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Sonia Boulal
Conditionnement et pénalisation d’arbres de
Galton-Watson marqués

Résumé :

Le processus de Galton-Watson est un modele tres simple d’évolution de population
ot chaque individu se reproduit aléatoirement et indépendamment de tous les autres
selon une méme loi fixée. Il est connu que dans le cas o1 le nombre moyen d’enfants
par individu est inférieur ou égale a 1 ( sous-critique ou critique), la population s’éteint
en temps fini presque stirement. Certains auteurs ont décrit cette population (ou plu-
tot ’arbre généalogique associé) lorsqu’elle est anormalement grande et ont mis en
évidence I'évenement exceptionnel permettant d’obtenir ce comportement particulier.
D’'un point de vue mathématique, cela consiste a conditionner la loi de l'arbre T par
un évenement de la forme {A(7) = n} ott A est une fonctionnelle de l'arbre 7" (par
exemple, A(T') est la derniere génération survivante, ou bien le nombre total d’indivi-
dus dans la population,...) et a regarder la limite (en loi) lorsque n tend vers 'infini.

Dans un récent travail, Abraham, Bouaziz et Delmas ont considéré d’autres types
d’évenements faisant intervenir une source d’aléa supplémentaire. Dans leur article,
chaque individu est marqué aléatoirement avec une probabilité dépendant de son
nombre d’enfants. IIs ont conditionné par 1'événement "Le nombre d’'individus mar-
qués est égal a n". En utilisant des techniques similaires aux cas classiques, ils ont ob-
tenu la limite en loi de 1’arbre conditionné dans le cas critique. Une partie de ma these
poursuit ce travail pour obtenir des résultats dans le cas sous-critique. Ainsi, j'ai pu
décrire la limite en loi de I’arbre marqué dans les cas critique et sous-critique, sous cer-
taines conditions de régularité concernant la loi de reproduction et la loi de marquage.

Une deuxieme partie de ma thése consiste a considérer une autre facon d’obtenir
des arbres avec un nombre anormal de sommets marqués. Une technique possible
est de faire un changement de mesure via une transformation de Girsanov avec une
martingale. Afin de trouver une telle martingale, nous avons utilisé une méthode
générale appelée pénalisation qui a été introduite par Roynette, Vallois et Yor en
2006 pour le mouvement Brownien. J'ai adapté cette technique dans le cadre des
arbres discrets. En effet, j’ai biaisé la loi de 1’arbre par une fonction du nombre de
marques, qui soit les favorise, soit les défavorise, et j’ai décrit I’arbre obtenu sous cette
nouvelle loi. J'ai traité les trois cas possibles, sous-critique, critique et sur-critique (le
nombre moyen d’enfants par individu est strictement supérieur a 1). Dans les deux
derniers cas, j'obtiens des arbres limites déja connus, tandis que dans le premier cas,
je décris un nouvel arbre, que I’'on nommera "arbre a poids". Ce dernier est un arbre
multi-type marqué, caractérisé par une notion de masse se transmettant de génération
en génération. Il faut noter que, cet arbre n’est pas un arbre de Galton-Watson marqué.

Mots clés : Arbre de Galton-Watson marqué - Pénalisation - Transformation de Girsa-
nov - Comportement asymptotique - Arbres aléatoires - Conditionnement
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Sonia Boulal
Conditioning and penalization of marked
Galton-Watson trees

Abstract :

The Galton-Watson process is a very simple model of population evolution where each
individual reproduces randomly and independently of all others according to the same
given distribution. It is well known that in the case where the average number of off-
spring per individual is less than 1 (sub-critical or critical case), the population becomes
extinct in finite time. Many authors have focused on the description of this population
(more precisely, the genealogical tree associated with it) under the condition that it
reaches an abnormally large size. From a mathematical point of view, this consists in
conditioning the distribution of the tree 7' by some event of the form { A(7") = n} where
A is a functional of the tree 7" (for instance, A(T") is the height of the last surviving ge-
neration, or the total number of individuals in the population,...) and to study the limit
(in distribution) of the tree when n tends to infinity.

In a recent paper of Abraham, Bouaziz and Delmas, the authors explored alternative
types of conditioning involving an additional source of randomness. In their paper,
each individual is randomly marked with a probability depending on their number of
children. They then conditioned the tree on the event "The number of marked indivi-
duals is equal to n". By adapting techniques from the classical framework, they obtai-
ned the limiting distribution of the conditioned tree in the critical case. Part of my PhD
research extends this work to the sub-critical regime. Rather than studying the limiting
distribution of the tree 7', my focus is on the marked tree with its marks, allowing me
to describe its asymptotic behavior in both critical and sub-critical cases. These results
were obtained under certain regularity assumptions on both the offspring distribution
and the marking mechanism.

The second part of my thesis investigates a different approach to generating trees with
an unusual number of marked vertices. One natural method is to perform a change
of measure using a martingale, through a Girsanov-type transformation. To find such
a martingale, I used a general method called penalization, introduced by Roynette,
Vallois, and Yor in 2006 for Brownian motion. I adapt this method to the discrete tree
setting by biasing the distribution of the tree according to a function of the number
of marks, either favoring or disfavoring them, and then analyzing the obtained trees
under this new probability measure. I treated all three regimes : sub-critical, critical,
and supercritical (where the average number of offspring per individual exceeds 1).
In the critical and supercritical cases, I recovered known limiting objects. In contrast,
the sub-critical case led me to identify a new limiting structure, which I refer to as the
"weighted tree". This is a multi-type marked tree, characterized by a notion of mass
that is transmitted from one generation to the next. Note that, it does not correspond
to a marked Galton-Watson tree.

Keywords : Marked Galton-Watson tree - Penalization - Girsanov transformation -
Asymptotic behavior - Random trees - Conditioning
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Chapitre 1

Arbre de Galton-Watson et
conditionnement

Les processus de Galton-Watson ont été introduits en 1845 par Bienaymé et indépen-
damment par Galton en 1873 afin d’étudier la pérennité des noms de famille. Pour cela, on
attribuait a une famille une loi de reproduction, c’est-a-dire qu’a chaque génération, on dé-
terminait la probabilité qu'un individu ait un certain nombre de garcons avec cette méme
loi.

Mathématiquement parlant, ce processus est tres simple : chaque individu donne nais-
sance indépendamment des uns des autres & un nombre aléatoire d’enfants selon une loi
de probabilité p que 1’on appelle loi de reproduction. Autrement dit, a chaque génération,
chaque individu peut avoir k£ enfants avec probabilité p(k). Pour éviter des cas dégénérés,
on suppose que la loi p satisfait '’hypotheése suivante :

p(0) >0, p(0) + p(1) < 1 et u(p) < +oo, (1.1)

“+oo
avec pu(p) = an(n) sa moyenne. Si u(p) < 1 (resp. u(p) = 1, u(p) > 1), on dit que la
n=0

loi de reproduction est sous-critique (resp. critique, sur-critique). Dans les cas critique et
sous-critique, on a presque stirement extinction de la population.

En 1986, Neveu a introduit la notion d’arbre de Galton Watson (GW) [29]. C’est un arbre
généalogique, noté 7, qui décrit I'évolution de la population ayant pour loi de reproduction
P

génération

0

FIGURE 1.1 - Un arbre de généalogie a 5 générations.



Chapitre 1. Arbre de Galton-Watson et conditionnement

Le conditionnement d’arbres de Galton-Watson a commencé en 1986 avec les travaux de
Kesten [24], qui s’est intéressé a des limites locales sur ces derniers. Cette idée repose sur
le fait qu’au lieu d’analyser la structure globale d’un grand arbre aléatoire, ce qui peut étre
tres complexe, on se concentre sur sa structure locale, c’est-a-dire le voisinage autour d’un
sommet aléatoire. On observe ainsi ce qui évolue quand la taille de I’arbre tend vers I'infini.
Dans les cas critique et sous-critique, I’arbre est presque stirement fini. Cependant, dans [24],
Kesten considérait la limite locale d"un arbre critique ou sous-critique conditionné a avoir
une hauteur plus grande que n. Quand n tend vers l'infini, cet arbre conditionné converge
en loi pour la topologie locale, décrite précisément a la Section 8.1} vers un arbre de Kesten :
cet arbre est constitué d'une branche infinie a laquelle est greffé un nombre aléatoire d’arbres
de Galton Watson, ayant pour loi de reproduction p. Cet arbre limite peut étre vu comme
un arbre de Galton Watson conditionné a ne jamais s’éteindre.

3
3
5

<2

: Arbre de Galton Watson
de loi de reproduction p

<2

S 2@8

FIGURE 1.2 — Arbre de Kesten.

Différents conditionnements d’arbres de Galton Watson ont été considérés : grand nombre
d’individus (voir Kennedy [23] et Geiger et Kaufman [18]), grand nombre de feuilles (voir
Curien et Kortchemski [11]). Dans les cas critiques et sous-critiques, Rizzolo [30], mais aussi
Kortchemski [26], conditionnent afin d’avoir un grand nombre d’individus tel que leur
nombre d’enfants appartienne a un ensemble A. Dans le cas critique, I’arbre limite obtenu est
un arbre de Kesten, voir Abraham et Delmas [7]. Dans [6], Abraham et Delmas obtiennent
la convergence vers un arbre de condensation dans le cas sous-critique et non générique;
tandis que dans le cas sous-critique générique, ils obtiennent une convergence vers un arbre
de Kesten mais avec une loi de reproduction différente.

En effet, plusieurs lois de reproduction peuvent donner la méme loi pour des arbres
conditionnés, ainsi étre générique signifie que l'on peut se rapprocher d'une certaine fa-
¢on a une loi critique. A I'inverse, une loi non générique est une loi pour laquelle cela est

4



Chapitre 1. Arbre de Galton-Watson et conditionnement

impossible. En d’autres termes, p est générique lorsqu’il existe une (unique) loi biaisée, dé-
pendante de p, critique.

Contrairement a 1’arbre de Kesten qui est anormalement grand, ’arbre de condensation
est anormalement large. En effet, sur cet arbre, a chaque génération, un individu se reproduit
suivant une loi biaisée lui permettant d’avoir une infinité d’enfants. De ce fait, cet individu
est choisi uniformément parmi les enfants de l'individu de loi biaisée a la génération pré-
cédente. Les autres individus se reproduisent suivant la loi initiale p. Des qu’'un individu
a une infinité d’enfants, tous les individus des générations suivantes se reproduisent nor-
malement. Cet arbre a été introduit par Jonsson et Stefanson [20] ainsi que par Janson [19].

: Arbre de Galton Watson
de loi de reproduction p

FIGURE 1.3 — Arbre de condensation.

Comme cet arbre est infiniment large, il est, alors, aussi infiniment grand. En effet, sil’on
se fixe un entier n grand, parmi les enfants, de I'individu en ayant une infinité, il en existe un,
tel que I'arbre de Galton-Watson greffé fini soit de hauteur supérieure a n. Ce raisonnement
fonctionne pour tout entier n positif, I’arbre de condensation est ainsi infiniment grand.






