2) and the definitions of w, and v,,
the exponent in the above expression is equivalent to (1 + a) *log(log(un11)) ~
(1+ a) "log(n) so for n large enough,

v

e ((v"“_2”")/Q+(”n+1_2“n)7/8) ><n(SupE>(1-i-a)J(un+1/log(log(un+1)))UK) > l
= n7

and the remaining terms in the right hand side of (5.3.12) are the general terms of
converging series. We thus get

Y P(Cy) = +oc. (5.3.13)
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where we used the equality in law between X" — 2v,, and X under P. Combining
with (5.2.21) applied with r = v,, we get

> P (D) < +oc. (5.3.14)

n>1

Then, the combination of (5.3.13) and (5.3.14) yields

Y P(E)=D P(C) - P (D) = +oo. (5.3.15)

n>1 n>1 n>1

According to the definitions of the sequences (uy),>1 and (uy)n>1, to (5.3.7), and
to the increase of Ly ", we have, for n large enough, P(F,) < u;", so

> P (F) < +oo. (5.3.16)

n>1

Note that each event &, belongs to the o-field o(V(s) — V(v,),v, < s <
Una1, X (1), H(2v,) <t < min(7(X"™, v,),7(X", v,41))), in other words, it only de-
pends on the diffusion between times H (2v,,) and min(7(X", v,), 7(X", v,41)) and on
the environment between positions v,, and v, 1. From the Markov property and the
independence of the increments of the environment, we get that the events (&,)n>1
are independent. Combining this independence with (5.3.15) and the Borel-Cantelli
Lemma we get that P-almost surely, the event &, is realized infinitely many often.

Combining (5.3.11), (5.3.16) and the Borel-Cantelli Lemma we get that P-almost
surely the event B, N F, is realized for all large n. We deduce that P-almost surely,
the event B, NC,, ND,, N F,,11 is realized infinitely many often. Then, for n such that
this event is realized we have,

LY (uny1) < LY (H(v41))
(tnt1/ log(log(uns+1)))/* = (tns1/ log(log(tuni1))) /"
< LY (H(2v,)) L (T(X™, 0p11))

Un 11/ 10g(10g(tns1)))V/"  (tny1/log(log(unii))) /"
<aJ+(1+a)J,

SO
Y0
I o (log () 7

< (1+2a)J.

Now, letting a go to 0 and combining with the finiteness of sup,_., o Lx(+00)
(see (5.3.4) and (5.3.5)) we obtain (5.3.10) so Theorem 5.1.11 is proved.
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5.3.2 The limsup
In this subsection we prove Theorem 5.1.10. First, let us assume that || 1+°° Mdt <
400 and prove that

)L (T
lim sup ZWEX ) _ (5.3.17)
t——+4o00 t
According to Remark 5.1.19 the condition f;roo Mdt < 400 is equivalent to

+oo

D (f(2M)F < oo (5.3.18)

n=1

Let us fix @ > 0 and define the events

An::{ sup Mza}.

te[an 2nt] ti/n
From the increase of £37(.), (5.3.7), (5.3.4), (5.3.5), and (5.3.1), we have
P(A,) <P (LY(2") > 27/%a/f(2"))
<P (£}+ (H(2n+1/m + Qa(nﬂ))) > 2"/“a/f(2”)) + 9—n(n+1)
= P (M, (27! /m + 200D > 9/ ) f(27)) 4 277+
=P ( sup 7z > 2"/“a/f(2")> 4 27+
(0,271 /420 (n+1)]

< 1 — o (2 Qmaze D s (2041 g 2etnt D)) s (sup g2/ va/ £ (2))
A I O e ) B
< (27 /Qm + 200D JQ + (2 /m + 20‘(”“))7/8) x n(sup& > 2"%a/f(2"))
4 o nlntl) (2n+1/m + 2a(n+1))—77.
According to (5.3.2), the first term in the right hand side is equivalent to
21D (k)W K (f(2))" /ma”

which is the general term of a convergent series, according to (5.3.18). The two
remaining terms are also the general terms of convergent series so we get

Z P(A,) < 400,
n>1

and applying the Borel-Cantelli lemma we deduce

FOL _,
2L

lim sup
t—4o00

Now, letting a go to 0 and combining with the finiteness of sup;_., oy Lx(+00) (see
(5.3.4) and (5.3.5)) we obtain (5.3.17).
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Let us now assume that f UOF g4 = 400 and prove that
)L (t
lim sup M = 400. (5.3.19)
t——4o00 t
According to Remark 5.1.19 the condition f VO gt = 400 is equivalent to
+o00
> (f(@2M)F = +oo. (5.3.20)
n=1

Let M >0, u, := 2"/m —2°" and X" := X (H(v/2u,) + .), the diffusion shifted
by the hitting time of v/2u,. Note that from the Markov property for X at time
H(v/2u,) and the stationarity of the increments of V', X™ — /2u,, is equal in law to
X under the annealed probability P. We take n so large such that v/2u,, < u,,1 and
define the events

2(n+1)/k
Dy = A{m (X" upt1) < 7 (X" up)},
&, =C,ND,,
Fo = {Lx(H(un)) < Lx(2")}.

From the equality in law between X™ — v/2u,, and X under P, (5.3.4), (5.3.5),
and (5.3.1), we have

Gy {1 (X)), )

P (Co) = P (Lx(H s —VBu) = 20000/ (24
> P (5" (Hluns — V3)) 2 2000051/ (271
=P (Ms (s — V3u,) > 200001/ ()

—P ( sup 7> 2(n+1)/nM/f(2n+l))
[

07un+1_\/§un]
>1-— 6—((Un+1—\/Qun)/Q—(unﬂ—\/iun)”S)Xn(SUP§>2("+1)/NM/f(2n+1))
— (Un1 — V2u,) 7", (5.3.21)

According to (5.3.2) and the definition of w,,, the exponent in the right hand side
is equivalent to

(2 — V2)25 1T (k) 2K (f(27FY)% /mM*.

