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𝐹

𝑃𝑖 

𝑃0 

𝑈𝑟 

𝑈𝜃 

𝑈𝑧 

𝜀𝑟 

𝜀𝜃 

𝜀𝑧 

𝜎𝑟  

𝜎𝜃  

𝜎𝑧 

𝜏

𝑓𝑡,20°𝐶

𝑓𝑡,𝑇 𝑇

𝐸0,𝑏é𝑡𝑜𝑛

𝐸𝑑,𝑏é𝑡𝑜𝑛

𝑣𝑏é𝑡𝑜𝑛 

𝐸𝑟é𝑠𝑖𝑛𝑒

𝑣𝑟é𝑠𝑖𝑛𝑒 𝑇

 







𝑘𝑠𝑝, 𝑓𝑖

𝜃𝑥

𝑁𝑅𝐾, 𝑠𝑝, 𝑓𝑖(𝑡)

 



𝑐𝑑 =

𝜏



𝐾𝑚

𝑑𝑥

𝑐𝑥 𝑐𝑦



θ θ

𝑙𝑏 =



𝑘𝑠𝑝, 𝑓𝑖 𝑐𝑑

𝑘𝑠𝑝, 𝑓𝑖 𝜏𝑢, 𝑠𝑝𝜏𝑅𝑚, 𝑠𝑝 𝑐𝑑

𝑘𝑠𝑝, 𝑓𝑖 𝑐𝑑
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CHAPITRE 1 : ETUDE BIBLIOGRAPHIQUE  

 

 :  

 

 

 



Partie 1 : Technologie des scellements chimiques d'armatures dans 

le béton  

 

 



 

 



 

 



 

 



ℎ𝑒𝑓 ~ 3𝑑 − 5𝑑 𝑑

2𝑑 3𝑑



 

 



 

𝑐𝑑 =

4𝑑 20𝑑 𝑑





 



𝑥𝑖

𝑡

 



𝐹

𝐹 = 𝜋 ∙ 𝑑 ∫ 𝜏(𝜃(𝑥, 𝑡)). 𝑑𝑥
𝐿

0

𝜏 𝜃 𝑑

𝐿

 



𝑓𝑏𝑚

 



𝑘𝑓𝑖(𝜃)

𝑘𝑓𝑖(𝜃) =
𝑓𝑏,𝑚(𝜃)

𝑓𝑏𝑑,𝑃𝐼𝑅
      𝑝𝑜𝑢𝑟 21 °𝐶 ≤ 𝜃 ≤ 𝜃𝑚𝑎𝑥

𝑘𝑓𝑖(𝜃) = 0               𝑝𝑜𝑢𝑟  𝜃 > 𝜃𝑚𝑎𝑥

𝑓𝑏,𝑚(𝜃)

𝑓𝑏𝑑,𝑃𝐼𝑅

 



 

 

 



Partie 2 : Influence de la température sur les propriétés des 

matériaux de l’étude  

 

 

 

 

 



 

 

𝜃𝑔 = 20 + 345 ∙ 𝑙𝑜𝑔10(8𝑡 + 1) 

𝜃𝑔



 

 

 



₂

₂ ₂ ₃

₂ ₃ ₂ ₃

 

₂

₂ ₃ ₄ ₂  
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𝜀𝑡𝑜𝑡 = 𝜀𝑡ℎ + 𝜀𝜎 + 𝜀𝑡𝑜𝑡,𝑐𝑟𝑒𝑒𝑝

𝜀𝑡𝑜𝑡

𝜀𝑡ℎ

𝜀𝜎

𝜀𝑡𝑜𝑡,𝑐𝑟𝑒𝑒𝑝

 



 

 



 

 

 

 



 

 

 

 

 

 



 

 

 

𝑇𝑔



 

 

 

 

 

 

  



Partie 3 : Phénoménologie de rupture par fendage et synthèse des 

modèles existants à température ambiante 

 

 

 

 

𝜏



 

 

 



 

 

𝜏𝑏~𝑓𝑐
𝑥

𝑥

 



 

𝐹𝑠 𝐴𝑠 =
𝜋

4
∙ 𝑑2 𝑑 𝜏

𝐴𝑙 = 𝜋 ∙ 𝑑 ∙ 𝑙𝑏 𝑙𝑏

𝐴𝑙/𝐴𝑠

 

 

 

𝑓𝑅



 

 

 

 

 



β

𝐹𝑏 ∙ 𝑡𝑎𝑛𝛽 ≤ 𝐹𝑠𝑝,𝑐 + 𝐹𝑠𝑝,𝑡𝑟 + 𝐹𝑠𝑝,𝑝 

𝐹𝑏

𝛽 

𝐹𝑠𝑝,𝑐

𝐹𝑠𝑝,𝑡𝑟

𝐹𝑠𝑝,𝑝

 

𝑓𝑠𝑡𝑚 = 54 ∙  (
𝑓𝑐𝑚

25
)
0.25

∙ (
25

∅
)
0.2

∙ (
𝑙𝑏

∅
)
0.55

∙ [(
𝐶𝑚𝑖𝑛

∅
)
0.25

(
𝐶𝑚𝑎𝑥

𝐶𝑚𝑖𝑛
)
0.1

+ 𝐾𝑚 ∙ 𝐾𝑡𝑟] ≤ 𝑓𝑦

𝑓𝑠𝑡𝑚

𝑓𝑦



𝑓𝑐𝑚:

∅ 

𝑙𝑏

𝐶𝑚𝑖𝑛 𝐶𝑚𝑖𝑛 = 𝑚𝑖𝑛{𝑐𝑋;  𝑐𝑦; 𝑐𝑠/2}

𝐶𝑚𝑎𝑥 𝐶𝑚𝑎𝑥 = 𝑚𝑖𝑛{𝑐𝑋; 𝑐𝑠/2}

𝐾𝑚

𝐾𝑡𝑟

𝐾𝑡𝑟 = 𝑛𝑙 ∙ 𝑛𝑠𝑡 ∙ 𝐴𝑠𝑡/(𝑛𝑏 ∙ ∅ ∙ 𝑙𝑏) ≤ 0.05

𝑛𝑙

𝑛𝑠𝑡

𝑛𝑏

𝐾𝑡𝑟

𝐾𝑚

𝐾𝑚 𝑎𝑙

 

𝐾𝑚



 

𝑓𝑠𝑡𝑚,𝑡𝑟 = 𝑓𝑠𝑡𝑚 + 6 ∙ (
𝑙𝑏

𝜙
) ∙ 𝑝𝑡𝑟 < 1,75 ∙ 𝑓𝑠𝑡,0 + 0,8 ∙ (

𝑙𝑏

𝜙
) ∙ 𝑝𝑡𝑟 < 0,8 ∙ (

𝑙𝑏

𝜙
) ∙ 𝑓𝑐𝑚

0,5

𝑝𝑡𝑟 

𝑓𝑠𝑡,0  

, 𝐶𝑚𝑖𝑛 = 𝐶𝑚𝑎𝑥 = ∅

𝑓𝑠𝑡,0 = 54 ∙  (
𝑓𝑐𝑚

25
)
0,25

∙ (
25

∅
)
0,2

∙ (
𝑙𝑏

∅
)
0,55

𝑙𝑏,0

𝑓𝑠𝑡

𝑙𝑏,0

∅
= (

𝑓𝑠𝑡

41
)
1,82

∙ (
𝑓𝑐𝑚

25
)
−0,45

∙ (
25

∅
)
−0,36

𝑓𝑠𝑡 𝑓𝑦𝑑 =
𝑓𝑦𝑘

𝛾𝑠𝑡

𝑙𝑏,0

∅
= (

500/1,5

41
)
1,82

∙  (
𝑓𝑐𝑚

25
)
−0,45

∙ (
25

∅
)
−0,36

= 73,5 ∙  (
𝑓𝑐𝑚

25
)
−0,45

∙ (
25

∅
)
−0,36



𝑙𝑏,0

∅

𝑓𝑏𝑘,0 =
𝑓𝑦𝑘∙∅

4∙𝑙𝑏,0

𝑓𝑏𝑘,0 = 1,5 ∙ (
𝑓𝑐𝑚

25
)
0,45

∙ (
25

∅
)
0,36

𝛾𝑐

𝑓𝑏𝑑,0 = 𝜂1 ∙ (
𝑓𝑐𝑚

25
)
0,5

∙ (
25

∅
)
0,3

𝛾𝑐⁄

𝑓𝑏𝑑 = (𝛼1 + 𝛼2)𝑓𝑏𝑑,0 − 2𝑝𝑡𝑟 < 2𝑓𝑏𝑑,0 − 0,4𝑝𝑡𝑟 <
1,5

𝛾𝑐⁄  √𝑓𝑐𝑘

𝛼1 𝛼2

 𝑝𝑡𝑟

𝛼1 = (
𝐶𝑚𝑖𝑛

∅
)
0.5

(
𝐶𝑚𝑎𝑥

2∙𝐶𝑚𝑖𝑛
)
0.15

𝛼1 = 𝐾𝑑 ∙ (𝐾𝑡𝑟 −
𝛼𝑡
50⁄ )