Chapitre 2

Arbres marqués

2.1 L’ensemble des arbres discrets

Soit N I’ensemble des entiers positifs et N* 'ensemble des entiers strictement positifs.
On rappelle le formalisme de Neveu [29] qui ordonne les noeuds d’un arbre. Soit U =
U (N*)™ 'ensemble des suites finies d’entiers strictement positifs, avec, par convention,
n>0
(N*)? = {@}. Pour n > 0 etu = (uy,...,u,) € U, on pose |u| = n, la génération de u et
lu|, = max{|u|,u,us,...,u),} avec par convention |#| = |@| = 0. On dit que |u|_ estla
norme de u bien que cela ne soit pas une norme puisque U/ n’est pas un espace vectoriel. Si
u et v sont deux suites de U/, on note uv leur concaténation, avec, par convention, uv = u si
v =0 etuv =vsiu= 0. Lensemble des ancétres de la racine () est Ay = {(}} et celui de u # ()
est:

A, ={vel;ilexistew € U,w # 0, tel que u = vw}.

L’ancétre commun le plus récent d'une partie s de U, que 1’on note M RC'A(s), est l'unique
élément v de () A, telle que la génération |v| soit maximale.

ues

FIGURE 2.1 — Le sous-arbre s en gras et orange, et M/ RC'A(s) = 3 en bleu..

Pour u,v € U, on note u < v, l'ordre lexicographique sur U/, i.e. u < vsiu € A,, ousion
pose w = M RCA({u,v}), alors u = wiv’ et v =wjv" aveci,j € N*, i < j.
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Chapitre 2. Arbres marqués

Dans la suite du document, afin d’alléger la lecture et s’il n'y a pas de confusion, on
notera u = u;...u,, pour u = (uy, ..., u,) € Y. Par exemple (1), sera noté 1; si (121), (1,21) et
(12,1) n’existent pas on notera (1,2, 1) par 121.

Un arbre t est un sous-ensemble de U/ qui satisfait :
— Det;
— siuet,alors A, C t;

— pour tout u € t, il existe k,(t) € NU {400} tel que, pour tout entier positif i, ui € t si et
seulement si 1 <i < k,(t).

L’entier k,(t) représente le nombre d’enfants du nceud v € t. Si k,(t) = 0, on dit que le nceud
u est une feuille et si k,(t) = 400, u est appelé nceud infini. Le nceud @ est appelé racine de
t.

1311 1312 2111 2121 2122 2123

N

111 121 122 131 211

b

\@/

FIGURE 2.2 — Un arbre t a 5 générations.

On note
— T l'ensemble des arbres discrets, planaires, enracinés;
— Ty := {t € T, [t| < +00}, le sous-ensemble des arbres finis, avec |t| le cardinal de t;

— T := {t € To; ku(t) < +00 Yu € t}, le sous-ensemble des arbres ne possédant pas de
nceuds infinis.

Soit h € N, la fonction de restriction 7, o, de T, dans T, est définie par :
Thool(t) :={u € t,|ul < h},
et la fonction de restriction r;, de T dans T est définie par :
rn(t) == {u e t, |u| < h}.

Dans le premier cas, la fonction coupe 1’arbre dés que 1’on a atteint la génération h ou dés
qu'un individu a plus de h enfants, alors on garde seulement les i premieres branches. Dans
le second cas, la fonction coupe 'arbre a la génération h. Autrement dit, elle décrit 1’arbre
t jusqu’a la génération h. Si 'on reprend 'exemple de la figure on obtient les arbres
suivants lorsque 1’on regarde la restriction de niveau 2 :

8



Chapitre 2. Arbres marqués

11 12
.. | |
1 2 1

N\, N\,
FIGURE 2.3 — 15 o (t) a gauche et r»(t) a droite.

On munit I'ensemble T, (resp. T), de la distance ultra-métrique
do (b, 1) == o~ max{hEN,rh o0 (6)=rh,o0 (t')} <resp. d(t,t') := 2—max{hEN,rh(t):rh(t’)}> _

Une suite d’arbres (t,,),en converge vers un arbre t sous la distance d., (resp. d) si, et seule-
ment si, pour tout h € N,

Thoo(tn) = Theo(t) (resp.ry(t,) = ry(t)) pour n assez grand.

La tribu de Borel associée a la distance d., (resp. d) est la plus petite tribu contenant les
singletons pour lesquels les fonctions de restrictions (7., h € N) (resp. (r;,h € N)) sont
mesurables.

Avec cette distance, la fonction de restriction est contractante. D’apres [20] T, est dense dans
Ty (resp. ToN'T € T) et puique (T, dw) (resp. (T, d)) est complet, on obtient que (Tw, d)
(resp. (T, d)) est un espace métrique Polonais. De plus, d’apres [20], (T, d-) est compact.

2.2 Marquage sur les arbres de Galton-Watson

En 2017, dans [2], Abraham, Bouaziz et Delmas généralisent le conditionnement & avoir

un grand nombre d’individus tels que leur nombre d’enfants appartienne a un ensemble
A, en marquant les nceuds aléatoirement. Dire que I’on conditionne par rapport au nombre
d’individus ayant leur nombre de descendants appartenant a A, revient a étudier pour tout
u € tsilg,)ea vaut 1 avec k,(t) le nombre d’enfants de l'individu .
Par exemple, si A = {0}, on retrouve l'étude du conditionnement par rapport au nombre
de feuilles de l'arbre, et si A = N on étudie le conditionnement par rapport au nombre
total d'individus. Ainsi, I’étude par rapport a A était déja une généralisation de précédents
conditionnements.

Toutefois, ce conditionnement est déterministe. Assurément, chaque individu u sera mar-
qué si 1, (t)c4 vaut 1 sinon non. Conditionnellement a un arbre t donné, A étant fixé, il n’y
a pas d’aléatoire dans le choix des nceuds marqués. L'approche de Abraham, Bouaziz et
Delmas, est d’introduire davantage d’aléatoire dans ce marquage, de maniere a ce que la
fonction de marquage, qui précédemment était une indicatrice, puisse prendre différentes
valeurs comprises entre 0 et 1.

En effet, on fixe un arbre t, et on marque aléatoirement ses nceuds, conditionnellement
a t, chaque nceud est marqué indépendamment les uns des autres avec une probabilité dé-
pendant de son nombre de descendants.



Chapitre 2. Arbres marqués

Plus précisément, indépendamment les uns des autres, chaque individu donne naissance a
k enfants et est

e marqué avec probabilité py(k, 1) := p(k)q(k);
e non marqué avec probabilité p,(k,0) := p(k)(1 — q(k))
ot q := (q(k))x>o est une suite de nombres dans [0, 1] que 1’on appelle fonction de marquage.

Laloi pg sur N x {0, 1} est appelée loi de reproduction-marquage du Galton-Watson marqué
(MGW) associé. On suppose que 1’'on a la condition suivante :

Ik € N*, p(k)q(k) > 0. (2.1)

Cela signifie que chaque individu d'un MGW est marqué avec une probabilité positive.

On note t* un arbre marqué, il est défini par un arbre t € T, et une marque 7, € {0,1}
pour tous u € t, c’est a dire :

t" = (t7 (nu)uet)-

Un neceud u € t est dit marqué si 7, = 1 et non marqué sin, = 0.

1311 1312 2111 2121 2122 _2123

111

131 211 212

11 13

0

FIGURE 2.4 — Un arbre marqué t* a 5 générations.

On note T}  1'ensemble des arbres planaires, enracinés, marqués. L'entiereté des nota-
tions définies pour t sont similaires pour t*. Par exemple, T{ := {(t, (7.(t))uet), t € To}-

On pose M (t*) := > 1, le nombre de nceuds marqués sur un arbre t* € T’ . Comme dans la
uct

Section[2.T} pour tout & € N, on définit les fonctions de restrictions
ry o T — T, et r,";oo T, — T
pour tous t* = (t, (,)uet) € T*, par
rh(t) = (rn(t), Muer0)s Theo(t) = (raoo(t), (0)uern )

avec

h __ T Sl"LL|§h—1,
"= N0 s ul =

Ces fonctions de restrictions sont bien définies. On fixe h € N.
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Chapitre 2. Arbres marqués

Pour 77} (.), la restriction de I'arbre marqué contient tous les individus jusqu’a la généra-

tion K, et contient les marques seulement jusqu’a la génération précédente.
En effet, puisque la marque dépend du nombre d’enfants de l'individu, et que 1'on coupe
I'arbre a la génération h, on ne connait pas le nombre d’enfants des individus de la géné-
ration h. On ne peut donc pas déterminer si les individus de cette derniére génération sont
marqués ou non. C’est pourquoi, la restriction est caractérisée a ’aide de n! et non n,, pour
tout individu u défini jusqu’a la génération h.

Avecry (), la restriction de ’arbre marqué, ne coupe pas seulement I'arbre a la généra-
tion h mais le coupe aussi lorsqu’un individu a plus de h enfants tout en gardant sa marque
s’il en avait une. Autrement dit, si 'individu a h + x enfants, on garde les h premiers et
les x autres disparaissent. En effet, contrairement au cas précédent, cette restriction permet
d’étudier la convergence locale pour des arbres pouvant avoir un noeud infini, il est donc
nécessaire de pouvoir savoir si un tel noeud est marqué ou non.

En reprenant la figure on obtient les restrictions suivantes a I'ordre 2 :

11 12 21 11 12 13 21

0 0
FIGURE 2.5 -3  (t*) a gauche et r5(t*) a droite.

On peut attribuer a 'ensemble T, (resp. T*) la tribu .# générée par la famille d’en-
sembles ({t* € T, u € t})ue (resp. ({t* € T*, u € t}),,,) et ainsi définir un espace mesu-

o)
rable (T% ,.%#) (resp. (T*,.%)).

On attribue aussi a T?_ (resp. T*) la filtration (.#,,),>¢ ou .%,, est générée par les fonctions de
restrictions r, . (resp. 7, ). Notons que & =/ ., #, et pour tout u € U,

{t" e T,

u €t} € Fy (resp. {t" € T*, u € t} € F).

Soit t* = (t, (Nu)uet) € T (resp. T*) un arbre marqué, on a Zku(t) = |t| — 1. Pour tout

uct
n € N, on définit :

— 2z, (t*) 'ensemble des nceuds de t a la génération n :
2, (t") ={u € t, |u] =n},
— Z,(t*) le nombre d’individus a la génération n :
Z, (%) = Card(z,(t")),
— M, (t*) le nombre de marques sur l’arbre jusqu’a la génération n — 1 : My(t*) = O et

M, (t*) = Z n, forn > 1.

u€t,|u|<n—1

11



Chapitre 2. Arbres marqués

Notons que les fonctions z,,, Z,, M, sont toutes .#,-mesurables. Maintenant que les outils
sont bien définis, intéressons nous plus précisément a py = (Po(k,7))kennefo,1} 1a mesure de
probabilité sur N x {0, 1}. Il existe une unique mesure de probabilité P, sur (T*,.%) telle
que, pour tout i € N* et tout t* = (t, (7, )uet) € T (resp. T*), si 7* est une variable aléatoire
sur T (resp. T"),

Poo (ri(7) = i (67)) = [ polkult),m),

wErp_1(t)
IPPO(T;;,OO(T*) = T:L,oo(t*» - H po(ku<t),7]u) H Zpo(kﬂh)
uet,|u|, <h UETH (L), k=h

ku(rh, 00 (£))=h

On dit que la variable aléatoire 7* sous Py, est un arbre de Galton-Watson marqué (MGW)
de loi de reproduction-marquage py. Pour 7* défini sur T, on a pour tout t* € T,

P(r"=t") = [ [po(ku(t). ) =P(r=1) ] atkut) J] (1 —alkut)).