Since f converges to 0 at infinity, the above is also an equivalent for the term 1—e~(+)
in the right hand side of (5.3.21). Then, combining with (5.3.20) and the fact that
the other term is the general term of a covering series we get

Y P(C.) = +oo. (5.3.22)

n>1
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Reasoning as in the proof of (5.3.14) we can prove that

> P (D) < +o0, (5.3.23)

n>1
SO

d P(E) =D P(C) - > P (D) = +oo. (5.3.24)

n>1 n>1 n>1

According to (5.3.7), and to the increase of L%, we also prove that

> P (F) < +oc. (5.3.25)
n>1
The events &, are independent since for each n, &, belongs to the o-field o(V (s)—
V(tn), tn < 8 < tpyr, X (1), H(V2uy) <t < H(V2u,)+min(7(X™, u,), 7(X™ u,41)).
Combining this independence with (5.3.24) and the Borel-Cantelli Lemma we get
that P-almost surely, the event &, is realized infinitely many often. Combining
with (5.3.25) and the Borel-Cantelli Lemma we get that P-almost surely, the event
C, ND, N F,i1 is realized infinitely many often. Then, for n such that this event is
realized we have,

FEMNLY (M) 200 > f(2M ) L (H () /20"
> (2 Lon (7 (X", ) /20D
> M,

SO

lim sup
t——+o00

FOL
X0

Now, letting M go to infinity we get (5.3.19) so Theorem 5.1.10 is proved.

5.4 Some lemmas

In this section, we justify some technical facts and lemmas for V, VT and the
diffusion in V. Some of them are known or can be easily obtained from results of
[74], and we give some details for their justification when it is necessary. Some of
these facts are new, like the approximation of the contributions of the valleys to the
traveled distance by an #d sequence.

5.4.1 Properties of V, V' and %)

Lemma 5.4.1. (Lemma 5.4 of [74])
There are two positive constants cq, ca such that

Yy,r >0, P(1(V,] — o0, —y]) >1r) < ey,
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Lemma 5.4.2. There are positive constants ci,co such that,

Vt,a >0, P < sup V > —a) < eara—eat 4 pmha

[t,4o00]

Démonstration. Let us choose v €]0, k[, we have

P ( sup V > —a) <P(V(t)>—2a)+ P (V(t) < —2a, sup V(t+.) —V(t) > a)

[t,+o00] [0,400]

<P (e”v(t) >e 1) + P ( sup V(t+.) =V (t) > a)

[0,400]

_ 62'yaE [6'yV(t)} + efna7

where we used Markov’s inequality for the first term and the Markov property at
time ¢ for the second term, together with the fact that the supremum of V' on [0, +o0o[

follows an exponential distribution with parameter . Since E[e?V®)] = !¥v(") and
Uy (y) < 0 (because 0 < v < k), we get the result with ¢; := 2 and ¢ := =V (7).
O

Lemma 5.4.3. (Lemma 5.3 of [7}])
There is a positive constant C such that

—+o00
P (/ eV dy > :U) ~ Cx".
0 T—r+00

We now state some Lemmas about V. First, we recall how V' and V7 are defined.

V being spectrally negative, the Markov family (V.!, 2 > 0) may be defined as
in [8], Section VII.3. For any x > 0, the process V,| must be seen as V conditioned
to stay positive and starting from z. We denote V' for the process VOT. It is known
that VI converges in the Skorokhod space to VT when x goes to 0. Also, as well as
V., V' has no positive jumps so it reaches every positive level continuously.

Since V' is spectrally negative and not the opposite of a subordinator, it is regular
for |0, +-00| (see [8], Theorem VII.1), so V is for | — oo, 0[. Moreover, V' drifts to +oo.
We can thus define the Markov family (V,!, > 0) as in Doney [31], Chapter 8. It
can be seen from there that the processes such defined are Markov and have infinite
life-time. If moreover V has unbounded variation then V is regular for 10, +00[, and
from Theorem 24 of [31], we have that f/OT, that we denote by XA/T, is well defined.

Here again, for any x > 0, the process V;T must be seen as V conditioned to stay
positive and starting from xz. Note that, since V' converges almost surely to infinity,
for z > 0, V! is only V, conditioned in the usual sense to remain positive.
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Lemma 5.4.4. (Lemma 5.7 of [74])
There are two positive constants cy,cy such that, for all 1 < a < b, we have

P ( inf VbT < a> < g1,
[0,400[

Lemma 5.4.5. There are positive constants cs, ¢4, Cs, cg such that,

VO<z <y, r>0, P(r(V],y) >r) <esv (5.4.1)
Vz,r >0, P(K(V],2) > r) < e 4 cge™ %, (5.4.2)

Démonstration. Let us fix 0 < x < . From the Markov property applied at 7(V7, x),
the hitting time of z by V7, we have

P (T(Vj, y) > 7’) =P (T(VT(T<VT, z)+.),y) > 7’) <P (T(VT, y) > 7’) ,

so (5.4.1) follows from Lemma 5.6 of [74]. For the second point, we have

[T(VZT,QZ),-FOO

{T(Vj,QZ) < r} N { inf [VZT > z} C {IC(VZT,z) < r} 7

so taking the complementary,

[T(VZT,QZ),-‘rOO[ o

P(K(V), z)>r) <P(r(V],22) >r) +P ( inf V< z)

< p2e3z—car 4 p ( inf VQTZ < Z) ,
[0,+00[
where, for the first term, we used (5.4.1) with x = 2z, y = 2z and, for the second
term, we used the Markov property at time 7(V,, 2z). Combining with Lemma 5.4.4
applied with a = z, b = 2z, we get (5.4.2).
m

Lemma 5.4.6. There is a positive constant ¢ such that for t large enough,

+oo
P (/ e—VT(J:)dzE Z 6—}1,5/4) S G_Cht.
T(VT,he/2)

Démonstration.
KV ke /2)
/ e V@) dy < (K(VT he/2) — 7(VT, bt /2)) x sup eV
T(VT,he/2) [7(VT,he/2),K(VT ke /2)]

1
é K(Vht/27h’t/2) X Sup eivht/z’
[0V, 5he/2)]
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where we used the Markov property at time 7(VT, h;/2) for the equality in law. We
thus get

IC(VT,ht/Z) N
P / eV @y > e M/Aj2 | <P (;C(v,j oo hf2) > eht/8/2>
F(V1,he/2) ‘

‘ 1
r ([Ogrlgo[‘/htﬂ < 3he/ 8)
< eeshi—eac™/®/2 4 coe M2 4 cpeme /8,

- (5.4.3)

where, for the first term, we applied (5.4.2) with z = h;/2, r = €"/8/2 and, for the
second term, we applied Lemma 5.4.4 with a = 3h;/8, b = h;/2.