 



𝜏𝑅𝑚,𝑠𝑝 = 𝐴𝑘 ∙  (
𝑓𝑐𝑚

25
)
𝑠𝑝1

∙ (
25

∅
)
𝑠𝑝2

[(
𝐶𝑚𝑖𝑛

∅
)
𝑠𝑝3

(
𝐶𝑚𝑎𝑥

𝐶𝑚𝑖𝑛
)
𝑠𝑝4

+ 𝐾𝑚 ∙ 𝐾𝑡𝑟] ∙ (
7∅

𝑙𝑏
)
𝑙𝑏1

𝐴𝑘 𝑠𝑝1, 𝑠𝑝2, 𝑠𝑝3, 𝑠𝑝4 𝑙𝑏1

ϕ

2𝜙 7𝜙 6/7𝜙 7𝜙 

3,5𝜙 7𝜙 6/7𝜙 7𝜙 

5𝜙 7𝜙 6/7𝜙 7𝜙 

2𝜙 7𝜙 6/7𝜙 7𝜙 

2𝜙 7𝜙 6/7𝜙 7𝜙 

2𝜙 7𝜙 6/7𝜙 7𝜙 

𝜙𝑚𝑎𝑥 2𝜙 7𝜙 6/7𝜙 7𝜙 

𝑐𝑚𝑎𝑥/𝑐𝑑

2𝜙 2𝜙 6/7𝜙 7𝜙 

2𝜙 4𝜙 6/7𝜙 7𝜙 

2𝜙 2𝜙 7𝜙 

2𝜙 2𝜙 15𝜙 

2𝜙 2𝜙 25𝜙 

2𝜙 2𝜙 35𝜙 



 

 

𝜏𝑢,𝑚,𝑠𝑝 = 𝑎 ∙ 𝑥
𝑏



𝜏𝑢,𝑚,𝑠𝑝 

𝑎 

𝑥 

𝑏 

 

𝐴𝑘
𝑠𝑝1

𝑠𝑝2

𝑠𝑝3

𝑠𝑝4

𝑙𝑏

𝑠𝑝1, 𝑠𝑝2, 𝑠𝑝3, 𝑠𝑝4 𝑙𝑏1 𝐴𝑘



𝐴𝑚 =
1

𝑛
∑

(

 
 𝜏𝑢,𝑡,𝑠𝑝

 (
𝑓𝑐𝑘
25
)
𝑠𝑝1

∙ (
25
∅
)
𝑠𝑝2

[(
𝐶𝑑
∅
)
𝑠𝑝3

(
𝐶𝑚𝑎𝑥
𝐶𝑑

)
𝑠𝑝4

+ 𝐾𝑚 ∙ 𝐾𝑡𝑟]
)

 
 

1

𝑡=1

𝐴𝑘 = min𝛽𝐶𝑉 ∙ 𝐴𝑚 ∙ (1 − 𝐾𝑆 ∙ 𝐶𝑉𝐹)

𝜏𝑢,𝑡,𝑠𝑝 

𝑛

 𝛽𝑐𝑣 =
1

1 + 0,03(𝑐𝑣𝐹 − 15)
≤ 1

𝑐𝑣𝐹   

𝐾𝑆 

 

α

𝑑𝑥

𝑑𝜎𝑠 𝑑𝑥

𝜏 =
𝐴𝑠
𝜋 ∙ 𝑑

∙
𝑑𝜎𝑠
𝑑𝑥

=
𝑑

4
∙
𝑑𝜎𝑠
𝑑𝑥

 

𝑑𝑥



α

 

𝜎1

𝑓𝑐𝑡 𝜎1 𝑓𝑐𝑡

𝛼

𝜎𝑟

𝜎2 𝛼

𝜎𝑟 = −𝜎2 ∙ 𝑠𝑖𝑛
2𝛼

𝜎2 𝜎1

 𝜏. 

𝜎𝑟 = 𝜏 ∙ tan𝛼

𝜎𝑟

𝑐 = min (𝑐𝑥;  𝑐𝑦)



 

𝑐𝑥 𝑐𝑦

𝜎𝑡(𝑟) = 𝜏 tan𝛼 ∙
𝑟𝑖
2

𝑟𝑒2 − 𝑟𝑖2
∙ (1 +

𝑟𝑒
2

𝑟2
)

𝜎𝑡 𝑟𝑖

(𝜎𝑡)𝑚𝑎𝑥 = 𝜏 tan𝛼 ∙
𝑟𝑒
2 + 𝑟𝑖

2

𝑟𝑒2 − 𝑟𝑖2

𝑟𝑖 𝑟𝑖 = 𝑑/2)



𝑟𝑒 𝑟𝑒 = 𝑐 + 𝑑/2)

(𝜎𝑡)𝑚𝑎𝑥

 





𝜎𝑡

 





CHAPITRE 2 : ETUDE EXPERIMENTALE SUR LA 

CAPACITE AU FENDAGE DU BETON DES SCELLEMENTS 

CHIMIQUES D’ARMATURE A HAUTE TEMPERATURE 

 



 

𝑙𝑏
1) = 140 mm
𝜙2) = 20 𝑚𝑚

𝑐𝑑
3) = 40 𝑚𝑚 (× 2) 
𝑐𝑑 = 50 𝑚𝑚 (× 2) 
𝑐𝑑 = 60 𝑚𝑚 (× 1) 
𝑐𝑑 = 80 𝑚𝑚 (× 1) 

𝑙𝑏 = 140 𝑚𝑚
𝜙 = 20 𝑚𝑚

𝑐𝑑 = 40 𝑚𝑚 (× 4) 
𝑐𝑑 = 50 𝑚𝑚 (× 4)
𝑐𝑑 = 60 𝑚𝑚 (× 5)
𝑐𝑑 = 80 𝑚𝑚 (× 5)
𝑐𝑑 = 120 𝑚𝑚 (× 4)
𝑐𝑑 = 160 𝑚𝑚 (× 5)

𝑙𝑏 = 140 𝑚𝑚
𝜙 = 20 𝑚𝑚

𝑐𝑑 = 40 𝑚𝑚 (× 1)
𝑐𝑑 = 50 𝑚𝑚 (× 1)
𝑐𝑑 = 80 𝑚𝑚 (× 1)

𝑐𝑑 = 50 𝑚𝑚
𝜙 = 25 𝑚𝑚

𝑙𝑏 = 170 𝑚𝑚 (× 4)
𝑙𝑏 = 250 𝑚𝑚 (× 3)

𝑐𝑑 = 50 𝑚𝑚
 𝜙 = 25 𝑚𝑚

𝑙𝑏 = 170 𝑚𝑚 (× 3) 
𝑙𝑏 = 250 𝑚𝑚 (× 3) 



𝑙𝑏 = 140 𝑚𝑚
𝜙 = 20 𝑚𝑚

𝑐𝑑 = 40 𝑚𝑚 (× 1) 
𝑐𝑑 = 60 𝑚𝑚 (× 1) 
𝑐𝑑 = 80 𝑚𝑚 (× 1)

𝑙𝑏 = 140 𝑚𝑚
𝜙 = 20 𝑚𝑚

𝑐𝑑 = 40 𝑚𝑚 (× 6) 
𝑐𝑑 = 60 𝑚𝑚 (× 4) 
𝑐𝑑 = 80 𝑚𝑚 (× 3) 
𝑐𝑑 = 100 𝑚𝑚 (× 2)