De fagon équivalente, la loi d"un arbre de Galton-Watson marqué ayant pour loi de reproduction-
marquage po est aussi caractérisée par une loi de reproduction p et une fonction de mar-
quage q : N — [0, 1] avec

pO(k71)

p(k) = po(k,0) + po(k, 1), q(k) = (k) it p(k) # 0
(la valeur de q(k) n’a pas d'importance si p(k) = 0), ou de maniere équivalente
po(k,1) =p(k)a(k),  po(k,0) = p(k)(1 —q(k)). (2.2)

Cette approche consiste a tirer dans un premier temps un arbre de Galton-Watson de loi de
reproduction p puis conditionnellement a 1’arbre, ajouter des marques sur chaque noeud,
indépendamment les uns des autres avec probabilité q(k) ol k£ est le nombre d’enfants du
neceud. On écrit alors Pp,, ou P, 4 en fonction du point de vue adopté, ou simplement P quand
le contexte est clair.

Sous Py, o, 'arbre aléatoire 7* satisfait les propriétés de branchement suivantes :
— La variable aléatoire ky(7*) est distribuée suivant la loi p;
— Conditionnellement a {ky(7*) = j}, la racine est marquée avec probabilité q(j);

— Conditionnellement a {ky(7*) = j}, les j sous-arbres attachés a la racine sont des i.i.d.
arbres aléatoires marqués de loi P, 4.
Par conséquent, si on note Z,, := Z,(7*) et M,, := M, (7*), on a pour tous n,p € N*, les
égalités suivantes sous Py, 4,

Zn Zn,

(@ - @) = 5

Musy © My+ > Mip, Zusy 2> Ziy,
=1 =1

ol (M;,);>1 est une suite de copies i.i.d de M, (Z;,);>1 est une suite de copies i.i.d de Z, et
sont indépendants de .%,.
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2.3 Arbres particuliers

2.3.1 Arbres a poids

Soit t* = (t, (Nu)uet) € T* un arbre marqué, on définit pour tout u € t une nouvelle
quantité que 1'on appelle masse de u et que 1'on note m,,. Cet arbre particulier, n’est pas
défini sur T, seulement sur T*. En effet, 'étude sous T, fait intervenir la restriction 7}, _(.)
qui tronque les individus s’ils ont plus de h enfants. Cette troncature pose probléme dans
la distribution de la masse qui dépend du nombre d’enfants a chaque génération. Toutes les
masses changeraient lorsque i augmente pas seulement celles des individus tronqués.

On fixe my = 0 et les masses sont définies récursivement de la maniére suivante. Soit
n € N on suppose que les masses (11,)|,<, des individus des générations précédentes sont
connues et construites. Soit v € 2,1 (t*) qui peut s’écrire v = uj avecu € tet 1 < j < k,(t).

Alors on obtient,
Z (M + )
My, + um WE2Zn (t*),kw (t)=0

ku(t) Znt1 (t)
Cette formule peut étre interprétée de la maniére suivante :

muj =

— Le premier terme correspond au fait que u transmet sa masse, additionnée de un s’il
est marqué, uniformément a tous ses enfants;

— Le second terme signifie que tous les individus sans enfant a la génération n trans-
mettent leur masse, additionnée de un s’il est marqué, uniformément a tous les indivi-
dus de la génération n + 1.

Par exemple, si on considere I'arbre suivant a 4 générations (Figure [2.6), pour obtenir la
masse de I'individu 21 on a:

mg =0

FIGURE 2.6 — Exemple d’un arbre marqué et ses masses associées.

Le parent 2 étant marqué, il a transmis, sa masse additionnée de 1, uniformément a ses

1
deux enfants (terme 3TH) A la génération 1, I'individu 3 n’a pas d’enfant et n’a pas de

13
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marque, il transmet sa masse, uniformément aux trois individus de la génération 2 (terme
1

)-
Notons que le plan t* — (1) yc-, ¢+) €st -#,-mesurable. De plus, par construction, on a
le lien suivant entre la masse et le nombre de marques jusqu’a un certain seuil :

o feel

Proposition 2.1. Soient n € Net t* € T;. Conditionnellement a .%,, on a

> my = M,(tY).

u€zn (t*)

2.3.2 L’arbre de Kesten et I’arbre de condensation

On considere 7;(p), représentant un arbre aléatoire limite dans la suite du document,
défini par :

1. deux types de nceuds : normal ou spécial;

2. la racine est spéciale;

3. les nceuds normaux ont pour loi de reproduction p;

4

. les nceuds spéciaux ont pour loi de reproduction la loi biaisée p sur N | J{+oo} définie
par:
.« [ kp(k) sikeN,
p(k) '_{ 1—p sik=+c0.

5. Le nombre d’enfants de tous les nceuds est indépendant de celui des uns des autres;
6. tous les enfants d’un noeud normal sont normaux;

7. quand un nceud spécial obtient un nombre fini d’enfants, I'un d’entre eux est sélec-
tionné aléatoirement et uniformément pour étre spécial tandis que les autres sont tous
normaux;

8. quand un nceud spécial obtient un nombre infini d’enfants, ils sont tous normaux.

On définit un arbre infini aléatoire 74 (p) (I'arbre de Kesten) dont la loi est décrite dans
[2] a la Sous-section 3.2. Cet arbre posséde une branche infinie et tous ses nceuds sont de
degrés finis. On note 7j(p, q) I'arbre de Kesten marqué, ayant pour fonction de marquage
celle associée a la loi de reproduction p puisque le marquage est indépendant de la loi de
reproduction.

On définit I’arbre aléatoire infini 7¢(p) (’arbre de condensation) décrit dans [6] & 1a Sous-
Section 3.2. Cet arbre n’a pas de branche infinie mais possede un nceud avec une infinité
d’enfants. Cet arbre a été considéré dans [19] et [20]. On note 7((p, q) 1'arbre de conden-
sation marqué, ayant la méme fonction de marquage associée a p puisque celles-ci sont
indépendantes.

On peut noter que :

— si p est critique, 7(p) = Tx(p);
— si p est sous-critique, 7;(p) = 7¢(p)-

14
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<)
)8
<)

: Arbre de Galton Watson
marqué de loi de reproduction p
et de fonction de marquage q

b
2 N

FIGURE 2.7 — Arbres de Kesten et de condensation marqués.
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Chapitre 3

Conditionnement

En 2017, dans [2], Abraham, Bouaziz et Delmas ont conditionné le GW a avoir un tres
grand nombre de marques et prouvent une convergence locale vers un arbre de Kesten dans
le cas critique. C’est a dire, qu’ils regardent la loi d'un GW 7, critique, conditionné a avoir
un tres grand nombre de marques et ils obtiennent a la limite la loi d"un Kesten.

Afin de poursuivre ces travaux, nous nous intéressons au cas sous-critique. On va alors
distinguer deux cas, celui o1 I'on peut se comparer a 1'étude d'un GW avec une loi biaisée
critique et celui o1 I’'on ne peut pas. Contrairement a Abraham, Bouaziz et Delmas, qui ont
effectué une étude directe du conditionnement d"un GW par rapport au nombre de marques,
nous allons passer par I'étude du conditionnement d"'un MGW ayant un tres grand nombre
de marques. Puisque la loi d"'un GW conditionné a avoir un grand nombre de marques peut
étre exprimée en fonction de la loi d'un MGW conditionné lui aussi a avoir un grand nombre
de marques. Nous obtenons les résultats pour la loi d"'un GW 7, sous-critique, conditionné.

L’ensemble des résultats, liés a ce chapitre, ont été publiés dans l'article "Local limits of
conditioned marked Galton-Watson trees " [4], soumis dans un journal.

3.1 Conditionnement et loi biaisée

Lorsque I’on s’intéresse au cas sous-critique, il est parfois possible de se reporter a un cas
critique, grace a une loi biaisée. Soit § > 0, on considere py la fonction définie sur N par

Vk >0, po(k) := 0" "'p(k) (coq(k) + 1 — a(k)), (3.1)

avec ¢y une constante de normalisation.
On note I 'ensemble des 6 tel que py définisse une loi de probabilité sur N et ¢y > 0. Notons
quel € letp; =p.

On définit la fonction de marquage gy sur N par

Ce‘l(/f)
coq(k) +1 —q(k)

On peut remarquer que 'on a pour tout & € N :

qQo(k) = , pour tout k > 0.

q(k) >0 < qg(k) > 0.

On a le résultat suivant,
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Proposition 3.1. Soit 7 un MGW de loi de reproduction p sous-critique (u(p) < 1) satisfaisant

(1.1) et q sa fonction de marquage satisfaisant (2.1).
Alors pour tout n € N, tel que P(M(7*) = n) > 0, la loi de 7* sachant {M (7*) = n} et la loi de 7}

sachant {M (7;) = n} sont les mémes.

Grace a ce résultat et a la définition suivante, on pourra revenir a I'étude d'un MGW
critique :
Definition 3.1. On dit que p est générique, s'il existe 0. € I telle que py, soit critique.

De plus, si 0. existe, ce dernier est unique (voir la preuve du|Lemma 8.4). On distinguera
donc les cas sous-critiques génériques et les cas sous-critiques non-génériques.

3.2 Conditionnement par le nombre de marques

Dans le cadre du conditionnement de MGW critique, nous obtenons une extension du
théoreme de Abraham, Bouaziz et Delmas (2017,[2]).
Dans le cas sous-critique non générique, on ajoute quelques propriétés supplémentaires sur
p et . On suppose qu’il existe o > 2 et une fonction a variation lente . tels que, pour tout
k>1,

p(k) = L (k)k~ 0+ (3.2)
De plus, on suppose alors que q admet une limite a I'infini,
nl_lgloo q(n) = Llq, lq €10,1]. (3.3)

Sil, = 1, on suppose que q satisfait pour k € N*,
1—q(k) =kPL(k) (3.4)

avec 8 > 2 et £ une fonction a variation lente.
On note, dist(7") la distribution (la loi) de la variable aléatoire 1" et p(p) le rayon de conver-
gence de la fonction génératrice associée a la variable aléatoire X de loi p.