Then, according to Corollary 19.VI of [8] we have

+o0 +o0
/ e V'@ gy £ e‘ht/z/ e V@ gy = e M2p(vh,
K(VT,he/2) 0

and, according to Theorem 1.3 of [72], I(VT) admits some finite exponential mo-
ments, so in particular it has finite expectation. We thus get

+00
P (/ e—VT(x)dx > e—ht/4/2> —P ([(VT) > eht/4/2) < 26_}“/4]]3 [[(VT)} .

K(VT,he/2)
(5.4.4)

The result follows from the combination of (5.4.3) and (5.4.4).
[

The next fact gives the law of the bottom of the valleys in terms of the laws of
VT and V7. It is a combination of Propositions 3.2 and 3.6 of [74].

Fact 5.4.7. Assume V has unbounded variation. For all i > 1 let

PO .= (V(i)(mi —x), 0<x<m; —71; (ht))
PO .= (VO (m; — ), 0 <z < —7 (h))
For all © > 1 we have
dyr (15@, P<2>) < e 0rhi/3 (5.4.5)

where dyr is the total variation distance. Moreover, the law of P® is absolutely
continus with respect to the law of the process (V(z), 0 < z < 7(V1, h+)) and
has density cy, /(1 — e~V CVThADY with respect to this law, where cp, is a constant
increasing with hy and converging to 1 when t (and hence hy) goes to infinity.
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_ Foralli > 1, the two processes (VO (in; — x), 0 <z <n; — 7 (b)) = P9 and
(VO(m,; +2), 0 <x < 7(hy) — ;) are independent and the second is equal in law
to (V(z), 0 <z <7V h)).

Let us now recall a fact from from [74] :

Fact 5.4.8. Assume that the hypotheses of Theorems 5.1.4 and 5.1.9 are satisfied.
Fiz € small enough. There is a positive constant ¢ (depending on €) such that for all
t large enough

7 (he/2) )
Vji>1,P / eV Wy < et | > 1 — e, (5.4.6)
B
Vi>1, P / eV < em ) > 1 — e, (5.4.7)
7 (he/2)
Vj>1, P ( sup Al (u)JAT(Ly)| < e_h‘/?’) >1—e M  (54.8)
€l (he/2), 7] (he/2)]

Vi >1, P < sup | A7 (u)| < 65ht/8> >1—e M, (5.4.9)

welF; (he/2),7] (he/2)]
where A7 is defined in Subsection 5.2.1.

Démonstration. (5.4.6), (5.4.7) and (5.4.8) are respectively Lemma 4.6, Lemma 4.7
and Lemma 4.8 (applied with € = 1/6) from [74]. For (5.4.9), note that

P < sup A7 (u)] < e/ 8) < P (JA(7 (he/2)| v A (7] (he/2)) = /F)
uelF; (he/2),7 (he/2)]

Then, |A7/(7; (h/2))| and A’(7;"(h¢/2)) can be bounded as in the proof of Lemma
4.8 of [74] which yields (5.4.9).
[l

5.4.2 Contribution of the valleys to the traveled distance

We need to approximate the contribution to the distance traveled by the diffusion
in each valley. We have :

Proposition 5.4.9. On an enlarged probability space, there is an iid sequence (D;)jzl,
independent from the sequence (e;, S;-, R;)jzl and such that fort large enough,

vj 21, P(|(L; - L) - D

< e_clhtD§> >1—e " and D; B E(e ),

where q is the constant in Theorem 1.4 of [74] and ¢y, cs are positive constants.

260



5.4. SOME LEMMAS

Démonstration. From the definitions of valleys we have
Lj—Lj_y = (L% — Ljy) + (rin; — L%) + (75(he) — 100) + (Lj — 75(hy)). (5.4.10)

Recall the definition of m*(h;) from [74] :

b = nt {2 0. V1) = Vb=t {0, V0 = V-

From the Markov property at the stopping times [ij,l, [~J§- and 7;(h;), and Fact 5.4.7
we get that the terms in the right hand side of (5.4.10) are respectively equal in law
to 7(V,] — oo, —eU=9%me)) “m*(hy), (VT hy) and 7(V,] — oo, —h;/2]). For the first
and fourth term, applying Lemma 5.4.1 with y = e(1=9% and r = e(1=9/2)5h /2 e
get for t large enough,

Vi>1, P ((Z§ —Lj )+ (L; — (b)) > e<1*5/2>“ht> <e M (5.4.11)

For the third term, applying (5.4.1) with z = 0, y = h; and r = e('=9/2* we get
for ¢ large enough,

Vi > 1, P((F(h) — my) > 1 70/2rhe) < omhe, (5.4.12)

The main term is the second one, its law is given by Lemma 3.9 of [74]. Before
studying it, let us recall some of the notations used in [74].

Let F denote the space of excursions, that is, cad-lag functions from [0, +o0o[ to R,
starting at zero and killed at the first positive instant when they reach 0 (this instant
can possibly be infinite). For £ € F, let us denote ((§) := inf{s > 0, {(s) = 0} for
the length of the excursion . For h > 0, let Fj, _ and Fj, . denote respectively the
set of excursions which height is strictly less than h and the set of excursions higher

than A :

Frn_=1&€F, sup{ <h,, Fhy =& E€F, supl >hp.
[(0,¢] [0,

Let N be the measure defined on F as in Subsection 3.5 of [74]. Let S™~ and
SM* be two independent pure jumps subordinators with Lévy measures respectively
CN(Fn-n.)and (N (Fp 4 N.), the image measures of respectively N'(Fy,_ N.) and
N(Fp+N.) by €. The sum of these measures equals (N so S := S~ 48"+ is a pure
jumps subordinator with Lévy measure (N. Let also T), be an exponential random
variable with parameter A/ (F;, 1), independent from S™~ and S™*. According to
Lemma 3.9 of [74] we have

VJ > 1, mj — ig é Sht’i(Tht).
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Recall that the sequence (m; — Lg) j>1 1s 7id because of Remark 5.2.2. Therefore, on

an enlarged probability space, there is an iid sequence (S;-”’_, T, j)i>1 such that for
all j > 1,

SMT UL Ty, SMTESMT T £ T, and SMT(Th, ) = iy — LY (5.4.13)
Let d := N(Fp, +)Th, and more generally d; := N(Fp, 4+ )Th, ;. Then, d; L £(1) and
the sequence (d;);>1 is iid. For large ¢, it is natural to approximate S"~(T},) by a
multiple of d, for this we write