𝑙𝑏 = 140 𝑚𝑚 
  𝜙 = 20 𝑚𝑚 

𝑐𝑑 = 40 𝑚𝑚 (× 1) 
𝑐𝑑 = 50 𝑚𝑚 (× 1) 
𝑐𝑑 = 60 𝑚𝑚 (× 1)

𝑐𝑑 = 50 𝑚𝑚 
 𝜙 = 25 𝑚𝑚 

𝑙𝑏 = 170 𝑚𝑚 (× 3) 
𝑙𝑏 = 375 𝑚𝑚 (× 3)

 

 

 

𝑓𝑐

𝑓𝑡



 

 

𝐴𝐾
𝐴𝑚



𝑠𝑝1

𝑠𝑝2

𝑠𝑝3

𝑠𝑝4

𝑙𝑏1

 

 

𝑓𝑅



β

 

 

 

𝐾𝑡𝑟 =



10𝜙

7𝜙

 

𝑐𝑑 = 𝑐𝑑 =



 

 

 

 

 



 

 





 



𝜏 =
𝐹𝑢,𝑡

𝜋∙𝜙∙𝑙𝑏
       

𝜏 =  𝐹𝑢, 𝑡 = 

𝜙 = 𝑙𝑏 =

 

 



 





 



θ

θ







 







 



 



𝑐𝑑 = 40 𝑚𝑚

𝑐𝑑 = 50 𝑚𝑚 𝑐𝑑 = 80 𝑚𝑚

𝑐𝑑 = 40 𝑚𝑚

𝑐𝑑 = 50 𝑚𝑚

𝑐𝑑 = 80 𝑚𝑚



 

 

ϕ



 

 



 

𝜏 =
𝐹𝑢,𝑡

𝜋∙𝜙∙𝑙𝑏

 

 

𝑙𝑏 = φ 𝑙𝑏  = φ



𝑙𝑏 =

 

𝑙𝑏 = 𝑙𝑏 =

𝐹𝑢,𝑡 𝛿𝐹𝑢,𝑡

𝛼

𝑐𝑣𝐹

 



𝒍𝒃 𝑭𝒖,𝒕 𝜹𝑭𝒖,𝒕 𝜶 𝑭𝒖,𝒎 𝒄𝒗𝑭



ϕ ϕ

ϕ



 



 



 

• 

• 

• 

• 

• 



 

 

 



CHAPITRE 3 : MODELISATION DE LA DISTRIBUTION DES 

CONTRAINTES RADIALES ET TANGENTIELLES A 

TRAVERS L’EPAISSEUR DE L’ENROBAGE A HAUTE 

TEMPERATURE     

 

 

𝛼



𝜎𝜃



 

𝐸𝑑(𝑟) 𝐸𝑑(𝑟, 𝑇)



 

• 

• 

𝑧



• 

• 𝑇𝑟é𝑠𝑖𝑛𝑒(𝑧) =

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒

 

 

 

𝑧

𝑈(𝑟, 𝜃, 𝑧) = 𝑈𝑟 𝑒̅𝑟 + 𝑈𝑧𝑒̅𝑧

𝜀̿ =
1

2
(𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑈̅) + 𝑔𝑟𝑎𝑑̿̿ ̿̿ ̿̿ ̿(𝑈̅)𝑇)



𝜀̿ = (
𝜀𝑟 0 0
0 𝜀𝜃 0
0 0 𝜀𝑧

)

(

 
 

𝜕𝑈𝑟

𝜕𝑟
0 0

0
𝑈𝑟

𝑟
0

0 0
𝜕𝑈𝑧

𝜕𝑧 )

 
 

𝜎 =
𝜈𝐸

(1+𝜈)(1−2𝜈)
𝑡𝑟(𝜀)̿𝛿̿ +

𝐸

(1+𝜈)
𝜀̿ = 𝜆. 𝑡𝑟(𝜀)̿𝛿̿ + 2𝜇𝜀̿

(

𝜎𝑟
𝜎𝜃
𝜎𝑧
) = (

𝜆 + 2𝜇 𝜆 𝜆
𝜆 𝜆 + 2𝜇 𝜆
𝜆 𝜆 𝜆 + 2𝜇

)

(

 
 
 

𝑑𝑈𝑟
𝑑𝑟
𝑈𝑟
𝑟
𝑑𝑈𝑧
𝑑𝑧 )

 
 
 

𝜆 =
𝜈𝐸

(1+𝜈)(1−2𝜈)
 2𝜇 =

𝐸

(1+𝜈)

𝜎𝑟 = 𝜆 (
𝑑𝑈𝑟
𝑑𝑟

+
𝑈𝑟
𝑟
+
𝑑𝑈𝑧
𝑑𝑧
) + 2𝜇

𝑑𝑈𝑟
𝑑𝑟

𝜎𝜃 = 𝜆 (
𝑑𝑈𝑟
𝑑𝑟

+
𝑈𝑟
𝑟
+
𝑑𝑈𝑧
𝑑𝑧
) + 2𝜇

𝑈𝑟
𝑟

𝜎𝑧 = 𝜆 (
𝑑𝑈𝑟
𝑑𝑟

+
𝑈𝑟
𝑟
+
𝑑𝑈𝑧
𝑑𝑧
) + 2𝜇

𝑑𝑈𝑧
𝑑𝑧

𝑧
𝑑𝑈𝑧

𝑑𝑧
= 0 

𝑓̅ 𝐷𝑖𝑣̅̅ ̅̅ ̅( 𝜎 ) + 𝜌𝑓̅ = 0 →

𝐷𝑖𝑣̅̅ ̅̅ ̅( 𝜎 ) = 0

𝜕𝜎𝑟
𝜕𝑟
+
(𝜎𝑟 − 𝜎𝜃)

𝑟
= 0

1

𝑟

𝜕𝜎𝜃
𝜕𝜃

= 0

𝜕𝜎𝑧
𝜕𝑧

= 0



𝜕𝜎𝑟
𝜕𝑟
+
(𝜎𝑟 − 𝜎𝜃)

𝑟
= 0                (𝐸𝑞 3.1)

𝜎𝑟  𝜎𝜃

𝑈𝑟

𝑑

𝑑𝑟
(𝜆 (

𝑑𝑈𝑟

𝑑𝑟
+
𝑈𝑟

𝑟
) + 2𝜇 

𝑑𝑈𝑟

𝑑𝑟
) +

1

𝑟
(2𝜇 

𝑑𝑈𝑟

𝑑𝑟
− 2𝜇 

𝑈𝑟

𝑟
) = 0

 

 𝑟0 ≤ 𝑟 ≤ 𝑟𝑖 𝑃0

𝑃𝑖

 𝑟𝑖 ≤ 𝑟 ≤ 𝑟𝑒 𝑃𝑖

𝑃𝑒 = 0

𝑈𝑟 

𝑃𝑖 𝑃𝑒

𝑈𝑟 (𝑟) = −
(1 + 𝜐)(1 − 2𝜐)

𝐸
∙
(𝑃𝑒 𝑟𝑒

2 − 𝑃𝑖 𝑟𝑖
2)

 𝑟𝑒2 − 𝑟𝑖
2 𝑟 +

(1 + 𝜐)

𝐸
∙
(𝑃𝑖 − 𝑃𝑒)

𝑟𝑒2 − 𝑟𝑖
2 ∙
𝑟𝑒
2𝑟𝑖
2

𝑟



𝑈𝑟 (𝑟) = −
𝜐

𝜆
∙
(𝑃𝑒 𝑟𝑒

2 − 𝑃𝑖 𝑟𝑖
2)

 𝑟𝑒2 − 𝑟𝑖
2 𝑟 +

1

2𝜇
∙
(𝑃𝑖 − 𝑃𝑒)