L'un des principaux théoremes est le suivant :
Théoreme 3.1. Soit 7*(p,q) un MGW de loi de reproduction p satisfaisant (1.1)) et ayant un mo-

ment d’ordre 2, et q satisfaisant (2.1).
Dans le cas critique, on a

dist(7*(p, a)|M(7"(p,q)) =n) — dist(1x(p,q)).

n—+oo
Dans le cas sous-critique générique (30, € I telle que py, soit critique), tel que py, soit critique et
admette un moment d’ordre 2 (vrai si 0. < p), on a

dist(7*(p, q)|M (7" (p,q)) =n) — dist(7x(Po., . ))-

n—-+00
Dans le cas sous-critique non générique (V0 € I telle que py soit sous-critique), si p satisfait (3.2), q
satisfait (3.3)) et, si {q = 1, (3.4) on a

dist(7"(p, q)|M(7"(p,q)) =n) — dist(7(p, q)).

n—-4o00
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Chapitre 3. Conditionnement

Grace au théoreme précédent, nous pouvons déterminer la limite locale de la loi d'un
GW 7(p), sous-critique, conditionné a avoir un tres grand nombre de marques. On a alors le
corollaire suivant :

Corollaire 3.1. Soit 7(p) un GW de loi de reproduction p satisfaisant avec un moment d’ordre
2 et q sa fonction de marquage satisfaisant @2.1)).
Dans le cas sous-critique générique, telle que py, soit critique et admette un moment d’ordre 2 (vrai
sif. < p)ona:

dist(7(p)[M(7(p)) = n) — dist(rx(Po.))-

Dans le cas sous-critique non générique, si p satisfait (3.2), q satisfait (3.3) et, si {q =1, (3.4) on a
dist (r(p)| M ((p)) = 1) — dist(re(p))

Contrairement a Abraham, Bouaziz et Delmas [2]], qui n’ont besoin que d’'un moment
d’ordre 1 pour obtenir le corollaire précédent, nous avons la condition supplémentaire d’avoir
un moment d’ordre 2. Cela est dtit au MGW 7*(p, q), et au fait qu’on ait besoin d’un moment
d’ordre 2 lors de I'étude des marches aléatoires.

Malheureusement, nous n’avons pas de résultats dans le cas général ot p est sous-
critique non-générique. Cependant, dans ce cas, nous conjecturons le résultat suivant :

Conjecture 3.1. Soit 7" un MGW sous-critique, non générique, de loi de reproduction p satisfaisant
(1.1), de fonction de marquage q satisfaisant (2.1)), et p(p,q) = 1. Alors :

dist(7*|M(7*) = n) e dist(75(p, q)). (3.5)

Avec pour tout § € I, 1(0) = E[#¥(1 — q(X))] et p(p, q) son rayon de convergence.

Pour obtenir ce résultat, nous avons besoin d’équivalents, pour les sommes aléatoires
stoppées aléatoirement, de la forme de ceux obtenus dans [10], mais dans un cadre plus
général.

Grace a ce résultat, on obtient :

Corollaire 3.2. Supposons que p satisfait (L.1), u(p) < 1, est non-générique, p,p) admette un

moment d’ordre 2, et q satisfait (2.1)) tel que, 1 < p(p) = pi(p,q) = 6, et satisfait (8.15). Alors on
a:
lim dist(7"[M(77) = n) = dist(7¢.(Py(p): Do(p)))

n—-+o0o

lim dist(7|M(7) =n) = dist(7c(Ppp)))-

n—-+o0o

Remarque 3.1. Rappelons que :

1(0) => 0" p(k)(1 - a(k)),

k>0
et si (q(k))k>o admet une limite finie £, on peut distinguer deux cas :

— Uy # 1 et clairement p(p) = pi(p,q);
— sinon, comme on a (3.4)), il existe 5 > 2 tel que :

p(k)(1 —q(k)) = =——F—,

implique encore que p(p) = pi(p, q)-
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Chapitre 4

Pénalisation

Une autre facon d’obtenir un arbre avec un nombre "anormal" de marques est de faire
un changement de mesure grace a une transformation de Girsanov a ’aide d"une martingale
qui donnera plus de poids aux arbres avec un grand nombre de marques ou au contraire une
trés faible quantité de marques. Afin de trouver une telle martingale, une méthode générale
appelée pénalisation a été introduite par Roynette, Vallois et Yor [31} 132, 33] dans le cas du
mouvement Brownien a une dimension.

Dans cette partie, on généralise le conditionnement a avoir un grand nombre de marques
en utilisant cette nouvelle méthode, en pénalisant notre arbre par rapport au nombre de
marques sur le MGW. En 2020, Abraham et Debs [5], ont obtenu des résultats en pénalisant
des GW sans marque, on a donc choisi de compléter ces recherches dans le cadre de MGW

(voir Section[9.2)).

On note 1« = p(p), et on étudie, pour plusieurs fonctions mesurables positives ¢(x,y), la

limite suivante
hm E []lAn¢ (Zn—HN MTH—I?)]
p—too K [925 (Zn+pa Mn—i—p)]

avec A, € %, ou Z,, M, et %, ont été définies a la Section Selon la fonction choisie,
nous allons favoriser des arbres possédant certaines propriétés, i.e. mettre un poids plus
important sur ces derniers, d’ot1 le terme de pénalisation. Si cette limite existe, elle est de la
forme E[1,,B,] avec (B,), .y une .%,-martingale positive telle que B, = 1 (voir Section 1.2
of [34]). Cela permet de définir une nouvelle mesure de probabilité Q :

(4.1)

VA, € Z,, Q(A,) =E[l,,B,],

et on étudie la loi de notre MGW 7* sous Q.

Une partie des résultats, liés a ce chapitre, ont été publiés dans l’article "Penalization of
Galton—Watson Trees with Marked Vertices" [3], en aott 2024 dans "Journal of Theoretical
Probability".
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Chapitre 4. Pénalisation

4.1 Pénalisation polynomiale

On commence avec la fonction ¢ (Z,, M,) = M, avec { € N*, qui dans ce cas va donner
du poids aux arbres possédant un grand nombre de marques. On rappelle que M, représente
le nombre de marques jusqu’a la génération p — 1.

Théoréme 4.1. Soient p satisfaisant (1.1)) et admettant un moment d’ordre { € N*, et q une fonction
de marquage satisfaisant (2.1). Alors, pour tout n € N et tout A,, € %, ona

E[]lAnfg(Mn, Zn)] Si n < 1,

14
‘m E[]lAnJYn—&-p] _ E[]lAnZn} si = 1’
p——+00 E[Mn+p] E ]1 PK(Zn) . 1
An =gl Stp > 1,

avec P, une fonction polynomiale de degré ( et f, est définie pour tous s, z € N par :

l

fels,2) = éz (f) DY <t1 Zt) jljl&j’ 42

=0 t14...At=1

oit (, 7, ) est le coefficient multinomiale et £; := pli)rfoo E[M]] pour tout j > 0.
Remarque 4.1. Si 1 < 1, puisque p admet un moment d’ordre ( et est sous-critique, le nombre total
d’individus Z., admet un moment d’ordre (. Ainsi, le nombre de total de marques total aussi et I'on

obtient l'existence de &; pour tout j < L.

Les deux martingales obtenues pour 1 > 1 sont déja connues et ’étude sous Q n’est donc
pas nécessaire.

Pour p = 1, on obtient un arbre de Kesten marqué et pour ;1 > 1, on obtient des arbres
multi-types marqués. L'arbre multi-type, sans marque, est décrit dans [5], Définition 4.4.,
dans notre cason a:

— Les types de noeuds vontde 0 a /;
— Laracine est de type ¢;

— Un noeud de type ¢ a la génération n a, indépendamment des autres noeuds, %k en-
fants ayant pour type respectifs (¢1,...,t;) tel que t; + ... + ¢, = 7 avec une certaine
probabilité décrite dans [5];

— Conditionnellement a cet arbre, tous les noeuds sont marqués indépendamment les
uns des autres et un noeud u avec k, enfants a une marque avec probabilité q(k,).

Remarque 4.2. On peut noter que I'arbre limite obtenu aura ¢ lignées spéciales suivant la loi biaisée
p* définie dans la Sous-section et le reste des individus suivront la loi initiale p, avec pour loi
de marquage q.
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Chapitre 4. Pénalisation

FIGURE 4.1 — Deux exemples d’arbres multitypes marqués (un noeud bleu est marqué, un
noir ne l'est pas), dans le cas sur-critique pour ¢ = 3.

Il reste a étudier le cas sous-critique (i < 1). Pour décrire la loi de reproduction de (Z, M)
sous la nouvelle probabilité, on consideére la masse d"un individu u notée m,, décrite dans la
Section[2.2} cette quantité vaut zéro pour la racine et est transmise de génération en généra-
tion suivant certaines régles. Elle nous permet de décrire la nouvelle loi de reproduction et
marquage sous Q.

Nous pouvons ainsi décrire I'arbre a poids de type ¢ noté 7,(p, q). C’est un arbre multi-
type marqué :
— les typesvontde 0 a /;
— a chaque génération, la somme des types doit étre égale a ¢;
— le type de la racine est /.

— S’il y a 2z individus a la génération n, ils ont respectivement les types (¢1,...,t.) tels
que t; +---+1t, = { avec une probabilité qui dépend de z, M,, et de la masse de chaque
individu de la génération n (voir (9.17) pour la formule explicite).

De plus, si u est un individu de type i € [1,/], sa loi de reproduction dépendra de la
fonction f; de la loi initiale p, de la fonction de marquage q et de sa masse m,,, en effet ua k
enfants et une marque 7 € {0, 1} avec probabilité :

A _ bo(k,n) fi(mu +n, k)
S fi(ma, 1)

avec pg la loi de reproduction-marquage de I’arbre initial qui est aussi la loi de reproduction-
marquage d"un nceud de type 0 (2.2).

Remarque 4.3. Du fait que la masse se transmette de génération en génération, on perd la propriété
d’indépendance et 7,(p, q) ne satisfait pas les propriétés de branchement.
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Remarque 4.4. Si tous les noeuds en dessous de la génération n ne sont pas marqués, alors les masses
My, pour u € z, sont nulles, et, de ce fait, pour tout u € z, de typei > 1,0na

p:(0,0) = 0.

Finalement, 7,(p, q) ne peut pas s’éteindre sans noeuds marqués.

FIGURE 4.2 — Deux exemples d’arbres multitypes marqués, dans le cas sous-critique pour
(= 3.

Remarque 4.5. A la différence du cas sur-critique, le fait d’étre d’'un certain type n’influence pas
le type des enfants. En effet, dans le cas sur-critique, si un individu est de type i a la génération n
alors ses k enfants ont pour type respectifs (ti,...,t) tel que t; + ... + t,, = i. Alors que dans
le cas sous-critique, si on note (t1,...,t.,,,) les types des individus de la génération n + 1, alors
tid . At =L

Autrement dit, dans le cas sur-critiqgue un individu de type 0 peut donner naissance a seulement des
individus de type 0 alors que dans le cas sous-critique, il peut avoir des enfants de type allant de 0 a
L.

Finalement, cet arbre nous permet de décrire le comportement des MGW sous Q :

Théoréme 4.2. Soient p une loi de reproduction sous-critique satisfaisant et admettant un
moment d’ordre { € N*, et q une fonction de marquage satisfaisant [2.1)). Soit Q, la mesure de
probabilité définie par

dQ,
dP |z,

Alors Qg est la loi de I'arbre a poids de type (.
Autrement dit, la loi de 7*(p, q) sous Q est la méme que celle de 7,(p, q) sous P.