ST (Ty,) — e d/q = (S~ (Th,) — S(Tn,)) + (S(Tn,) — E[S(1)]Th,)
+ (E[S(1)] T, — e™d/q) . (5.4.14)

For the first term, using the expression of S in terms of S"* and S"~, the indepen-
dence between ST and Tj,, the definition of ST, Cauchy-Schwarz’s inequality
and the definition of .S, we have

1

E{|S"7(T) = S(T)|] = E[S""(T)] = {7z —

B [5+ (1)

1 1 2
- /F  dleg < m\/ / CRE)N (de),
1

= T Var(S(1)). (5.4.15)

Var(S(1)) is indeed finite thanks to Lemma 3.10 of [74]. For the second term in
the right hand side of (5.4.14), using Cauchy-Schwarz’s inequality and the indepen-
dence between S and Tj,,

1

E{[S(Th,) = E[SD)]Th.|] < \/E [(S(Th,) = E[S(V)]T5,)"] = —re==V/Var(S(1)).
N(th,Jr)

(5.4.16)
For the third term in the right hand side of (5.4.14), using the definition of d,

E[S(1)]Th, — e**d/q = (E[S(1)]/N (Fh,+) — ™ [q)d.
Then, recall from Proposition 3.12 and Lemma 3.11 of [74] that

q = N (Fiy) x (¢ — Bl 1-=00) /E[S(1)],

and

N (Fn) = "N (Fi4) x (" —E [e”vl(T(Vl’]_oo’OD)]) + O (e,

t—+o0
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We thus get

a.s. E[S()]Ty, —e™d/qg=dx O (e ""). (5.4.17)

t—+o00

Let us define D! := e""*d/q and more generally D! = e d;/q. We then have indeed

D! L E(e~"™q) and the fact that the sequence sequence (D!)j>y is zid. (5.4.17)
becomes

a.s. [E[S(1)]T, — D'| < D' x Ce ", (5.4.18)

where C'is a positive constant. Using Markov’s inequality, (5.4.15) and (5.4.16), and
the asymptotic of N'(Fy, +) given by Lemma 3.11 of [74], we get the existence of a
positive constant C' such that for ¢ large enough,

P (8" (Th,) = S(T,)| + [S(Th,) — BIS(]T, | > e¥/1%) < Cemhilt®

P(Dt < €9nht/10) —Pp (d < qefnht/lo) < qefnht/lo.

As a consequence there is a positive constant C' such that for h; large enough,
P (|S"~(Ty,) — S(Th,)| + |S(Th,) — E[S(1)]Ty,| > e 3/10D") < Cemrhe/10,
Combining with (5.4.18) and putting into (5.4.14) we get
P (‘Sht’_(Tht) _ Dt‘ > G—tht/IODt) < Qe Fhe/10.
Combining with (5.4.13) we get

vj =1, P (| - I = Di| = e /0D1) < e, (5.4.19)

Then, we have P(Dj < eU=0/Drhe) = P(d; < qe 0"M/2) < qe=®"M/2 g0 putting into
(5.4.11) and (5.4.12) we get for all j > 1

P ((LE = Li1) + () = 1) + (L = F5(he)) > 2e™%M/2D8) < 267 o gem0ntes2,
(5.4.20)
Combining (5.4.19) and (5.4.20), and putting into (5.4.10) we get the result for ¢

large enough.

]

5.4.3 Proof of some facts and lemmas

This subsection is devoted to the justification of the facts stated in Subsection
5.2.1, which mainly come from [74]. As these results are included in Section 5.2, we
prove them under the hypotheses of Theorems 5.1.4 and 5.1.9 : 0 < k < 1, V has
unbounded variation and there exists p > 1 such that V(1) € LP.
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In the facts and lemmas considered here, the value of the constant ¢ is not
important (as long as it is positive) so we allow it to decrease from line to line and
it is implicit that the estimates are true for ¢ large enough.

Démonstration. of Lemma 5.2.1

(5.2.2) is only Lemma 4.16 of [74]. For (5.2.3), note that {NV; < n;} = {H (mz,11) >
t} and H(mp,4+1) = H(mp,41) on {V € V;} (since 7y < ny). Let ¢ be large enough so
that (1 —2/log(hy))(1 + e=¢*)~1 > 1/2. Using the definitions of £ and & (which
is possible here since 7, < n;) we get that P({N, < i, } N{V € V,} NEP NE]) is less
than

P (H(ma1) > t, &, &) <P (Z e;SIR! > t/2>
=1

<P ( sup e;SIRL > t/Qﬁt) =1- []P (elszi/t < 1/2ﬁt”m

1<i<ii
—1—[1-P (SRt > 1/27,)]™ .
According to (5.2.17) applied with some 7 €]0, (1 — p)/3[ we have that
P (e1SiR} /t > 1/27,) e 2°C'E [R¥] afe M) = 25C'R [R"] etP~ D),
—400
Since p < 1 the later converges to 0 so
[1—P(e1 SR/t > 1/27,)]™ L exXp (—2°C'E [R"] ﬁte”(p_1)¢(t))
= exp (_2*@0’[@ [R"] e(p%(pfl))qb(t)) ]

Let p := —(p+ k(p — 1)). p/ is positive thanks to the hypothesis p €]0,x/(1 + k)|
so elPtrle=1)é(®) converges to 0 and we deduce that for ¢ large enough,

P{N, <} N{V eV} NENET) <2CE[RF] e Y.

Combining with the bounds for P(V ¢ V) and P(E7) + P(£7) given by respectively
Fact 5.2.3 and (5.2.4) we get (5.2.3). O

Now, let us recall a fact about brownian local time :

Fact 5.4.10. There is a positive constant ¢ such that for all t large enough

P ( sup |£B(T(Bv 1)a y) - ‘CB(T(B7 1)? O)| > 6_ht/9£B(T(B7 1)7 0)) S 6_Chta

ly|<e=he/3

(5.4.21)

P| sup [Lp(op(1,0),y) =1 =™/ ) <e,

‘y|§e*ht/8

(5.4.22)

P (sup£B<oB<1,o>,y> > u) <2/u,.

yeR

(5.4.23)

264



5.4. SOME LEMMAS

Démonstration. (5.4.21) is (7.11) of [4] applied with § = e™"/3 ¢ = e/, (5.4.22)
comes from the second Ray-Knight Theorem combined with estimate (7.15) of [4]
applied with u = e /20 ¢ = ¢7"/8  (5.4.23) comes from the second Ray-Knight
Theorem combined with estimate (7.16) of [4].