𝑟𝑒2 − 𝑟𝑖
2 ∙
𝑟𝑒
2𝑟𝑖
2

𝑟

𝑈𝑟,𝑏é𝑡𝑜𝑛 (𝑟) =
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

 ∙
𝑃𝑖  𝑟𝑖

2

 𝑟𝑒2 − 𝑟𝑖
2 𝑟 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙

𝑃𝑖

𝑟𝑒2 − 𝑟𝑖
2 ∙
𝑟𝑒
2𝑟𝑖
2

𝑟

𝑟 = 𝑟𝑖

𝑈𝑟,𝑏é𝑡𝑜𝑛 (𝑟𝑖) =
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
𝑃𝑖  𝑟𝑖

2

 𝑟𝑒2 − 𝑟𝑖
2 𝑟𝑖 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙

𝑃𝑖

𝑟𝑒2 − 𝑟𝑖
2 ∙
𝑟𝑒
2𝑟𝑖
2

𝑟𝑖

𝑈𝑟,𝑏é𝑡𝑜𝑛 (𝑟𝑖) =
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
𝑃𝑖  𝑟𝑖

3

 𝑟𝑒2 − 𝑟𝑖
2 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙

𝑃𝑖

𝑟𝑒2 − 𝑟𝑖
2 ∙ 𝑟𝑒

2𝑟𝑖

𝑈𝑟,𝑏é𝑡𝑜𝑛 (𝑟𝑖) = 𝑃𝑖 (
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙
𝑟𝑒
2𝑟𝑖

𝑟𝑒2 − 𝑟𝑖
2)

𝑈𝑟,𝑟é𝑠𝑖𝑛𝑒 (𝑟) = −
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

∙
(𝑃𝑖  𝑟𝑖

2 − 𝑃0 𝑟0
2)

 𝑟𝑖
2 − 𝑟0

2 𝑟 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
(𝑃0 − 𝑃𝑖)

𝑟𝑖
2 − 𝑟0

2 ∙
𝑟𝑖
2𝑟0
2

𝑟

𝑟 = 𝑟𝑖

𝑈𝑟,𝑟é𝑠𝑖𝑛𝑒 (𝑟𝑖) = −
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

∙
(𝑃𝑖 𝑟𝑖

2 − 𝑃0 𝑟0
2)

 𝑟𝑖
2 − 𝑟0

2 𝑟𝑖 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
(𝑃0 − 𝑃𝑖)

𝑟𝑖
2 − 𝑟0

2 ∙ 𝑟0
2𝑟𝑖

𝑟 = 𝑟𝑖

𝑈𝑟,𝑏é𝑡𝑜𝑛 (𝑟𝑖) = 𝑈𝑟,𝑟é𝑠𝑖𝑛𝑒(𝑟𝑖)

−
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

∙
(𝑃𝑖  𝑟𝑖

2 − 𝑃0 𝑟0
2)

 𝑟𝑖
2 − 𝑟0

2 𝑟𝑖 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
(𝑃0 − 𝑃𝑖)

𝑟𝑖
2 − 𝑟0

2 ∙ 𝑟0
2𝑟𝑖

= 𝑃𝑖 (
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙
𝑟𝑒
2𝑟𝑖

𝑟𝑒2 − 𝑟𝑖
2)

𝑃𝑖 (−
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

∙
𝑟𝑖
3

 𝑟𝑖
2 − 𝑟0

2 −
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
𝑟0
2𝑟𝑖

𝑟𝑖
2 − 𝑟0

2) + 𝑃0 (
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

 
𝑟0
2 𝑟𝑖

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
𝑟0
2𝑟𝑖

𝑟𝑖
2 − 𝑟0

2)

= 𝑃𝑖 (
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙
𝑟𝑒
2𝑟𝑖

𝑟𝑒2 − 𝑟𝑖
2)



𝑃𝑖 (
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

 
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 + 

1

2𝜇𝑏é𝑡𝑜𝑛

𝑟𝑒
2𝑟𝑖

𝑟𝑒2 − 𝑟𝑖
2) + 𝑃𝑖 (

𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

 
𝑟𝑖
3

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒

𝑟0
2𝑟𝑖

𝑟𝑖
2 − 𝑟0

2)

= 𝑃0 ((
𝜐𝑟é𝑠𝑖𝑛𝑒 

𝜆𝑟é𝑠𝑖𝑛𝑒
+

1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
) 

𝑟0
2 𝑟𝑖

 𝑟𝑖
2−𝑟0

2)

𝑃𝑖 (
𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 +

1

2𝜇𝑏é𝑡𝑜𝑛
∙
𝑟𝑒
2𝑟𝑖

𝑟𝑒2 − 𝑟𝑖
2 +

𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

 ∙
𝑟𝑖
3

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
𝑟0
2𝑟𝑖

𝑟𝑖
2 − 𝑟0

2)

𝑃0 ((
𝜐𝑟é𝑠𝑖𝑛𝑒 

𝜆𝑟é𝑠𝑖𝑛𝑒
+

1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
) ∙

𝑟0
2 𝑟𝑖

 𝑟𝑖
2−𝑟0

2)

𝑃𝑖 = 𝑃0

(
𝜐𝑟é𝑠𝑖𝑛𝑒  
𝜆𝑟é𝑠𝑖𝑛𝑒

+
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
) ∙

𝑟0
2 𝑟𝑖

 𝑟𝑖
2 − 𝑟0

2

𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

 ∙
 𝑟𝑖
3

 𝑟𝑒2 − 𝑟𝑖
2 +

1
2𝜇𝑏é𝑡𝑜𝑛

∙
𝑟𝑒2𝑟𝑖
𝑟𝑒2 − 𝑟𝑖

2 +
𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

 ∙
𝑟𝑖
3

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙
𝑟0
2𝑟𝑖

𝑟𝑖
2 − 𝑟0

2

𝑃𝑖 = 𝑃0

(
𝜐𝑟é𝑠𝑖𝑛𝑒  
𝜆𝑟é𝑠𝑖𝑛𝑒

+
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
) ∙

𝑟0
2

 𝑟𝑖
2 − 𝑟0

2

𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
2

 𝑟𝑒2 − 𝑟𝑖
2 +

1
2𝜇𝑏é𝑡𝑜𝑛

∙
𝑟𝑒2

𝑟𝑒2 − 𝑟𝑖
2 +

𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

 ∙
𝑟𝑖
2

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙

𝑟0
2

𝑟𝑖
2 − 𝑟0

2

𝑃𝑖 = 𝑃0 ∙ 𝐴 

𝐴

𝐴 =

(
𝜐𝑟é𝑠𝑖𝑛𝑒  
𝜆𝑟é𝑠𝑖𝑛𝑒

+
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
) ∙

𝑟0
2

 𝑟𝑖
2 − 𝑟0

2

𝜐𝑏é𝑡𝑜𝑛
𝜆𝑏é𝑡𝑜𝑛

∙
 𝑟𝑖
2

 𝑟𝑒2 − 𝑟𝑖
2 +

1
2𝜇𝑏é𝑡𝑜𝑛

∙
𝑟𝑒2

𝑟𝑒2 − 𝑟𝑖
2 +

𝜐𝑟é𝑠𝑖𝑛𝑒
𝜆𝑟é𝑠𝑖𝑛𝑒

∙
𝑟𝑖
2

 𝑟𝑖
2 − 𝑟0

2 +
1

 2𝜇𝑟é𝑠𝑖𝑛𝑒
∙

𝑟0
2

𝑟𝑖
2 − 𝑟0

2

r0 ri re

𝜐𝑏é𝑡𝑜𝑛 = 𝜐𝑟é𝑠𝑖𝑛𝑒 𝜆𝑏é𝑡𝑜𝑛 =

𝜆𝑟é𝑠𝑖𝑛𝑒 = 𝜆 𝜇𝑟é𝑠𝑖𝑛𝑒 = 𝜇𝑏é𝑡𝑜𝑛 = 𝜇

𝐴 =
−𝑟0

4 + 𝑟0
2 ∙ 𝑟𝑖

2

(𝑟0
2 − 𝑟𝑒2) ∙ 𝑟𝑖

2

r0 ri



r0

re 

 

𝑟0,

 

 

𝐸𝑑

𝑟

𝜀𝜃

𝐸𝑑(𝑟) 𝑟



(𝐷)

𝐸𝑑 = (1 − 𝐷)𝐸0

𝜆
𝑑

𝑑𝑟
(
𝑑𝑈𝑟
𝑑𝑟

+
𝑈𝑟
𝑟
) + (

𝑑𝑈𝑟
𝑑𝑟

+
𝑈𝑟
𝑟
)
𝑑𝜆

𝑑𝑟
+ 2𝜇 

𝑑2𝑈𝑟
𝑑2𝑟

+ 2
𝑑𝑈𝑟
𝑑𝑟
 
𝑑𝜇

𝑑𝑟
+
1

𝑟
(2𝜇 

𝑑𝑈𝑟
𝑑𝑟

− 2𝜇 
𝑈𝑟
𝑟
) = 0

𝜆 =
𝑣 𝐸𝑑(𝑟)