Vn € N, = fo(My, Z,).
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Nous avons les propriétés suivantes sous Qy :

— La probabilité d’extinction de la population est égale a 1. En effet, en utilisant la défi-
nition de Qy, le théoreme de convergence dominée et le fait que P-presque stirement

Lo =0
nl_lffoo Qu(Z,=0) = nl_iglooE[]lanofe(Mn, 0)]
1 E[M¢
& n—rtoo &

— On peut noter que pour tout n € N*, Z,, n’a pas nécessairement de moment d’ordre 1.
En effet, supposons que Z; (et donc Z,) n’admet pas de moment d’ordre ¢ + 1 sous P,
alors,

gﬂEQE [Zn] = ng[an(Mna Zn)]

¢ n Z
_ l n
>E|Z, Y. (tl---tzn) ||1 & | = 0¢'E [Zn(Zn_E)}.

t14.Atz, =
t;<1,Vi
E® représente l'espérance sous la probabilité Q.
Ainsi, Z, n’a pas de moment d’ordre 1 sous Q.

Par la suite, on s’intéresse a la fonction ¢ (Z,, M,,) = M;Zf, avec a, § € N*. En effet,
le cas a = 0 ayant été étudié dans [5] et le cas 5 = 0 précédemment ainsi que dans [3], il
m’est apparu naturel d’étudier le comportement lorsque 1’on donne du poids a la fois sur le
nombre de marques et sur le nombre d’individus.
Ici, on favorisera un arbre avec un tres grand nombre de marques et/ou d’individus.

On a obtenu le résultat suivant :

Théoreme 4.3. Soient p une loi de reproduction satisfaisant (1.1)) et admettant un moment d’ordre
a + [ avec o, f € N*, et q une fonction de marquage satisfaisant (2.1). Alors, pour tout n € N et
tout A,, € %, ona

E []IAHZ—LL] sip<l,

E[]IA”MSWZSJFP] — M =
im o g7 = ) EllaZi) sip=1,
n Mn(a-H” ’

avec P, p une fonction polynomiale de degré oo + [.

L’étude des arbres marqués, sous les mesures de probabilités engendrées par les martin-
gales obtenues, est déja connue. Dans les cas sous-critique et critique, on étudie un arbre
de Kesten marqué, dans le cas sur-critique on étudie des arbres marqués multi-types décrits
dans [5].

Il est intéressant de noter qu’ayant mis du poids sur le nombre d’individus a la derniere
génération, il n’est pas étonnant d’obtenir une convergence vers un Kesten dans les cas sous-
critique et critique. Par ailleurs, la convergence vers un arbre multi-types décrits dans [5]
semblait, aussi, naturelle dans le cas sur-critique. Néanmoins, il est étonnant de constater
que la puissance obtenue dépend a la fois du nombre d’individus a la derniére génération,
mais aussi du nombre total de marques.
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4.2 Pénalisation exponentielle

Pour finir, nous avons choisi d’étudier la fonction ¢ (Z,, M,)) = H,(Z,)sMrt?», avec
s,t € (0,1) et Hy est le (-eme polynome de Hilbert défini par :
=
Ho(w) =1 et Hy(z) = [[-4) fore>1. (4.3)

J=0

Contrairement aux études précédentes, cette fonction donne du poids aux arbres qui ont
tres peu de marques. On obtient les résultats suivants :

Théoreme 4.4. Soient p une loi de reproduction satisfaisant les deux dernier points de (1.1)) et
admettant un moment d’ordre { € N*, et q une fonction de marquage satisfaisant (2.1). On définit

r =min{k € N, p(k) > 0}.
Alors pour tout s € (0,1), si k(s) est 'unique point fixe sur [0, 1] de la fonction
fs(t) :== R[sM1t7],

on a pour tousn € Net A,, € #,,

e sir =0, pour tout t € [0,1],

My, Zn—1 1) —
i E[]lAnHZ(Zn+P>SMn+ptzn+p] E []1An8 Mﬁés> ( )Z} -1 sl = 0’
1m = n n
p——+00 E[Hg(Zn+p)SM"+ptZ"+p} E {]l/\n i /n/{ i :| sil > 0,
fi(r(s))"
e sir >0, pourtoutt € (0,1],
. E[]lAan<Zn+p)SMn+pth+p} E []lAnsMnOél (S)_T(L]lzn)zl] sir = 1,
11m = —(r"—1
p=too  E[Hy(Zysp)sMntrtZnts] E []lAnsM"ar(s) = ]lZn_rn} sir>1,

avec o,.(s) = p(r)(sq(r) + 1 — q(r)).

Remarque 4.6. Notons que le cas p(0) = 0 implique x(s) = 0. En effet, dans ce cas :

£:0) =" 0*p(k)(sa(k) + 1 — q(k)) = 0

k>0
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FIGURE 4.3 — Exemples de la fonction f; et de son point fixe x(s). Cas p(0) > 0 (1) et cas
p(0) =0(2).

Comme dans le premier cas de pénalisation que nous avons étudié, nous avons comple-
tement décrit les arbres obtenus sous les nouvelles probabilités induites dans chacun des
cas.

Théoreme 4.5. On suppose que p(0) > 0. La mesure de probabilité Q, ; définie sur (T*, .F) par
VneN,A, € Z,, Qui(A,) =E [1y,sMk(s)" 1],
est la loi d’'un MGW ayant pour loi de reproduction-marquage p; o définie par :
Wk €N, Vp e {0,1}, paolk,n) = polk, n)s"s(s)" " (44)
oit po(k,n) est définie par [2.2).

Remarque 4.7. Nous pouvons remarquer que nous avons déja obtenu cette loi de reproduction et de
marquage. En effet, lorsque nous regardons le conditionnement a I’aide d’une loi biaisée 11 suffit
de considérer s = cy et 0 = k(s) dans (3.1).

Remarque 4.8. Par définition de la loi pso (4.4), plus le nombre d’enfants est grand, plus la proba-
bilité sera petite. Ainsi, contrairement au [Théoréme 4.1|qui favorise des arbres avec un grand nombre
d’enfants et un grand nombre de marques. Ici, on favorisera un arbre avec tres peu d’individus et tres
peu de marques.

Afin de décrire la nouvelle mesure de probabilité Q, » défini sur (T*,.7) par:

sMn 7 ki (s)%n 1

fis(s)r ]

on a besoin d’introduire le nouvel arbre aléatoire marqué suivant :

VATL € gna QS,Z(An) =E ILA,,L (45)

Definition 4.1. L'arbre aléatoire marqué 7,5 est un arbre aléatoire marqué multi-type décrit de la
maniere suivante :
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— les nceuds sont normaux ou spéciaux;
— la racine est spéciale;
— la loi de reproduction-marquage d'un nceud normal est p, ¢ (voir (4.4));

— la loi de reproduction-marquage d'un nceud spécial est

ps,1<k7 77) = ps,0<k7 77)%7

s

— 4 chaque génération, il y a un unique nceud spécial choisi uniformément parmi tous les indivi-
dus de cette génération.

Remarque 4.9. A la différence de I'arbre de Kesten, ici, le nceud spécial est choisi uniformément
parmi tous les individus. Il n'y a donc pas de lignée spéciale.

On a le résultat suivant :

Théoreme 4.6. On suppose p(0) > 0, alors la probabilité Q, » définie par (4.5) est la loi de I'arbre
aléatoire défini dans la

Dans le cas ot p(0) = 0, on rappelle » = min{k € N, p(k) > 0}, on a alors :

Théoreme 4.7. La mesure de probabilité Qs . définie sur (T*, .F) par
vn 6 N, An 6 ﬁn; @S,O,T(An> - E []lAnBS,TL,O,T] ?

est la loi d'un arbre régqulier r-aire ot chaque nceud est marqué, indépendamment les uns des autres,
avec la probabilité
sq(r) ,
sq(r) +1—a(r)
D’autre part, il est a noter que dans un souci de complétude, nous avons aussi traité le
cas s = 0. Dans ce cas, on introduit ¢(t) := E [t?' 10|, 7 := min{j > 0; p(j)(1 — q(j)) > 0}
et & le plus petit point fixe positif de 1.

Théoréme 4.8. Soient p une loi de reproduction satisfaisant les deux dernier points de (1.1)) et
admettant un moment d’ordre { € N*, et q une fonction de marquage satisfaisant (2.1). On a pour
tousn € Net A,, € %,

e si7 =0, pour tout t € (0,1],
]E |:1AnHg(Zn+p)th+p11\/In+p=0:| ]E []lAnBO,n,l] , Si é = O

E [Hy(Znsp) 2o lpy, o] 1ot .
E\Sntp M 4p=0 E[1a,Bons], sinon,

aovec BO,n,l = R‘Z"_l]an:O et BO,n,2 = %1]\4”:0.
e si7 > 1, pour tout t € (0,1],
E []1 Aan(Zmp)tprﬂMHp:o] E[Lr,po(1,0) L0z 1], siF—1,

~("-1)

— - .
E [Hy(Znsp)tZr+v Ly, —o] p+oo E{]lAnpo(r,O) =1 Ny —0.z,=n |, SiT > 1.
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Sous la probabilité Q, ; définie sur (T*,.#) par Qo ;(A,,) = E[La, Bon:), pour :

— i =1, 7" est un MGW de loi de reproduction-marquage :
Po.1(k, 1) = po(k, N 6,0;

— ¢ = 2, 7" est un arbre aléatoire marqué a deux types, il y a les nceuds normaux et les
nceuds spéciaux. La loi de reproduction-marquage du premier est p, ; et celui du nceud
spécial est :

k /%k—l
k,n) = po(k,n)—=0
p0,2( ’T}) pO( 777) @D’(f{) 7]07

et a chaque génération, un unique nceud spécial est choisi uniformément parmi tous
les individus de cette génération.

Sir > 1, les probabilités obtenues, avec ces martingales, sont des mesures de Dirac sur des
arbres réguliers r —aires sans marques.
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Chapitre 5

Conclusion et perspectives

Le conditionnement d’arbres de Galton-Watson a commencé en 1986 et a perduré en se
généralisant de plus en plus. Apres avoir constaté que conditionner par rapport au nombre
de feuilles ou au nombre total d’individus pouvait revenir a conditionner par rapport a
I’événement "le nombre d’individus ayant un nombre de descendants appartenant a un cer-
tain ensemble A". Nous avons pu constater que ce conditionnement consistait a marquer des
individus suivant si leur nombre de descendants appartenait a A ou non, et finalement, a
conditionner par rapport au nombre de marques sur ’arbre. La suite logique était de mettre
un peu d’aléatoire sur les individus qui allaient nous intéresser. Autrement dit, ce n’est pas
parce qu'un individu a k enfants, avec k£ € N que l'on sait déja s’il est marqué ou non. En
effet, nous avons introduit q : N — [0, 1], qui nous donne la probabilité qu'un individu ayant
k enfants soit marqué ou non.

L'un des objectifs de ma thése est de décrire la convergence locale lorsque 1’on condi-
tionne par rapport au nombre de marques (3).