[

Démonstration. of Fact 5.2.5

According to the combination of Lemmas 5.20 and 5.21 of [74], there is a positive
constant ¢ such that P(E}) < e~“". Since h, is ultimately greater than ¢(t) we get
P(EL) < emeolt),

P(£2) < e ™ and P(£%) < ") come from Fact 4.4 of [74] (respectively the
second and third point).

For P(£}). Let us fix j > 1 and use the Markov property at H(rm;) and the
expression (5.3.3) of the local time within an hitting time. We get the existence of
a Brownian motion (B(s), s > 0), independent from V), such that

Yy € D;, Lx(H(L),y) — Lx(H(my),y) = e O Lp(r(B, A(Ly)), A(y)),

where A7 is defined in Subsection 5.2.1. Let B := BJ((A/(L;)))2.)/AI(L;)). By the
scaling property for brownian motion, we have that, conditionally to V, B is a
standard Brownian motion. We have

Vy € D;, Lx(H(Ly),y)—Lx(H(iny),y) = e VWAL L5((B,1), A (y) /A (Ly)).

From the definition of D; we have D; C [} (h/2),7;" (h:/2)] so, thanks to (5.4.8)

we have
P | sup
y€D;

Combining with estimate (5.4.21) we get

A (y) /A (L)

< e’“/?’) >1— e M,

P (Sup Ls(1(B,1), A (y) /A (L)) > (L+e ") Ly(r(B, 1), 0)) < e

yEDj

so with probability greater than 1 — e~ we have

Lx(H(Ly), ) < sup (£x(H(L),p) = £x(H (), )

< (L+e ™) A (Ly)Ls(T(B,1),0)
= (14 e "™Lx(H(L;),m;).

Since ¢ > 0 has been chosen "small enough" in the Introduction, we can assume
¢ <1/9s0 P(E}) < e < e7®) follows from the above (and the fact that h, is
ultimately greater than ¢(t)).
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P(EP) < e~ comes from Fact 4.3 of [74].

¢ > 0 has been fixed "small enough" in the Introduction. We can assume that
it was chosen so small such that Proposition 4.5 of [74] apply with ¢ instead the
constant ¢/7 there. P(EF) < e~M < e~ and P(E7) < e~ < (") thus come
from Proposition 4.5 of [74] (and the fact that h; is ultimately greater than ¢(t)).

The second point of the fact is Lemma 4.11 of [74].

O

Démonstration. of Lemma 5.2.6

According to (5.2.18) and Chernoff inequality we have for any j > 1
P (R > eh/8) < e doe "2, (5.4.24)
We have
PR <o) < P (R <e ™) <2p (V1) <267 4 ge oot
n1/3

< e Koe™t /2 4 9p=Okhe/3 (5.4.25)
pL/3

where, for the last two inequalities, we used Lemma 5.2.13 (applied with z; = e
a = 2) and (5.1.7), and where Kj is the constant in (5.1.7). The term 2e~%%"/3 is
only necessary in the case V= W, (because of (5.2.29)). Combining (5.4.24) and
(5.4.25) we get that (5.2.7) is satisfied with probability at least 1 — =",

According to Fact 5.4.8 we have that (5.2.8), (5.2.9), (5.2.10) and (5.2.11) are
satisfied with probability at least 1 — e~".

According to (5.2.4) we have P(UT_,&}) < eL¢®) Then,
(0P (PY(ULED 07 < B [PLED] = P (LT <0

We thus deduce that (5.2.12) is satisfied with probability at least 1 — e~1¢(®)/2,
Combing all this with Fact 5.2.3, we get Lemma 5.2.6 for a suitably chosen constant
c. [l

Démonstration. of Fact 5.2.7

The ideas are very similar to the ones used for the proof of Lemma 5.3 of [4].
Since we are in the more general context of a Lévy potential and since we do not
prove exactly the same thing (here, we work conditionally to the environment), we
give the details.

Recall that ¢ > 0 has been fixed in the definition of G;. ¢ > 0 has been fixed
"small enough" in the Introduction (and we already fixed some constraints about
how small it must be in the proof of Fact 5.2.5). We can assume further that it was
chosen so small such that ¢ < min(1/20,€/4). Let us fix an environment v € G, z €

[0,1—4/log(hy)] and k < ny. We put 7, := (14+e ) Loy, Z .= (1—2)/(1—e ) RL.
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To study E¥(v, k, z), we look at its intersections with the events {ox,, (ta,my) <
HXﬁLk (Lk)} and {Uka (tit, Thk) > Hka (Lk)} We have

(v, k, 2) N {ox,, (t2e, 1) < Hx,, (Li)}

= {tZ < tiy, sup Lx, (H1—2),.) > twy, ox,, (12, 10) < Hx,, (Ly) < Hka(f/k_l)} .
Dy
(5.4.26)

On the above event, ox,, (tZ,my) is finite and the diffusion stays in [Li_1, L] until
this time. ox,, (¢Z,my) is thus equal to

Ly
I = ﬁ G_U(k)(m)ﬁB(O'B(tZ, 0), A*(x))dz, (5.4.27)
Lg_1

where B is the brownian motion driving the diffusion Xy, and A* is defined in
Subsection 5.2.1. Let B := B((tZ)*.)/tZ and A*(.) := A*(.)/tZ. From the scaling
property B is still a brownian motion. We can write

Ly ~ B
I=tZ / e @ L (05(1,0), AF(2))da. (5.4.28)
Ly

Since v € G; it satisfies (5.2.7). Recall also that ¢ > e, For ¢ large enough so
that 4e"/8 /(1 — e=")log(hy) > e~ "/* we thus have tZ > e3"/* for any choice of
z € [0,1—4/log(h;)]. Combining this with the fact that v satisfies (5.2.8) and (5.2.9)
we get

swp AR < (ARG (g 2)| VARG (haf2) 17 < e
(7 (he/2),75] (he/2)]

Combining with (5.4.22) we get
P ( sup ‘53(03(1,0),21]“(95)) - 1‘ > eht/m) <e ™  (5.4.29)
w€lFy (he/2),7f (he/2)]

and we deduce that

pv<

Since v € G, it satisfies (5.2.10) and (5.2.11). Combining with (5.4.23) (applied with