(1+𝑣)(1−𝑣)

𝑑𝜆

𝑑𝑟
= (

𝑣  

(1 + 𝑣)(1 − 𝑣)
)
𝑑𝐸𝑑(𝑟)

 𝑑𝑟
= (

𝑣  

(1 + 𝑣)(1 − 𝑣)
)
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
.
𝑑𝜀𝜃
 𝑑𝑟

𝜀𝜃
𝑈𝑟

𝑟

𝑑𝜆

𝑑𝑟
= (

𝑣  

(1 + 𝑣)(1 − 𝑣)
)
𝑑

 𝑑𝑟
(
𝑈𝑟
𝑟
) .
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃

= (
𝑣  

(1 + 𝑣)(1 − 𝑣)
) (
1

𝑟
.
𝑑𝑈𝑟
𝑑𝑟

−
𝑈𝑟
𝑟2
) .
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃

2
𝑑𝜇

𝑑𝑟

2
𝑑𝜇

𝑑𝑟
=

1

1 + 𝑣

𝑑𝐸(𝑟)

 𝑑𝑟
=  

1

1 + 𝑣
 
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
.
𝑑𝜀𝜃
 𝑑𝑟



=
1

1 + 𝑣
(
1

𝑟
.
𝑑𝑈𝑟
𝑑𝑟

−
𝑈𝑟
𝑟2
) .
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃

𝑑𝜆

𝑑𝑟

𝑑𝜇

𝑑𝑟
 

(
𝑣𝐸𝑑(𝑟)

(1+𝑣)(1−2𝑣)
)
𝑑

𝑑𝑟
(
𝑑𝑈𝑟

𝑑𝑟
+
𝑈𝑟

𝑟
) + (

𝑑𝑈𝑟

𝑑𝑟
+
𝑈𝑟

𝑟
) (

𝑣  

(1+𝑣)(1−2𝑣)
) (

1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) .
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
+
𝐸𝑑(𝑟)

1+𝑣
 
𝑑2𝑈𝑟

𝑑2𝑟
+

𝑑𝑈𝑟

𝑑𝑟
 
1

1+𝑣
(
1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) .
𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
+
1

𝑟

𝐸𝑑(𝑟)

1+𝑣
( 
𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟
) = 0

→ 𝐸𝑑(𝑟) (
1−𝑣  

(1+𝑣)(1−2𝑣)
) (

𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) +

𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
(
1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) (

(1−𝑣)  

(1+𝑣)(1−2𝑣)
) (

𝑑𝑈𝑟

𝑑𝑟
+

𝑣

(1−𝑣) 

𝑈𝑟

𝑟
) = 0

𝐸𝑑(𝑟) (
𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) +

𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
(
1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) (

𝑑𝑈𝑟

𝑑𝑟
+

𝑣

(1−𝑣) 

𝑈𝑟

𝑟
) = 0 

 

𝐸𝑑(𝑟)

𝜀𝜃

𝐸𝑑(𝑟) = 𝐸0𝑒
−𝐾(𝜀𝜃−𝜀𝑙𝑖𝑚) = 𝐸0𝑒

−𝐾(
𝑈𝑟
𝑟
−𝜀𝑙𝑖𝑚)

𝐸0 𝑘

𝜀𝜃 𝑟 𝜀𝑙𝑖𝑚
𝜀𝑙𝑖𝑚

𝜀𝜃 = 𝜀𝑙𝑖𝑚 𝐸𝑑(𝑟) = 𝐸0

𝐸𝑑(𝑟) = 𝐸0𝑒
−𝑘(𝜀𝜃−𝜀𝑙𝑖𝑚)

𝑑𝐸𝑑(𝑟)

 𝑑𝜀𝜃
= −𝐸0𝐾𝑒

−𝑘(𝜀𝜃−𝜀𝑙𝑖𝑚)



𝐸0𝑒
−𝑘(

𝑈𝑟
𝑟
−𝜀𝑙𝑖𝑚) (

𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) − 𝐸0𝐾𝑒

−𝑘(
𝑈𝑟
𝑟
−𝜀𝑙𝑖𝑚) (

1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) (

𝑑𝑈𝑟

𝑑𝑟
+

𝑣

(1−𝑣) 

𝑈𝑟

𝑟
) = 0

→ (
𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) − 𝐾 (

1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) (

𝑑𝑈𝑟

𝑑𝑟
+

𝑣

(1−𝑣) 

𝑈𝑟

𝑟
) = 0

(
𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) − 𝐾 (

1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
)
𝑑𝑈𝑟

𝑑𝑟
− 𝐾 (

1

𝑟
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟

𝑟2
) (

𝑣

(1−𝑣) 

𝑈𝑟

𝑟
) = 0

(
𝑑2𝑈𝑟

𝑑2𝑟
+
1

𝑟

𝑑𝑈𝑟

𝑑𝑟
− 

𝑈𝑟

𝑟2
) − 𝐾 (

1

𝑟
. (
𝑑𝑈𝑟

𝑑𝑟
)
2

−
𝑈𝑟

𝑟2
𝑑𝑈𝑟

𝑑𝑟
) − 𝐾 (

𝑣

(1−𝑣) 
) (

𝑈𝑟

𝑟2
.
𝑑𝑈𝑟

𝑑𝑟
−
𝑈𝑟
2

𝑟3
) = 0 

 

 

𝑁 𝑁

𝑗 𝑁

𝑁



𝑟𝑗 = 𝑟0 + 𝑗 × ℎ 𝑟0

ℎ =
𝑟𝑁−𝑟0

𝑁

𝑗 𝑈𝑗

𝑗

 

(
𝑑𝑈𝑟
𝑑𝑟
)
𝑗
=
𝑈𝑗+1 − 𝑈𝑗−1

2ℎ
 ;  (

𝑑2𝑈𝑟
𝑑2𝑟

)
𝑗

=
𝑈𝑗+1 − 2𝑈𝑗 + 𝑈𝑗−1

ℎ2

 

(
𝑈𝑗+1−2𝑈𝑗+𝑈𝑗−1

ℎ2
+

1

𝑟𝑗
(
𝑈𝑗+1−𝑈𝑗−1

2ℎ
) − 

𝑈𝑗

𝑟𝑗
2) − 𝐾 (

1

𝑟𝑗
. (
𝑈𝑗+1−𝑈𝑗−1

2ℎ
)
2

−
𝑈𝑗

𝑟𝑗
2 (
𝑈𝑗+1−𝑈𝑗−1

2ℎ
)) −

𝐾 (
𝑣

(1−𝑣) 
) (

𝑈𝑗

𝑟𝑗
2 . (

𝑈𝑗+1−𝑈𝑗−1

2ℎ
) −

𝑈𝑗
2

𝑟𝑗
3 ) = 0

𝑁 + 1

𝑁 + 3

𝑈−1 𝑈0  𝑈1

𝑈𝑁+1 𝑈𝑁  𝑈𝑁−1

𝑁 + 3 𝑁 + 1

 

𝑃𝑖

𝑃𝑒 𝑟0 = 𝑟i

𝜎𝑟(𝑟0) = −𝑃𝑖 𝑟𝑁 = 𝑟e 𝑃𝑒 = 𝜎𝑟(𝑟𝑁) = 0

𝑟0 𝑟𝑁



𝜎𝑟(𝑟0) = 𝐸𝑑(𝑟0) (
1 − 𝑣  

(1 + 𝑣)(1 − 2𝑣)
) (
𝑈1 − 𝑈−1
2ℎ

) + 𝐸𝑑(𝑟0) (
𝑣  

(1 + 𝑣)(1 − 2𝑣)
) 
𝑈0
𝑟0
= −𝑃𝑖

𝜎𝑟(𝑟𝑁) = 𝐸𝑑(𝑟𝑁) (
1 − 𝑣  

(1 + 𝑣)(1 − 2𝑣)
) (
𝑈𝑁+1 −𝑈𝑁−1

2ℎ
) + 𝐸𝑑(𝑟𝑁) (

𝑣  

(1 + 𝑣)(1 − 2𝑣)
) 
𝑈𝑁
𝑟𝑁
= 0

𝑈−1 𝑈𝑁+1 𝑈0

𝑈1 𝑈𝑁−1 𝑈𝑁

→ 𝑈−1 = (2ℎ
(1+𝑣)(1−2𝑣)  

𝐸0𝑒
−𝑘(

𝑈𝑟
𝑟
−𝜀𝑙𝑖𝑚)(1−𝑣)

)𝑃𝑖 + (2ℎ
𝑣

1−𝑣
)
𝑈0

𝑟0
+ 𝑈1

→ 𝑈𝑁+1 = −(2ℎ
𝑣  

(1−𝑣)
) 
𝑈𝑁

𝑟𝑁
+𝑈𝑁−1

 

𝑁 + 1

𝐹𝑗 𝑗

𝑈𝑗−1 𝑈𝑗 𝑈𝑗+1 𝑗 = 0 𝑗 = 𝑁

𝑈−1 𝑈𝑁+1

(

 
 
 
 
 
 

𝐹0(U0, U1)
.
.
.