J'ai commencé par m’intéresser a la loi d'un MGW conditionné a avoir un grand nombre
de marques. En supposant que la loi de reproduction ait un moment d’ordre 2, on obtient,
dans le cas critique, une convergence locale vers un arbre de Kesten marqué. Cet arbre étant
un MGW, conditionné a ne pas s’éteindre, en possédant une lignée infinie. Ce dernier est
donc infiniment grand.

Toujours sous 'hypothese d'un moment d’ordre 2, j’ai considéré le cas sous-critique. On
peut alors distinguer deux cas. Le cas générique, il existe une loi biaisée critique, dépendant
de la loi de reproduction initiale, de sorte que ’'on converge localement vers un Kesten mar-
qué de loi de reproduction la loi biaisée. Le cas non-générique, il n’est alors pas possible de
se ramener au cas critique. D’apres 'étude faite, dans le cas déterministe, par Abraham et
Delmas [6], le résultat attendu était une convergence locale vers un arbre de condensation
marqué. Contrairement a l’arbre de Kesten, cet arbre n’est pas seulement de hauteur infinie
mais est aussi infiniment large. En effet, I'un des individus de la lignée spéciale a la possi-
bilité d’avoir une infinité d’enfants. Toutefois, pour obtenir cette convergence locale, dans
le cadre des arbres marqués, il est nécessaire de comprendre comment marquer ce nceud
"infini". C’est pourquoi, il a fallu ajouter des hypotheéses supplémentaires a la fois sur la
fonction de marquage et sur la loi de reproduction. En supposant que la loi de reproduction
est a-stable et que la fonction de marquage admet une limite en 1'infini, nous obtenons une
convergence locale vers un arbre de condensation marqué.

A T'aide de ces résultats, j'ai pu compléter ceux obtenus par Abraham, Bouaziz et Delmas
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[2]. En effet, dans le cas sous-critique, conditionné a avoir un grand nombre de marques, un
GW générique converge vers un Kesten de loi de reproduction biaisée et un GW non géné-
rique converge vers un arbre de condensation. Contrairement au résultat obtenu dans [2],
qui s’obtenait avec, seulement, un moment d’ordre 1, il est nécessaire d’avoir un moment
d’ordre 2.

Une autre facon d’obtenir un arbre avec un nombre "anormal" de marques est de faire
un changement de mesure grace a une transformation de Girsanov a ’aide d"une martingale
qui donnera plus de poids aux arbres avec un grand nombre de marques ou au contraire une
tres faible quantité de marques. Ainsi, on généralise le conditionnement a avoir un nombre
anormal de marques, en pénalisant notre arbre par rapport au nombre de marques sur le
MGW @).

La premiere fonction de pénalisation utilisée est la suivante ¢ (Z,, M,) = M*Z, avec
a, € N, on suppose alors que la loi de reproduction admet un moment d’ordre o + /3.

Le cas oo = 0 étant traité dans [5], j’ai commencé par étudier le cas o1 5 = 0. Je décris le
comportement des MGW sous la nouvelle mesure de probabilité, définie a 1’aide de la mar-
tingale obtenue. Dans le cas critique, le comportement des MGW sous la nouvelle mesure est
le méme que celui d’un Kesten marqué. Dans le cas sur-critique, le comportement est décrit
par un arbre multi-type, dans [5], marqué avec la méme fonction de marquage q. Contraire-
ment aux deux cas précédents, le cas sous-critique n’était pas connu. La difficulté a été d’in-
terpréter la martingale obtenue afin de comprendre les arbres sous la nouvelle mesure de
probabilité. On a donc eu besoin d’introduire la notion de masse (2.3.1). Ainsi I’arbre obtenu
est un arbre multi-type marqué, ott chaque type posséde une loi de reproduction-marquage
distincte. Autrement dit, I'individu est marqué en méme temps qu’il a son nombre d’enfants.
Du fait, que la masse intervienne, nous perdons l'indépendance entre chaque génération et
l’arbre obtenu ne posséde pas les propriétés de branchement.

Par la suite, je me suis intéressée au cas ou «, 3 € N*. Dans les cas critique et sous-
critique, nous obtenons le comportement d'un arbre de Kesten marqué et dans le cas sur-
critique, nous obtenons de nouveau un arbre multi-type, décrit dans [5], marqué avec la
méme fonction de marquage q.

Cette pénalisation favorise les arbres a avoir un grand nombre de marques. De ce fait, je
me suis intéressée a une pénalisation qui favoriserait les arbres a avoir un faible nombre de
marques. Ainsi, j’ai étudié la fonction ¢ (Z,, M,)) = Hy(Z,)s"*t%, avec s,t € (0,1) et H, est
le /-eme polynome de Hilbert, en supposant que la loi de reproduction admet un moment
d’ordre /. On distingue différents cas, suivant s’il est possible de ne pas avoir d’enfants ou
non.

Si la probabilité de ne pas avoir d’enfant est strictement positive, alors nous obtenons

deux types d’arbres possibles. Si ¢ = 0, nous avons un MGW avec une loi de reproduction-
marquage définie a I'aide des lois de reproduction et de marquage initiale.
Lorsque, ¢ > 0 nous obtenons un arbre avec deux types. La loi de reproduction-marquage
des noeuds normaux est la méme que celle du cas précédent, et celle des nceuds spéciaux
est biaisée. Contrairement au Kesten, il n’y a pas de lignée spéciale et a chaque génération le
noeud spécial est choisi uniformément.

Dans le cas ot la probabilité de ne pas avoir d’enfants est nulle, nous obtenons des arbres
r-aires marqués, avec 7 le plus petit nombre de descendants possible. Nous nous sommes
aussi intéressés au cas ou s = 0, nous avons obtenu des arbres similaires avec la condition
qu’il n’y ait pas de marques.
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Chapitre 5. Conclusion et perspectives

Travailler sur ces deux points de recherche m’a paru pertinent et intéressant, vis-a-vis de
la littérature existante. D’autres questions se posent, que ce soit du c6té de la pénalisation
ou du conditionnement.

En effet, en ce qui concerne la partie conditionnement 3}, nous n’avons malheureusement
pas obtenu de résultat général dans le cas sous-critique non générique. Cependant, nous
conjecturons I’obtention de résultats similaires. Pour ce faire, nous avons besoin de résultats
plus généraux sur les probabilités locales de somme indexée aléatoirement. De plus, Abra-
ham, Bi et Delmas, ont généralisé le cadre de [7, 6], qui présentaient un mono conditionne-
ment pour déterminer des résultats de convergence locale dans le multi-conditionnement
[1]]. IIs considerent A = (A;);cp1,s7, avec J un entier strictement positif, une collection d’en-
sembles disjoints de N et & = (o;)ic[1,;) une mesure de probabilité sur [1, J]. Ils condi-
tionnent des arbres de GW a avoir |a;n| noeuds avec un nombre d’enfants appartenant a
A; pour tout i € [1, J] quand n tend vers l'infini. Dans ce cadre, ils ont obtenu des conver-
gences dans les cas critique et sous-critique générique vers un arbre de Kesten. J'aimerais
regarder ce qu'il se passe dans le cas sous-critique non générique. Il semblerait que 1’on ob-
tiendrait une convergence vers un arbre de condensation. Ces deux arbres limites étant trés
différents, les méthodes le sont aussi, ainsi ’adaptation des travaux déja effectués n’est pas
directe. De plus, il serait intéressant de voir ce qu’il se passe lorsque 1’on souhaite imposer
plus de conditions sur les «;. Par exemple, en souhaitant imposer la répartition limite en
donnant plus de poids a certains «;.

Pour finir, en ce qui concerne, la partie pénalisation[4} j’aimerais généraliser notre résultat
dans le cadre réel. Une premiere étape serait d’obtenir les résultats de Abraham et Debs [5]
avec Z]f, ¢ réel, puis de 'adapter a Mﬁ . Une autre étude, qu'il serait intéressant de mener, est
celle du comportement lorsque ¢ dépend de p et p tend vers l'infini.
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Chapter 6

Introduction

The Galton-Watson process was introduced by Bienaymé in 1845 and independently by
Galton in 1873 in order to study the disappearance of surnames.

This process is a very simple model of population growth where all individuals give birth
independently of each other to a random number of children according to the distribution
p. In other words, to each generation each individual could have k children with probability
p(k). Thus p is called the offspring distribution.

Let p := (p(n),n € N) be an offspring distribution satisfying:

p(0) >0, p(0) +p(1) < T and pu(p) < +oo, (6.1)

+00
pu(p) == > np(n)isits mean. If u(p) < 1 (resp. u(p) = 1, u(p) > 1), we say that the offspring
n=0

distribution is sub-critical (resp. critical, super-critical). In the sub-critical and critical case
we have almost surely population extinction.

In 1986, Neveu introduced the notion of Galton-Watson tree (see [29]). This tree is a
random genealogical tree, noted 7, that describes the population growth associated with
offspring distribution p. When p is sub-critical (resp. critical, super-critical), the Galton-
Watson tree 7 is also sub-critical (resp. critical, super-critical).

Conditioning critical or sub-critical Galton-Watson trees comes from the work of Kesten,
in 1986, [24]. In the sub-critical or critical cases, the tree is almost surely finite, but Kesten
considered in [24] the local limit of a sub-critical or critical tree conditioned to have height
greater than n. When n goes to infinity, this conditioned tree converges in distribution to an
infinite tree called here Kesten’s tree. This tree has an infinite spine. A random number of
independent Galton-Watson trees, with the same offspring distribution p, are grafted to this
spine. This limit tree can be seen as a Galton-Watson tree conditioned on non-extinction.

Since then, other ways of conditioning a critical Galton-Watson tree to be large has been
considered: large total progeny (see Kennedy [23] and Geiger and Kaufman [18]), large
number of leaves (see Curien and Kortchemski [11]). In the sub-critical and critical cases,
Rizzolo [30] introduces the conditioning on having a large number of individuals with the
number of offsprings belonging to a given set 4, it also appears in the paper of Kortchemski
[26]. All these cases are contained in the general result of Abraham-Delmas [7] and the
limiting tree in the critical case is always the Kesten's tree associated with p. In [6], Abraham
and Delmas obtained local convergence to a condensation tree in the sub-critical and non
generic case; in the sub-critical and generic case, they obtained a convergence to a Kesten
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Chapter 6. Introduction

tree with a biased reproduction law. Indeed, some offspring distributions can give the same
law for conditioned trees, thereby, to be generic signifies we can find a biased critical law,
otherwise, if we cannot find a biased critical law, we are in the non generic case. In others
words, p is generic, if it exists a (unique) biased distribution, depending on p and critical.
Condensation tree, contrary to Kesten tree, is abnormally large. In fact, at each gener-
ation an unique individual has a biased reproduction law that permits to him to have an
infinity of children. The others individuals are the same original reproduction law p. The
moment, where an individual has an infinity of children, every individual are the same re-

production law p. This tree was introduce by Jonnson and Stefanson [20] and also by Janson
[19].