/) 5
/ e " (x)EB(UB(l, 0), Ak(m))da: - R
7y, (he/2)

< e‘ht/QORji) >1—e M,

(5.4.30)
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u = e"/2) and the lower bound for Rf in (5.2.7) we get

Ly )
P’U / efy(k)(x)ﬁé(o_é(l’0)’Ak‘(x))dx S efeht/Q S e*éht/ﬁlRZ Z 1 _ e*Cht’

75 (he/2)
(5.4.31)

T (he/2)
pPY (/ e’”(k)(””)ﬁé(aé(l, 0), A¥(2))dx < e~M/? < eeht/‘lRZ) >1—e .
L4

(5.4.32)

Now putting (5.4.30), (5.4.31) and (5.4.32) into (5.4.28) (and combining with the
fact that ¢ < min(1/20,€/4)) we get

P (&), ={|I —tZR}| > et ZRL}) < e

neg °

Combining with the definition of Z we see that ¢(1 — z) < I on the complementary
of &2, . Combining this with (5.4.26) we get that & (v,k,z) N {ox,, (t2, ) <

neg*

Hx, (Ly)} is included into

{tZ < tiy, sup Lx,, (0x,, (12, my),.) > tay,
Dk

O'ka (tfft,mk) < HXﬁ% (Ek) < mek (Ek—l)} U gl

neg-*

(5.4.33)

On the main event, ox,, (tZ,y) is finite. On this event, Lx, (ox,, (1Z,my),y) is
thus equal to

Liy) = e "W Lp(0s(t2.0), A4 (y)).
Here again, for B := B((tZ)2.)/tZ and A*(.) := A*(.)/tZ. We have

L(y) = tZe "W L5(05(1,0), A (y)).

Since Dy, C |7, (he/2), 7, (he/2)] we can apply (5.4.29) (together with ¢ < 1/20) and
get

P (&, ={Fy Dy, Lly) > (1+e M)zZ}) <e M. (5.4.34)

neg °

On the big event in (5.4.33) we thus have both (1 4+ e )tZ > tz; and tZ < tiy,
(expect possibly on the event 5369). Since these two inequalities are not compatible
we get

P (gf(v, k,2) N {ox,,, (tE i) < mek(ik)}> < PY(EL,) + PV (€2,) < 2e.
(5.4.35)
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We now study the case where ox, (t2:,my) > Hx,, (Ly). First, we have

Ef(v, k‘, Z) N {O-XT;lk (tft,ﬁlk> > HX'ﬁlk (Z;k)}

= {tZ S t[f't, sup Eka (t(l - Z), ) Z tCL’t, HXﬁLk (f/k) < HXﬁLk (f/k—l) VAN O'ka (ti’t, ﬁlk)
Dy

c {sup Ly, (H(1—2),.) > tze, Ly, (Hx, (Ly)oiu) < tit}

Dy

C {sup ‘Cka (HXf”k (j/lc>; ) Z t,It, ‘CXﬁzk (Hka (Ek),mk) < tft} Ug_tl
Dy

Indeed, supp, Lx,, (((1—2),.) < supp, Lx,, (Hx,, (Li),.) on {t(1—2) < Hx, (L)}
and supp, Lx,, (t(1=2),.) = supp, Lx,, (Hx,, (L),.) on {Hx, (Ly) <t(1—-2)}n
E!. Since we are dealing with X, , the diffusion shifted at time H (1), we can see
that the main event above is included in 5_;1. We thus get

EX(v, k,2) N {ox,, (tiy,my) > Hx, (Li)} C EFUEL (5.4.36)

(5.2.14) follows easily from the combination of (5.4.35) and (5.4.36) applied with
z =1—4/log(h:). Then, the right hand sides of (5.4.35) and (5.4.36) do not depend
on z (which is arbitrary in [0,1 — 4/log(h:)]) and H(my)/t is independent from
Xy, We can thus replace z by H(my)/t in (5.4.35) and (5.4.36) (at least on {N; >
k, H(my)/t <1 —4/log(h:)}). Using the combination of (5.4.35) and (5.4.36) to
study the union of events in (5.2.13) we get

PV (P (N, > &y H(g)/t < 1— 4/ log(h)} N EX (o, k, H(w)/8)) < 2ne="
+ P (5_3 U 8_;1> .
Since v € G, it satisfies (5.2.12). We thus have PY(Ef U E}L) < e 9W/2 (where L is

the constant defined in Fact 5.2.5) and from the definition of h; and ¢(t) we have
easily 2n,e~" < e7°M for large t. For t large enough we thus get (5.2.13).

We now prove (5.2.15). Let us fix an environment v € G, z € [0, 1] and k£ < n,.
Inversing the local time in the definition of £ (v, k, z) we get that £ (v, k, 2) coincides
with the event

{R;/xt < (L= e™™)(1 = 2), ox, (/o m) A Hy, (L) = t(1 - 2),
Hx, (Ly) < Hx,, (ik,l)} . (5.4.37)
We have to distinguish the cases Hx,, (Ly) > Ox,, (U2, my) and ox,, (/e my) >
Hx,, (Ly). On (v, k, 2) N {UXTk (tae, i) < Hx,, (L)}, Ox,,, (t/2e, ) is finite
and the diffusion stays in [Ly_1, L] until this time. On this event, ox, (t/z, 1) is

thus equal to

Ly .
I ::/ e_v(k>(x)£B(UB(t/93t>0)>Ak(x))dx’
Ly
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where, as in (5.4.27), B is the brownian motion driving the diffusion Xy, . Now, let
B := B((t/x:)%)/(t/x;) and A*(.) := A*(.)/(t/x;). From the scaling property B is
still a brownian motion. We can write

I' = (t/a) / e T L5 (05(1,0), A (2))da.

k—1

From t > e the definition (5.2.6) of z; and the definition (5.2.1) of h; we see that
t/z; > e3/4 for t large enough. Recall also that v € G, implies that v satisfies (5.2.8)
and (5.2.9). We thus get

sup AR < (ARG (/)| VAN (hof2) 8 /) < 70
(7 (he/2),7 (he/2)]

We can now proceed as in the proof of (5.2.13) to get analogues of (5.4.30), (5.4.31)
and (5.4.32). We deduce that

P (&, = {|I' = (t/x)R}| > e (t/z)Ry}) < e M.