𝐹𝑗(𝑈𝑗−1, 𝑈𝑗 , 𝑈𝑗+1)
.
.
.

𝐹𝑁(UN−1, UN) )

 
 
 
 
 
 

(

 
 
 
 
 
 

0
.
.
.
0
.
.
.
0)

 
 
 
 
 
 

𝑗 = 0



𝐹0(𝑈0, 𝑈1) = (
2𝑈1−2𝑈0

ℎ2
+

2(1+𝑣)(1−2𝑣)𝑃𝑖  

ℎ𝐸0𝑒
−𝑘(

𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)(1−𝑣)

+
2𝑣𝑈0

ℎ(1−𝑣)𝑟0
−

(1+𝑣)(1−2𝑣)𝑃𝑖  

 𝑟0𝐸0𝑒
−𝑘(

𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)(1−𝑣)

−
𝑈0

(1−𝑣)𝑟02
) −

𝐾(
1

𝑟0
. (−

(1+𝑣)(1−2𝑣)𝑃𝑖  

 𝐸0𝑒
−𝑘(

𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)(1−𝑣)

−
𝑣𝑈0

(1−𝑣)𝑟0
)

2

+
(1+𝑣)(1−2𝑣)𝑃𝑖  𝑈0

 𝑟0
2𝐸0𝑒

−𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)(1−𝑣)

+
𝑣𝑈0

2

(1−𝑣)𝑟03
) −

𝐾 (
𝑣

(1−𝑣) 
)(−

(1+𝑣)(1−2𝑣)𝑃𝑖  𝑈0

 𝑟0
2 𝐸0𝑒

−𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)(1−𝑣)

−
𝑈0
2

(1−𝑣)𝑟03
) = 0

1 < 𝑗 < 𝑁

𝐹0(𝑈𝑗−1, 𝑈𝑗 , 𝑈𝑗+1 ) = (
𝑈𝑗+1−2𝑈𝑗+𝑈𝑗−1

ℎ2
+

1

𝑟𝑗
(
𝑈𝑗+1−𝑈𝑗−1

2ℎ
) − 

Uj

𝑟𝑗
2) − 𝐾 (

1

𝑟𝑗
. (
𝑈𝑗+1−𝑈𝑗−1

2ℎ
)
2

−

Uj

𝑟𝑗
2 (
𝑈𝑗+1−𝑈𝑗−1

2ℎ
)) − 𝐾 (

𝑣

(1−𝑣) 
) (

Uj

𝑟𝑗
2 . (

𝑈𝑗+1−𝑈𝑗−1

2ℎ
) −

𝑈𝑗
2

𝑟𝑗
3 ) = 0

𝑗 = 𝑁

𝐹𝑁(𝑈𝑁−1, 𝑈𝑁) =
2

ℎ2
𝑈𝑁−1 + (−2

𝑣  

ℎ(1 − 𝑣)𝑟𝑁
 −

2

ℎ2
− 

1

(1 − 𝑣)𝑟𝑁
2)𝑈𝑁 +

𝐾𝑣  

(1 − 𝑣)

𝑈𝑁
2

𝑟𝑁3
= 0

 

𝐹(𝑈)

𝑈0 (𝑈0
0, 𝑈1

0, . . . , 𝑈𝑗
0, . . . , 𝑈𝑁

0  ) 

(𝑈0) ≠ 0. 𝑘

𝑈𝑘 𝐽(𝑈𝑘)

𝐹(𝑈𝑘) 𝐹𝑗

𝑈𝑗 𝐹𝑗

𝐹𝑖(𝑈
𝑘 + ∆𝑈𝑘) ≈ 𝐹𝑖(𝑈

𝑘) +∑
𝜕𝐹𝑖
𝜕𝑈𝑗

𝑁

0

∆𝑈𝑘

∆𝑈𝑘

(𝑈𝑘)∆𝑈𝑘 = −𝐹(𝑈𝑘) → ∆𝑈𝑘 = −[𝐽(𝑈𝑘)]−1𝐹(𝑈𝑘)



→

(

 
 
 
 
 
 

∆𝑈0
𝑘

.

.

.
∆𝑈𝑗

𝑘

.

.
∆𝑈𝑁

𝑘)

 
 
 
 
 
 

= −

(

 
 
 
 
 
 
 

𝜕𝐹0

𝜕𝑈0

𝜕𝐹1

𝜕𝑈1
0 . . . . 0

0 . . . . . . .
. . . . . . . .
. . . . . . . .

. . 0
𝜕𝐹𝑗

𝜕𝑈𝑗−1

𝜕𝐹𝑗

𝜕𝑈𝑗

𝜕𝐹𝑗

𝜕𝑈𝑗+1
0 .

. . . . . . . .

. . . . . . . 0

0 . . . . 0
𝜕𝐹𝑁

𝜕𝑈𝑁−1

𝜕𝐹𝑁

𝜕𝑈𝑁)

 
 
 
 
 
 
 

−1

𝑘

(

 
 
 
 
 
 

𝐹0(𝑈0
𝑘)

.

.

.

𝐹𝑗(𝑈𝑗
𝑘)

.

.

𝐹𝑁(𝑈𝑁
𝑘))

 
 
 
 
 
 

𝑗 = 0

→ 𝐴00 =
𝜕𝐹0

𝜕𝑈0
= (−

2

ℎ2
−
2𝑃𝑖  𝑒

𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

ℎ 𝑟0𝐸0𝜀𝑙𝑖𝑚
− 𝑈0

2𝑃𝑖  𝐾 𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

ℎ 𝐸0𝜀𝑙𝑖𝑚
+ 𝑈0

𝑃𝑖  𝐾 𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟0𝐸0𝜀𝑙𝑖𝑚
−

1

𝑟0
2) +

(
𝑃𝑖  𝑒

𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟0𝐸0𝜀𝑙𝑖𝑚
)

2

+ (−
𝑟0

𝑈0
− 𝐾)(

1

𝑟0
. 2 (𝑈0

𝑃𝑖  𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟0𝐸0𝜀𝑙𝑖𝑚
)(

𝑃𝑖  𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟0𝐸0𝜀𝑙𝑖𝑚
+

𝑈0
𝑃𝑖  𝐾 𝑒

𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟02𝐸0𝜀𝑙𝑖𝑚
) −

1

𝑟0
2 (2𝑈0

𝑃𝑖  𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝑟0𝐸0𝜀𝑙𝑖𝑚
) −

1

𝑟0
2 (𝑈0

2 𝑃𝑖  𝐾 𝑒
𝑘(
𝑈0
𝑟0
−𝜀𝑙𝑖𝑚)

𝐸0𝜀𝑙𝑖𝑚
))

→ 𝐴01 =
𝜕𝐹0
𝜕𝑈1

=
2

ℎ2

0 < 𝑗 < 𝑁

𝐴𝑗(𝑗−1) =
𝜕𝐹𝑗

𝜕𝑈𝑗−1
=

1

ℎ2
−

1

2ℎ 𝑟𝑗
(−

𝑟𝑗

𝑈𝑗
− 𝐾) (

−1

ℎ𝑟𝑗
(
𝑈𝑗+1−𝑈𝑗−1

2ℎ
) +

𝑈𝑗

2ℎ𝑟𝑗
2)