: Galton Watson tree with
offspring distribution p

Figure 6.1 — Kesten and condensation trees

In 2017, in [2], Abraham, Bouaziz and Delmas generalized this approach by marking
the nodes randomly where, conditionnally on the tree, the nodes are marked independently
of each others with a probability that may depend on their out-degree. More precisely,
independently of each other, each individual gives birth to £ children and is

e marked with probability po(k,, 1) := p(k,)d(ky);
e unmarked with probability py(k,,0) := p(k.)(1 — q(ku))
where q := (q(k))i>0 is a sequence of numbers in [0, 1] and is called the mark function. The

probability distribution p, on N x {0, 1} is called here the marking-reproduction law of the
associated marked Galton-Watson tree (MGW). We always suppose that the condition

Ik € N*, p(k)q(k) > 0 (6.2)

38



Chapter 6. Introduction

holds so that every individual of a MGW is marked with positive probability.

1311 1312 2111 2121 2122

111
131 211

11 13

0

Figure 6.2 — A marked tree t* with 5 generations.

Then they condition the tree on having a large number of marked nodes and prove a

local convergence of this conditioned marked tree toward Kesten’s tree (as for the other
conditionnings) as the number of marked nodes tends to infinity.
The situation in the sub-critical case is more involved (see Janson [19] when conditioning on
the total progeny, and Abraham-Delmas [6] when conditioning the number of nodes with
offspring in a given set .4). Indeed two limits may appear: a Kesten's tree associated with a
modified offspring distribution in the so-called generic case, or a condensation tree ( a tree
with a node with infinite out-degree) in the non-generic case. To this aim, we first need to
introduce a one-parameter family of modified mark-reproduction law.

For every 6 > 0,

Vk >0, po(k) == 0" 'p(k) (coa(k) + 1 — q(k)), (6.3)
where ¢y is a normalizing constant given by:

1—E[0*71(1—q(X))]

EpaY)] o

Cp ‘=

and X is a random variable distributed according to p. We also define a new mark function
denoted by qy:
coq(k)

coq(k) +1—q(k)
Let I the set of positive 6 such that py defines a probability distribution on N. If p is sub-
critical, according to either there exists a unique 6. € I such that py, is critical,
or §, := maxI € I and py, is sub-critical. We say that p is generic in the former case and
that p is non-generic for the latter case. As in [6], we have the same properties of generic
and non-generic case see [Definition 8.1|. We have some properties in the non-generic case,

explained in .

For technical reasons, we need some additional assumptions on p and q. We assume that
there exists some a > 2 and some slowly varying function (SV) .Z(.) such that, for all k > 1,

VE >0, qo(k) = (6.5)

p(k) = L (k)k~ 0+, (6.6)
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Chapter 6. Introduction

Moreover, we also assume that q admits a finite limit at infinity, so we have:

lim q(n) =4y, {q € [0,1]. (6.7)

n—-+00

If /, = 1, we assume that the mark function q satisfies for k € N*,
1—q(k) =kPL(k) (6.8)

with § > 2 and L(.) is a slowly varying function.

We present our two main results. We denote by M (t*) the number of marked of this tree,
and by p(p) the convergence radius of the generative function associated to p. Finally, we
denote by dist(7") the distribution of the random variable 7'.

The first result, explained in Section , is the following:

Proposition 6.1. For every 0 € I, if 7(p,q) is a sub-critical marked Galton-Watson tree with
offspring distribution p and mark function q, and 7*(py, qe) is a marked Galton-Watson tree with
offspring distribution py and mark function qq, then the conditional distribution of 7*(p, q) given

{M(r*(p,q)) = n} and of 7*(pe, dp) given { M (75 (pe, qs)) = n} are the same.

The second result is explained in Sub-sections [8.5.1]and 8.5.2|. We denote by 75 (p,q) a
marked Kesten’s tree and 7 (p, q) a marked condensation tree ( see Sub-section [7.4]).

Theorem 6.1. Let 7*(p, q) be a marked Galton-Watson tree with offspring distribution p satisfying
(6.1), and mark function q satisfying (6.2).

In the critical case we have

dist(7"(p, q)|M(7"(p,q)) =n) — dist(rx(p,q))-
Generic sub-critical case ( 30, € I s.t. py, critical), if pg, admits a moment of order 2 (always true
for 6. < p(p)) we have

Aist(r* (p, @) [ M (' (p. @) = n) > _dist(ric(ps,. as.).
Non-generic sub-critical case (V0 € I, py is sub-critical), if q satisfied and, if bq = 1 we
have

dist(r"(p, q)|M(7*(p,q)) =n) — dist(7c(p,q))-

Another way of getting a tree with an "abnormal" number of marked vertices is to make
a change of measure via a Girsanov transformation with a martingale which gives more
weight to trees with a large number of marks. In order to find such a martingale, a general
method called penalization has been introduced by Roynette, Vallois and Yor [31, 32} 33] in
the case of the one-dimensional Brownian motion to generate new martingales and to define,
by change of measure, Brownian-like process conditioned on some specific zero-probability
events.
We generalize the conditioning on having a large number of marked vertices, in the critical
and sub-critical cases. We also decided to look the Galton-Watson process’s behavior when
we penalize by the total number of mark in the super-critical case. In 2020, Abraham and
Debs [5], obtained some results about penalization without marks, we completed this re-
search with marks in Section[9.2].
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Let us denote by M,, the number of marks until generation n — 1, for n € N* and M, = 0,
and let (.%,,),>0 be the natural filtration generated by the tree up to generation n and marks
up to generation n — 1. Notice that we need to know the number of offspring of a node to
decide whether it is marked or not. That is why, if we look at the tree up to generation n, we
only have information for the marks up to generation n — 1, which justifies the definition of
the filtration (.%,,),,>0.

The aim of this part is the study, for some measurable positive functions ¢(z,y), of the

limit
1; E []lAnQb (Zn—i-pa Mn+P>]
1m
p—too [ [¢ (Zn+pa Mn-i—p)]

where A, € .%,. If this limit exists, it has the form E[1,,5,] where (B,), .y is a positive
F,-martingale such that B, = 1 (see Section 1.2 of [34]).

To show that B, is a .#,-martingale, we use the following property. Since A,, € .%,, C %, 4
we have:

E (13,0 (Zni, Mury) . _
E (6 (Zntps Muip)] p:;E[ﬂAanﬂ] =E[E[1a, Boyi| %] = E[1a,E[Bnyi]-Z]] . (6.10)

(6.9)

This enables to define a probability Q on (€2,.%), with 7 =/, _ %,, by:
VA, € Z,, Q(A,) =Ep,[1a, Byl

where E,,, denotes the expectation with respect to the probability distribution PP, of a marked
Galton-Watson tree with marking reproduction law p, and we study the distribution of the
tree under Q. In what follows, we omit the reference to p, and write simply P and E.

We begin with the function ¢ (Z,, M) = le, for the natural number ¢ > 1, which indeed
gives weight to trees with a large number of marked nodes. Remark that Assumption (6.2)
implies that E[M, ] > 0 for n+ p > 0.

Theorem 6.2. Let p be an offspring distribution satisfying (6.1) and that admits a moment of order
¢ € N*, and let q be a mark function satisfying (6.2). Then, for every n € N and every A,, € .%,,, we
have

]E[ILAan(Mm Zn)] if:U“ < 17

L
lim w: E[14, Zy] if =1,
¢ n
An /LZ” l_f/“’L > 17

where Py is an explicit polynomial function of degree { and f, is defined for all s,z € N by:

l . z
e =g () 2 (1) e 610

=0 t14...Ft.=t

where (tl_]_'. . ) is the multinomial coefficient defined in (9.10) and &; := liin E[Mg] forall j > 0.
z p——+00
Here, the more interesting case is the sub-critical one where the martingale depends of
M,,. For instance, let us point out that, for / = 1, we get the martingale

1
1
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To describe the genealogical tree of (Z, M) under the new probability, we need to introduce
the mass of a node u denoted by m,: this quantity is zero for the root and is transmitted
throughout the tree according to certain rules (see Sub-section[9.1.1)) and permits us to ex-
hibit the new reproduction law and marking procedure under Q.

More precisely, let us define a random multi-type tree as follows.

e The types of the nodes run from 0 to /.
e The sum of the types must be equal to /.
e The root is type /.

e If there is z individuals at generation n, they have the respective types (¢, ..., t.) such
that ¢, + --- +¢. = ¢ with a probability depending on z, M, and the mass of each
individual of generation n (see (9.17) for the explicit formula).

e If u is an individual of type ¢ € [1,¢] with mass m,, he has & € N children and has
mark 7 € {0, 1} with probability:

k (Mg k

where py is the reproduction-marking law of the initial tree but also the reproduction-
mark law of a 0-type node.

We call a weighted tree of type ¢ a tree with these probabilities of reproduction and marking
and denoted it by 7(p, q).

Theorem 6.3. Let p be a sub-critical offspring distribution satisfying (6.1) and that admits a moment
of order { € N*, and let q be a mark function satisfying (6.2). Let Q, be the probability measure

defined by
dQy

vneN, 5 = S, Z,). (6.12)

Then Qy is the distribution of a weighted tree of type .

Figure 6.3 — Two examples of marked multi-type trees (marked in blue, unmarked in black),
in the sub-critical case for ¢ = 3.
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The two martingales obtained for ;1 > 1 are already known and the study under Q is, as
a result, unnecessary (see Section[7.4|for ;1 = 1 and [5] for x> 1).

Definition 4.4 of [5], give us that:
e The types of the nodes run from 0 to /.
e The root is type .

e A node of type i at height n gives, independently of the other nodes, k offspring with
respective types (1, ..., t;) such that t; + ... 4 ¢, = i with a probability describe in [5].

¢ Conditionally on this tree, all the nodes are marked independently of each other and a
node u with £, offspring has mark one with probability q(%.,).

Figure 6.4 — Two examples of marked multi-type trees (marked in blue, unmarked in black),
in the super-critical case for ¢ = 3.

Now, we consider the following function ¢ (Z,, M,) = M*ZP, with a, 3 € N*. Indeed,
the case a = 0 was studied in [5] and the case § = 0 in the preceding case or in [3]. So, it
is natural to continue with the general case, where the both variables give some weight. In

this case we obtain,

Theorem 6.4. Let p be an offspring distribution satisfying (6.1)) which admits a moment of order
a + B with o, € N* and let q be a mark function satisfying (6.2)). For every n € N and every
A, € %, we have:

Zn .
& []lAnM3+pZT€+p] E []lAn Mn] if p <1,
lim = S E[1,, Z,] if p=1, (6.13)
p—+00 E [Ma Zﬁ ] P (Zn) ]
n+p%n+p E []lAn :;(iw? ] ifp>1,

where P, s is a polynomial function of degree oo 4 f.