neg *
Now, note from (5.4.37) that & (v, k,z) C {(1 — eiéhf)aka (t/xy,my) > tRL )z}
Since ox,, (t/z, 1) = 1" on E)(v, k,z) N {ox,, (t/ze,my) < Hx,, (Lg)} and (1 +
e=)(1 —e~™) < 1 we deduce that & (v, k, 2) N {ox,, (t/z,77) < Hx,, (L)} C
&3 . Then,

neg*
P (gf(v, k,2) O {0, (/21 170) < Hay,, (ik)}) < emch, (5.4.38)

We now study the case where ox, (t/z¢, ) > Hx,, (L), following the ideas
of the proof of Lemma 5.3 of [4]. Recall that B is the brownian motion driving the
diffusion X, . We have

Ox, (/e 70) > Hy,, (Li) & op(t/20,0) > 7(B, AN(Ly) & t/a, > L (T(B, AR(LL), o)
Now, let B := B((A*(L))?.)/A*(L). From the scaling property B is still a brownian

motion. Lp <7‘(B,Ak(l~/k)), O) = AF(Ly) L5 (T(B, 1), O). Note that from the defini-

tion of ej given in Subsection 5.2.1 we have Lz (Té(l), 0) = ex. As a consequence,

O'ka (t/xt,mk) > HXThk (Izk) ~ t/ZL‘t > Ak(zk)ek <~ tR};/l’t > Ak(ik)ekR}i

According to the trivial inequality

L Lj
AR(L) = / o~ () 007, gy, > / (o) —v(ms) gy, — Gt
’ ~ Jrrme2) ’

mj
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and the definition of £ we deduce that
{oo, Wein) > Hy,, (L)} € {tRy/an > L+ e Hy,, (L)} UET

Now, note from (5.4.37) that (v, k,2) C {(1 — e ™)Hx,_ (L) > tRZ/l"E}- Since
(1 + e ™) (1 = e~™) < 1, the inequality tR}/x, > (1 + e )" Hx, (L) is in
contradiction with the event (v, k, z). We thus get

E(v,k,2) N {ox, (t/ze ) > Hy, (L)} C & (5.4.39)

Since the right hand sides of (5.4.38) and (5.4.39) do not depend on z (which is
arbitrary in [0,1]) and H(mg)/t is independent from X , we can replace z by
H(mg)/t in (5.4.38) and (5.4.39) (at least on {NN; > k}). We can thus use the
combination of (5.4.38) and (5.4.39) to study the union of events in (5.2.15). We get

P (Ui (N = B} 0 € (v, b H ) 1)) < mpe™™ + P (]

Since v € G, it satisfies (5.2.12). We thus have P(&]) < e 29"/ (where L is the
constant defined in Fact 5.2.5) and from the definition of h; and ¢(t) we have easily
ne~M < e=®) for large t. For ¢ large enough we thus get (5.2.15).

0

Démonstration. of Fact 5.2.8

(5.2.16) and (5.2.17) are included into Lemma 4.15 of [74] while (5.2.18) comes
from Proposition 3.8 of [74] applied with h = h;. O
Démonstration. of Lemma 5.2.9

First, note that from (5.2.1) and the definition of n; just after, we have
2trerdlloglog®)” /g = 2p,e /. From the definition of Ny, we know that on {V € V;},
at time t , 7,1 has never been reached by the diffusion and neither Ly, (because
ZNLNtH > Mmp,+1), we thus have

P (supX > 2nte“ht/q> <P (lNLNtH > 2nte“ht/q> +P(V ¢Vy)
[0,¢]

IN
=

(Lo = 20e™ /q) + P (V & Vi) + P (N, = n)

nt
P ((1 + e*q’“) Z D; > Znte”ht/q> + e~ ht,

j=1

IN

where c is a positive constant, ¢; has the same meaning as in Proposition 5.4.9 and
t is large enough. For the last inequality, we used Proposition 5.4.9, Fact 5.2.3 and
(5.2.2).

< (e ~In, (IE [eqe_”””ht%/?])"

t h
—ch log 2)— 1+8 €1t 1 n —ch
_|_ e t 6( ( ) ( ) ) t e t’
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where we used Markov’s inequality, the fact that the sequence (qe‘“th§) is an
i1d sequence of exponential random variable with parameter 1 and the expression
of the Laplace transform for the exponential distribution. Since log(2) < 1 and
n; = ef1F)00elos®))” ~ > h, we get the first point for ¢ large enough.

We now prove the second point. We first note that from (5.2.1) and the definition
of 7, just after, we have t*e(P=r)(ealoal®)® /9g — qente /2¢. On {V € Vi} N{N; <
ni} NEL we have X (t) > Ly, 1 so

P (X(t) < fige™ /2g) <P (f,NH < et /2q> YP(V EV)+P(N, > n,) + P (5_,})
S ]P) <Eﬁt S ﬁte”ht/2q> + ]P) (V ¢ Vt) + IED (Nt S ﬁt)
+P(N,>n)+P (871)
<P ((1 — emarhr) Z D; < ﬁte“ht/2q> + e7c*®
j=1

where ¢ is a positive constant, c¢; has the same meaning as in Proposition 5.4.9 and ¢
is large enough. For the last inequality we used Proposition 5.4.9, Fact 5.2.3, Lemma
5.2.1, (5.2.4) and the fact that e~ < e=*®) for large t.

< pll—eeht)~1i, (E [ezqe—ﬁhm;])m 4 emet(t) — (= log@) (e ) A | p—eh(t)
where we used Markov’s inequality, the fact that the sequence (ge™""* D;) j>11s an
itd sequence of exponential random variable with parameter 1 and the expression
for the Laplace transform of the exponential distribution. Since log(3) > 1 and
g = erosloe®)® >~ h, we get the second point for ¢ large enough.