𝐴𝑗𝑗 =
𝜕𝐹𝑗

𝜕𝑈𝑗
=
−2

ℎ2
−
1

𝑟𝑗
2 +

𝑟𝑗

𝑈𝑗
2(
1

𝑟𝑗
. (
𝑈𝑗+1 − 𝑈𝑗−1

2ℎ
)
2

−
𝑈𝑗

𝑟𝑗
2 (
𝑈𝑗+1 −𝑈𝑗−1

2ℎ
))

− (−
𝑟𝑗

𝑈𝑗
− 𝐾)(

𝑈𝑗+1 − 𝑈𝑗−1

2ℎ𝑟𝑗
2 )

𝐴𝑗(𝑗+1) =
𝜕𝐹𝑗

𝜕𝑈𝑗+1
=
1

ℎ2
+

1

2ℎ 𝑟𝑗
+ (−

𝑟𝑗

𝑈𝑗
− 𝐾)(

1

ℎ𝑟𝑗
(
𝑈𝑗+1 − 𝑈𝑗−1

2ℎ
) −

𝑈𝑗

2ℎ𝑟𝑗
2)

𝑗 = 𝑁

𝐴𝑁(𝑁−1) =
𝜕𝐹𝑁
𝜕𝑈𝑁−1

=
2

ℎ2



𝐴𝑁𝑁 =
𝜕𝐹𝑁
𝜕𝑈𝑁

=
𝐾𝑣  

(1 − 𝑣)

2𝑈𝑁
𝑟𝑁3

−
2𝑣  

ℎ(1 − 𝑣)𝑟𝑁
 −

2

ℎ2
− 

1

(1 − 𝑣)𝑟𝑁
2

𝑈𝑘+1

∆𝑈𝑘

𝑈𝑘+1 = 𝑈𝑘 + ∆𝑈𝑘

𝐹(𝑈𝑘+1)



 

𝜎𝑟(𝑟𝑗)



𝜎𝑟(𝑟𝑗) = 𝜆 (
𝑈𝑗+1 − 𝑈𝑗−1

2ℎ
+
𝑈𝑗

𝑟𝑗
) + 2𝜇 ∙

𝑈𝑗+1 −𝑈𝑗−1

2ℎ

𝜎𝜃(𝑟𝑗)

𝜎𝜃(𝑟𝑗) = 𝜆 (
𝑈𝑗+1 − 𝑈𝑗−1

2ℎ
+
𝑈𝑗

𝑟𝑗
) + 2𝜇 ∙

𝑈𝑗

𝑟𝑗

 

𝑘 = 12000

𝑃𝑖

𝑃𝑖,𝑐𝑟

𝑃𝑖,𝑐𝑟

𝑃0,𝑐𝑟

𝑟0 10

𝑟𝑖 12,5

𝑟𝑒 50

 

 

 

E0,béton(20°C) 26

ft(20°𝐶)

εlim 85 ∙ 10−5



υbéton 0,2

𝐸𝑟é𝑠𝑖𝑛𝑒
𝜐𝑟é𝑠𝑖𝑛𝑒

 

𝑃𝑖

𝜎𝜃

𝑃𝑖,𝑐𝑟 = 4 𝑀𝑃𝑎 

𝑟𝑐𝑟 = 20 𝑚𝑚



 

 



 

𝑟𝑒

𝑃𝑖

 



 

 

𝐴

𝐸𝑟 𝜐𝑟

𝑇𝑔



 

𝐸0(𝑇) =
𝑑𝜎

𝑑𝜀
|
𝜀=0

=
3

2

 𝑓𝑐(𝑇)

 𝜀𝑐,1(𝑇)
|

 𝜀𝑐,1(𝑇)

𝑇



 

]

𝑘

𝐸𝑑(𝑟, 𝑇) = 𝐸0(𝑇) ∙ 𝑒
−𝑘(𝜀𝜃−𝜀𝑙𝑖𝑚) = 𝐸0(𝑇) ∙ 𝑒

−𝑘(
𝑈𝑟
𝑟
−𝜀𝑙𝑖𝑚)

 

𝜀𝑙𝑖𝑚 𝑇 𝜀𝜃 = 𝜀𝑙𝑖𝑚 𝐸𝑑(𝑟, 𝑇) = 𝐸0(𝑇)

𝑇



𝐴
𝑣𝑟é𝑠𝑖𝑛𝑒 𝐸𝑟é𝑠𝑖𝑛𝑒 𝑣𝑏é𝑡𝑜𝑛 𝐸𝑏é𝑡𝑜𝑛

 

𝑃𝑖,𝑐𝑟

𝑘𝑝𝑖

𝑘𝑝𝑖 =
𝑃𝑖,𝑐𝑟(𝑇)

𝑃𝑖,𝑐𝑟(20°𝐶)

𝑃𝑖,𝑐𝑟(𝑇)

𝑃0,𝑐𝑟

𝑘𝑃0

𝑘𝑝𝑖 =
𝑃0,𝑐𝑟(𝑇)

𝑃0,𝑐𝑟(20°𝐶)



 

 

 

   

  0

   ,  



 

 



CHAPITRE 4 : METHODE D’EVALUATION ET DE 

DIMENSIONNEMENT DES SCELLEMENTS CHIMIQUES 

DES ARMATURES EN SITUATION D’INCENDIE 

 

𝑘𝑏





 

𝑐𝑑 𝜙 𝑙𝑏

𝑐𝑑𝑏(20°𝐶)

𝑐𝑑𝑏(20°𝐶)



 

 

2𝜙 𝑘𝑠𝑝,𝑓𝑖

 



𝑐𝑑𝑚𝑖𝑛 ≥
𝑘𝑠𝑝,𝑓𝑖

𝑐𝑑1 ≥

𝑐𝑑2 ≥

𝑐𝑑3 ≥

• 

𝑐𝑑𝑚𝑖𝑛 =

2𝜙 𝑐𝑑𝑏(20°𝐶)
𝐶𝑑𝑏(20°𝐶)−𝐶𝑑𝑚𝑖𝑛

4

𝑐𝑑𝑏(20°𝐶)

• 

𝑘𝑠𝑝,𝑓𝑖

𝑐𝑑 , 𝜙, 𝑙𝑏 𝑘𝑠𝑝,𝑓𝑖



𝑐𝑑, 𝜙, 𝑙𝑏

𝑘𝑠𝑝,𝑓𝑖

 𝑘𝑠𝑝,𝑓𝑖

𝑘𝑠𝑝,𝑓𝑖

2𝜙

𝑘𝑠𝑝,𝑓𝑖(𝜃) 

• 

𝜏𝑢,𝑠𝑝(𝜃)

𝜏𝑅𝑚,𝑠𝑝 𝜏𝑢,𝑠𝑝(𝜃) 

𝜏𝑅𝑚,𝑠𝑝

• 

• 

• 𝑎𝑠𝑝 𝑏𝑠𝑝

𝑘𝑠𝑝,𝑓𝑖(𝜃) 𝑎𝑠𝑝 ∙ 𝜃
−𝑏𝑠𝑝 𝑘𝑠𝑝,𝑓𝑖(𝜃) 𝑎𝑠𝑝 ∙ 𝑒

−𝑏𝑠𝑝∙𝜃



𝑘𝑠𝑝,𝑓𝑖(𝜃)

2𝜙 𝑘𝑠𝑝,𝑓𝑖(𝜃)

 

𝑘𝑠𝑝,𝑓𝑖 𝑐𝑑

 

 

 

 



 

 

 

𝑘𝑠𝑝,𝑓𝑖
𝜏𝑢,𝑠𝑝

𝜏𝑅𝑚,𝑠𝑝
𝑐𝑑

𝑐𝑑𝑚𝑖𝑛

 

𝑘𝑠𝑝,𝑓𝑖 𝑐𝑑



𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖

𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃) = 𝑘𝑠𝑝,𝑓𝑖(𝜃). 𝜏𝑅𝑘,𝑠𝑝

𝜏𝑅𝑘,𝑠𝑝

𝜏𝑅𝑘,𝑠𝑝 = 𝐴𝑘  (
𝑓𝑐𝑘
25
)
𝑠𝑝1

(
25

𝜙
)
𝑠𝑝2

[(
𝐶𝑑
𝜙
)
𝑠𝑝3

(
𝐶𝑚𝑎𝑥
𝐶𝑑

)
𝑠𝑝4

+ 𝐾𝑚 ∙ 𝐾𝑡𝑟] (
7𝜙

𝑙𝑏
)
𝑙𝑏1

 

𝑁𝑃𝐼𝑅,𝑓𝑖(𝑡)

𝐸𝑑

𝑁𝑅𝐾,𝑠𝑝,𝑓𝑖(𝑡)

𝑡



𝛼  

𝜎𝑟 𝜏

𝑑𝑥 

𝜏 =
𝐴𝑆
𝜋𝜙

∙
𝑑𝜎𝑆
𝑑𝑥

𝜎𝑟 = 𝜏 ∙ tan(𝛼)

𝜎𝑟(𝜃)

 

𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃) = 𝑘𝑠𝑝,𝑓𝑖(𝜃) ∙ 𝜏𝑅𝑘,𝑠𝑝) (𝜏𝑅𝑘,𝑝,𝑓𝑖(𝜃) =



𝑘𝑝,𝑓𝑖(𝜃) ∙ 𝜏𝑅𝑘,𝑝)

𝑐𝑑, 𝜙, 𝑙𝑏

 𝜃𝑏

𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃𝑏) = 𝜏𝑅𝑘,𝑝,𝑓𝑖(𝜃𝑏)

 

𝑐𝑑, 𝜙, 𝑙𝑏

 𝜃𝑏

𝑙𝑠𝑝,𝑓𝑖

𝜃𝑏 𝑙𝑝,𝑓𝑖 

𝑙𝑏
𝑙𝑏 = 𝑙𝑠𝑝,𝑓𝑖 + 𝑙𝑝,𝑓𝑖

𝑙𝑝,𝑓𝑖

𝑙𝑠𝑝,𝑓𝑖

𝑙𝑏,𝑒𝑞 = 𝑙𝑠𝑝,𝑓𝑖

 𝑙𝑠𝑝,𝑓𝑖

𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃) 𝜃



 

𝑙𝑠𝑝,𝑓𝑖

𝑁𝑅𝐾,𝑠𝑝,𝑓𝑖(𝑡) = 2 ∙ 𝜋 ∙ 𝑟 ∙ ∫ 𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃(𝑡))
𝑙𝑠𝑝,𝑓𝑖 ∙ 𝑑𝑥

𝑋𝑖

𝑡

𝜃𝑏



𝑙𝑏

𝜏𝑅𝑘,𝑝,𝑓𝑖(𝜃𝑏) et 𝜏𝑅𝑘,s𝑝,𝑓𝑖(𝜃𝑏)

(𝑙𝑝,𝑓𝑖 𝑒𝑡 𝑙𝑠𝑝,𝑓𝑖

 (𝑙𝑝,𝑓𝑖 𝑒𝑡 𝑙𝑠𝑝,𝑓𝑖

𝑁𝑅𝐾,𝑠𝑝,𝑓𝑖(𝑡) = 2 ∙ 𝜋 ∙ 𝑟 ∙ ∫ 𝜏𝑅𝑘,𝑝,𝑓𝑖(𝜃(𝑡))
𝑙𝑝,𝑓𝑖 𝑑𝑥 + 2 ∙ 𝜋 ∙ 𝑟 ∙ ∫ 𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃(𝑡))

𝑙𝑠𝑝,𝑓𝑖
𝑙𝑝,𝑓𝑖

𝑑𝑥

𝑁𝑃𝐼𝑅,𝑓𝑖(𝑡)

𝑡

𝑐𝑑 , 𝜙, 𝑙𝑏

 

𝑙𝑏,𝑚𝑖𝑛

𝑙𝑏,𝑚𝑖𝑛 = 𝑚𝑎𝑥 (0,3𝑙𝑏,𝑟𝑞𝑑 ; 10𝜙 ; 100 𝑚𝑚

𝑙𝑏,𝑟𝑞𝑑

𝐴𝑠𝜎𝑠𝑑 𝑓𝑏𝑑

0,3 ∙ 𝑙𝑏,𝑟𝑞𝑑 = 0,3 ∙
𝜙

4
 
𝜎𝑠𝑑
𝑓𝑏𝑑

=
16

4
 ∙
500

2,3
= 260,86 𝑚𝑚

𝑓𝑏𝑑



𝝓 [𝒎𝒎] 𝒇𝒄𝒌 [𝑴𝑷𝒂] 𝑪𝒅 [𝒎𝒎] 𝑪𝒎𝒂𝒙 [𝒎𝒎] 𝒍𝒃 [𝒎𝒎] 𝑲𝒕𝒓 𝑲𝒎

𝜏𝑅𝑘,𝑠𝑝 = 𝐴𝑘  (
𝑓𝑐𝑘

25
)
𝑠𝑝1

(
25

𝜙
)
𝑠𝑝2

[(
𝐶𝑑

𝜙
)
𝑠𝑝3

(
𝐶𝑚𝑎𝑥

𝐶𝑑
)
𝑠𝑝4

+ 𝐾𝑚 ∙ 𝐾𝑡𝑟] (
7𝜙

𝑙𝑏
)
𝑙𝑏1

𝜏𝑅𝐾,𝑝,𝑢𝑐𝑟(𝑑 = 20 𝑚𝑚 ) = 12 𝑀𝑃𝑎

 𝜃(𝑥)



ℎ̄𝑐 = 𝛼𝑐,𝑓 ∙  (𝜃𝑓  −  𝜃𝑠) (𝑊/𝑚
2)

ℎ̄𝑟 = 𝜀 ∙ 𝜎 ∙ ((𝜃𝑓 + 273)
4 − (𝜃𝑠 + 273)

4) (𝑊/𝑚2)



ℎ̄𝒄 = 𝛼𝑐,𝑎𝑖𝑟 ∙  (𝜃𝑎𝑖𝑟 − 𝜃𝑠) (𝑊/𝑚
2)

ℎ̄𝒓 = 𝜀 ∙ 𝜎 ∙ ((𝜃𝑎𝑖𝑟 + 273)
4 − (𝜃𝑠 + 237)

4) (𝑊/𝑚2)

𝜃𝑓

𝜃𝑓 20 + 345 ∙ 𝑙𝑜𝑔10(8 ∙ 𝑡 + 1)

𝜃𝑎𝑖𝑟

𝜃𝑠

𝛼𝑐,𝑓 

𝛼𝑐,𝑓 = 𝑊/𝑚2𝐾

𝛼𝑐,𝑎𝑖𝑟

𝛼𝑐,𝑎𝑖𝑟 = 𝑊/𝑚2𝐾

𝜀 

𝜎 = 5,67 ∙ 10−8 𝑊/(𝑚²𝐾4))

𝜌𝑎 = 7850 kg/m
3

 



 

 

 𝑁𝑅𝐾,𝑠𝑝,𝑓𝑖(𝑡)

 𝐾𝑠𝑝,𝑓𝑖 𝐾𝑝,𝑓𝑖



 

𝜃𝑏

𝜃𝑏

𝜏𝑅𝑘,𝑠𝑝,𝑓𝑖(𝜃) = 𝑘𝑠𝑝,𝑓𝑖(𝜃). 𝜏𝑅𝑘,𝑠𝑝 𝜃 ≤ 𝜃𝑏

𝜏𝑅𝑘,𝑝,𝑓𝑖(𝜃) = 𝑘𝑝,𝑓𝑖(𝜃). 𝜏𝑅𝑘,𝑝 𝜃 > 𝜃𝑏



 

𝑙𝑠𝑝,𝑓𝑖

𝑥(𝜃 > 𝜃𝑏)



 

𝐸𝑑

𝐸𝑑 ≤ 𝑁𝑃𝐼𝑅,𝑓𝑖(𝑡) = min(𝑁𝑅𝐾,𝑠𝑝,𝑓𝑖(𝑡), 𝑁𝑅𝐾,𝑝,𝑓𝑖(𝑡), 𝑁𝑅𝐾,𝑐,𝑓𝑖(𝑡),𝑁𝑅𝐾,𝑠,𝑓𝑖(𝑡)) 

Avec

𝑁RK,c,𝑓𝑖(𝑡) 𝑡

𝑁RK,s,𝑓𝑖(𝑡) 𝑡

𝑁𝑃𝐼𝑅,𝑓𝑖(𝑡)

𝐶𝑑 , 𝜙, 𝑙𝑏

 



 

𝜃𝑏

𝜃𝑏

𝜃𝑏

 

 

 



Conclusion générale et perspectives  

 



 



 





 







   

   