We now prove (5.2.21). Note that for a fixed environment v € V we have

. 0+°o '@ dx 0+°O @ dg
PY( inf X <—r) =P (H(-r)<H(+o0)) = "7 <=2 7
[0,+00[ f—r ev@dx f,: ev@) dx
(5.4.40)

and note that

—r/2 r r
/ eV @ dz :/ eV dy é/ eV @dg,
—r r/2 r/2

where the equality in law comes from the time-reverse property. Applying Lemma
5.4.2 with t = r/2 and a = /7 we get

P (/ e V@dy < ge‘/;) < eaVr—er/2 4 e"“‘ﬁ, (5.4.41)
r/2

272



5.4. SOME LEMMAS

where ¢; and ¢y are the constants in the lemma. Then, applying Lemma 5.4.3 we
get for r large enough,

+o0o
P (/ V@ dy > e‘/;) < eTVI2, (5.4.42)
0

Putting (5.4.41) and (5.4.42) into (5.4.40) we get that with P-probability greater
than 1 — (eV7—2r/2 4 e="Vr 4 e=nV7/2) PV (infjo 4oo) X < —7) < 2r7! (and it is
bounded by 1 when this estimates fails) so integrating on V with respect to P we
get

P ([ inf [X < —T’) < 27“_1 + 601\/77—027“/2 + e—f-i\/?" + e—f-c\/F/Q‘
0,400
(5.2.21) follows for r large enough. Finally, (5.2.22) is included in Lemma 5.18 of
[74].
O

5.4.4 Almost sure constantness of limsup and lim inf

We now use a classical argument involving Kolmogorov 0 — 1 law to justify the
almost sure constantness of the limsup stated in Remark 5.1.3. We here treat the
case of the lim sup with the renormalisation ¢ log(log(t)). The same argument can be
used with the lim inf instead of the lim sup, or with any of the other renormalisations
used in the paper.

We first fix v € V), a realization of the environment. For any n € N, the pro-
cess X" := X (7(X,n) +.) is, according to the Markov property, a diffusion in the
environment v(n + .) and it is independent from (X(s), 0 < s < 7(X,n)). We have

. Lyt L (1) s L (t)
T2 loglog (@) sl (X, ) + ) log(log(r(X,m) 1 6)) 1o Tlog(log ()’
(5.4.43)

where the first equality comes from the fact that P-almost surely the favorite site
F*(t) goes to +oo. Indeed, the diffusion P-almost surely converges to +oo and as
we can see from the results of Subsection 5.1.1, £%(t) converges P-almost surely to
infinity, these two facts imply the convergence of F*(t) to +00. As a consequence
F*(t) will become greater than n for ¢ large enough which imply the first equality
in (5.4.43). The second equality comes from the equivalence when ¢ goes to infinity
between (7(X,n) + t) log(log(7(X,n) + t)) and tlog(log(t)).

The lim sup in the right hand side of (5.4.43) belongs to the o-field o(X™(t), t >
0, it is thus independent from o(X(s), 0 < s < 7(X,n)). Since this is true for
any n € N we get, according to Kolmogorov 0 — 1 law, that the lim sup is constant
P?-almost surely. In other words, the limsup is only a deterministic function of the
environment v, let us denote it by L(v).
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Let us fix v € V and n € N. Note that P’(inf X™ > n — 1) > 0 so the limsup
still equals L(v) on {inf X™ > n — 1}. As a consequence, L(v) is only a function of
(v(x+n—1)—v(n—1), x > 0). If we consider the space V equipped with probability
P, this implies that L(V') is independent from the o-field o(V (z), 2 < n—1). Since
this is true for all n € N we deduce from Kolmogorov 0—1 law that L(V) is constant
P-almost surely. This proves that the lim sup is in fact constant P-almost surely. In
other words,

L5t
3\ € [0, 4+00] such that P — a.s. lim sup x(0) =\

t—+oo tlog(log(t))
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Grégoire VECHAMBRE

Fonctionnelles de processus de Lévy et diffusions en milieux aléatoires

Résumé :
Pour V' un processus aléatoire cad-lag, on appelle diffusion dans le milieu aléatoire V la solution formelle
de I'équation différentielle stochastique

1
dX, = —5V'(X,)dt + dB,

ol B est un mouvement brownien indépendant de V. Le temps local au temps ¢ et & la position z de
la diffusion, noté Lx (t,z), donne une mesure de la quantité de temps passé par la diffusion au point
x, avant l'instant ¢. Dans cette thése nous considérons le cas ol le milieu V' est un processus de Lévy
spectralement négatif convergeant presque stirement vers —oo, et nous nous intéressons au comportement
asymptotique lorsque t tend vers 'infini de L£%(t) := supg Lx(¢,.), le supremum du temps local de la
diffusion, ainsi qu’a la localisation du point le plus visité par la diffusion. Nous déterminons notamment
la convergence en loi et le comportement presque stir du supremum du temps local. Cette étude révéle
que le comportement asymptotique du supremum du temps local est fortement lié aux propriétés des
fonctionnelles exponentielles des processus de Lévy conditionnés & rester positifs et cela nous améne a
étudier ces derniéres. Si V' est un processus de Lévy, VT désigne le processus V conditionné & rester positif.
La fonctionnelle exponentielle de VT est la variable aléatoire f0+°° e~V dt. Nous étudions en particulier
sa finitude, son auto-décomposabilité, I’existence de moments exponentiels, sa queue en 0, ’existence et la
régularité de sa densité.

Mots clés : Processus de diffusion, potentiel aléatoire, processus de Lévy, processus de renouvellement,
temps local, processus de Lévy conditionné a rester positif, fonctionnelles exponentielles.

Functionals of Lévy processes and diffusions in random media

Abstract :
For V a random cad-lag process, we call diffusion in the random medium V' the formal solution of the
stochastic differential equation

1
dX, = —5V'(X)dt + dB,,

where B is a brownian motion independent of V. The local time at time ¢ and at the position z of the
diffusion, denoted by Lx (¢, ), gives a measure of the amount of time spent by the diffusion at point z,
before instant ¢. In this thesis we consider the case where the medium V is a spectrally negative Lévy
process converging almost surely toward —oo, and we are interested in the asymptotic behavior, when
t goes to infinity, of L% (¢) = supg Lx(t,.), the supremum of the local time of the diffusion. We are
also interested in the localization of the point most visited by the diffusion. We notably establish the
convergence in distribution and the almost sure behavior of the supremum of the local time. This study
reveals that the asymptotic behavior of the supremum of the local time is deeply linked to the properties
of the exponential functionals of Lévy processes conditioned to stay positive and this brings us to study
them. If V is a Lévy process, VT denotes the process V conditioned to stay positive. The exponential
functional of V7 is the random variable f0+oo e~V dt. For this object, we study in particular finiteness,
self-decomposability, existence of finite exponential moments, asymptotic tail at 0 and smoothness of the
density.

Keywords : Diffusion, random potential, Lévy process, renewal process, local time, Lévy processes condi-
tioned to stay positive, exponential functionals.
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