In the first both cases, the study of the new probability measure, give us, the behavior of
a marked Kesten tree. In the third case, we obtain a marked multi-type tree like in the third

case of
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Finally, we study the function ¢ (Z,, M,) = H,(Z,)sMrt%, with s,t € (0,1) where H, is
the ¢-th Hilbert polynomial defined by:

-1
Hy(x) =1and Hy(z) = %H (x —j), forl > 1. (6.14)
s

Contrary to the previous study, this function gives weight to trees with a small number of
marks.
We obtain the following limits:

Theorem 6.5. Let p be an offspring distribution satisfying the two last points of (6.1) and that
admits a moment of order { € N*, and let q be a mark function satisfying (6.2). We define

r =min{k € N,p(k) > 0}.
Then, for every s € (0,1), if (s) denotes the only root in [0, 1] of the function
fo(t) := E[sM1t7],

we have for every n € Nand A, € %,
— ifr =0, forevery t € [0,1],

M, Zn—1 e
i E[]lAan(Zn+p)sMn+pth+p] E [ILA”S MHZ(zS) ( )Z} _1 lfé - 07
11m — sMn o )%
TR H ) s et Z] | E |1y, 050,
p— [ K( +p)3 ] An f;(/i(s))" lf

— ifr =1, forevery t € (0,1],

. B[, He(Znyp)s"mtrtomir] M _
1 n P _ E ]l n n]]_ B
P—1>£I-1c>o E[HE(Zn+p>SMvL+ptZ7L+P] [ An® 061(8) Z”—l} ’

— ifr > 2, forevery t € (0,1],

()
=E (15,8, (s) T 1z |,

Bl Hi(Zusy)s i)
im
p—+oo ]E[Hg(Zner)SMnerthw]

where a..(s) = p(r)(sq(r) + 1 —q(r)).

Let us add that, for sake of completeness, we also study the case s = 0 in[Theorem 9.16,
We also describe the probability distribution obtained by a change of measure using
the martingales obtained in the previous theorem, see [Theorem 9.11} [Theorem 9.13| Theo-|

rem 9.14| and [Theorem 9.16|

This part is organized as follows:

In Chapter|7] , we introduce the set of discrete marked trees and define the MGW. We also
explain the construction of Kesten’s tree and condensation tree.

In Chapter 8|, we give some convergence criterions which is the key to prove the local
limits. Then we observe the behavior of the MGW, when we condition with the total num-
ber of marks. Section [8.2]is devoted to prove [Proposition 6.1|.We explain properties about
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generic and non-generic distributions in Section |8.3|. In Section [8.4{, we construct a model
that permits to prove our results. Section [8.5 is devoted to the proof of We
prove in the appendix, Section, lemmas that we used in the previous sections.

We study, in Chapter [9], the penalization in Section 9.1} by M, in Sub-Section and
general results with , ¢ € N*, in Sub-Section , by Mg‘f, tinding the martingale obtained at
the limit and then describing the distribution obtained by a Girsanov transformation using
this martingale. We make the same study in Section 9.2], when the penalization is of the
form Hy(Z,)sMrt?r.
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Chapter 7

Technical background

7.1 The set of discrete trees

Let N be the set of nonnegative integers and N* the set of positive integers. We recall
Neveu’s formalism [29] for ordered rooted trees. We set

n>0
be the set of finite sequences of positive integers with the convention (N*)° = {@}. For n > 0
and u = (uq,...,u,) € U, let |u| = n be the length of u and |u| = max{|u|,ui,us, ..., up}
with the convention || = |#| = 0. We call |u|_ the norm of u although it is not a norm
since U is not even a vector space. If © and v are two sequences of U, we denote by uv their
concatenation, with the convention that uv = v if v = () and uv = v if v = (). The set of
ancestors of () is Ay = {0} and of u # 0 is:

A, = {v € U; there exists w € U, w # (), such that u = vw}. (7.1)

The most recent common ancestor of a subset s of U, denoted by M RCA(s), is the unique
element v of (] A, with maximal length |v|. For u,v € U, we denote by u < v, the lexico-

ues

graphic order on U/, i.e. u < v if either u € A, or, if we set w = M RCA({u,v}), then u = wiv’
and v = wjv’ for some 7, j € N* with i < j.
A tree t is a subset of U that satisfies:
— Det;
— ifuet, then A, Ct;

— for every u € t, there exists k,(t) € N U {+o00} such that, for every positive integer ¢,
wi € tif and only if 1 <i < k,(t).

The integer k,(t) represents the number of offsprings of the vertex u € t. If k,(t) = 0, the
vertex u € t is called a leaf and if k,(t) = +o00, u is called infinite. By convention, we shall
set k,(t) = —1if u ¢ t. The vertex () is called the root of t.
Its height and its norm, which can be infinite, are respectively defined by:
H(t) = sup{|u|, u € t};
Hoo(t) = sup{|u| , v € t} = max(H(t),sup{k,(t), u € t}).
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We denote by:

T the set of trees,
Lo(t) :={u € t,k,(t) = 0} the set of leaves of t € T,
Ty := {t € Tw, [t| < +00} the subset of finite trees, where |t| is the cardinal of t,

T = {t € Ty, H(t) < h} the subset of finite trees with norm less than » € N,
Ho(t) = sup{|u| ,u € t},

T :={t € Too; ku(t) < +00 Vu € t} the subset of trees with no infinite vertex,

T, = {t € ']I‘oo;ngrfoo|MROA({u € t;|u| = n})| = +oo}, the subset of trees with a
unique infinite spine,

T,, the subset of trees with no infinite spine and with exactly one infinite vertex,

t®, t" =t U{z((v, k.(t)), v € t'\ {0}} the tree obtained by grafting the tree t' € T, at
z € ton "theright" of t € T, , with ((v, k) := (v1 + k, va, ..., v,) if v = (v1, 09, .., v) €U
with k € N*and n > 0,

T(t,z) := {t ®, t/,t' € T} the set of trees obtained by grafting a tree at x € t on "the
right" of t € T,

T.(t,z,k) := {s € T(t,x),k.(s) > k} the subset of T(t,z) such that the number of
offspring of x € s is k or more.

Let t be a tree, for u € t, we define S,(t) := {v € U; uv € t} as the sub-tree of t "above"
u. Foru € t\ Ly(t), we also define F,,(t) := (Sui(t); 1 <i < k,(t)) as the forest of t "above"

Uu.

Foru € t \ {0}, we also define the sub-tree S“(t) of t "below" u as: S“(t) :={v € t; u ¢ A,}.

For h € N the restriction function 7, », from T, to T is defined by :

Theolt) = {u € t,|u|, < h},

and the restriction function rj, from T to T is defined by :

ru(t) == {u € t,|u| < h}.

Figure 7.1 — ry o (t) on the left and 75(t) on the right.

We endow the set T, (resp. T), with the ultra-metric distance

oo (£, t) 1= 27 X IhENTn oo (=m0t} ((pegp. d(t,t) 1= 27 maxtheNra®=rn(t)})
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A sequence (t,,,n € N) of trees converges to a tree t with respect to the distance d, (resp. d)
if and only if, for every h € N,

Thoo(tn) = rheo(t) (resp. rn(t,) = rn(t)) for n large enough.

The Borel o-field associated with the distance d, (resp. d) is the smallest o-field contain-
ing the singletons for which the restrictions functions (ry -, h € N) (resp. (13, h € N)) are
measurable. With this distance, the restriction function are contractant. According to [20],
Ty is dense in T, (resp. To N T € T) and since, (Tw, dw) (resp. (T,d)) is complete, we get
that (T, d) (resp. (T, d)) is a Polish metric space. Moreover, according to [20], (T, d) is
compact.

7.2 Galton-Watson trees

Let p = (p(n))nen be a probability distribution on the set of the non-negative integers
satisfying (6.1). Let g(z) := E[z*] be the generating function of X, where X is a random
variable with distribution p. We denote by p(p) the radius of convergence of g and we write
p when it is clear from the context.

A T-valued random variable 7(p) (noted 7 if it is clear) is a Galton-Watson tree (GW)
with offspring distribution p, if the distribution of ky(7) is p and for n € N*, conditionally on
{k¢(7) = n}, the sub-tree (S:(7),--- ,S,(7)) are independent and distributed as the original
tree 7. The distribution of a GW is characterized by:

Vh > 1,vt € TW, P(ry(r) =t) =[] plku(t)). (7.2)
u€et,|u|<h
In particular,
Vt € Ty, P(r =t) = [ [ p(ku(t)). (7.3)
uct

For a tree t, we have:

D ku(t) = 6] - 1. (7.4)

uct

Let X , be the number of children of i to the generation n, X, ,, distributed as X and (X ,)ien+ nen
are independent. Z,, the number of individuals to the generation n.
We have Z; = 1 and forn > 0.

Zn

Y Xin, if Z, >0,
Zpt1:= 4 i=1

0, if Z, = 0.

We also have the following equality

Zn
(4) >
Zn+p = § Zi,pa (7.5)
i=1

where (Z; ,,)i>1 is a sequence of i.i.d copies of Z, and independent of .%,,.
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We recall that, if:
— u(p) < 1 we are in the sub-critical case,
— u(p) = 1 we are in the critical case,
— u(p) > 1 we are in the super-critical case.
We say that p is aperiodic if {k € N; p(k) > 0} C dN implies d = 1.
Let IP;, be the distribution of the forest 7®) = (7, .-+, 7.) of i.i.d GW with offspring dis-

tribution p. We set:
k

|T(k)‘ = Z 1751, (7.6)

j=1
with |7;| is the cardinal of the GW ;.

7.3 Marking process

7.3.1 The set of marked discrete trees

A marked tree t* is defined by a tree t € T, and a mark 7, € {0, 1} for every node u € t,
that is

t" = (t’ (nu)uet)-

A node u € t is said to be marked if , = 1 and unmarked if n, = 0.
Throughout the part the notations defined to t and use for t* are the same. For instance
Ty := {(t, (Mu(t))uet), t € To}. We denote by T, the set of marked trees.

Let t*, t”* be two marked trees and x € t. If x is marked in t*, x is marked in t* ®, t’*, we
forget the mark on the root of t™.
For z € t \ {0}, z is not marked on S*(t*):

S*(t7) = {(u,mu(t)), u € 87 (t) \ {«}} [l (2, 0)}.

We also denote by
M(E) =

the number of marked vertices. Like in Section[7.1} for every h € N, we define the restriction
functions
rp o T — T, and Theo : Too —> T3

bYI for t* = (t7 (nu)u€t> € T*/
rh(t) = (ra(t), Muer ) Thoo(t) = (Phioo(t), (1) uern )

with
T=N0 i ful = b

Remark 7.1. Let us stress that the nodes at level h of r}(t*) are unmarked so that the tree r} (t*) is
completely characterized by {(k,(t),n.),u € t,|u] < h —1}.
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11 12 21 11 12 13 21

0 0

Figure 7.2 — 13 _ (t*) on the left and r3(t*) on the right.

We can endow the set T (resp. T*) with the o-field .# generated by the family of sets
({t* € T%, u € t})ueu (resp. ({t* € T*, u € t}),,) and hence define probability measures

on (T%,,.7) (resp. (T*,.7)).
We also endow T (resp. T*) with the filtration (.%,,),,>0 where .%#,, is the o-field generated
by the restriction function 7},  (resp. 7}, ). Notice that .7 = \/n20 F,, as, for every u € U,

{t" e T, uet} e F (rtesp. {t* € T, u et} e.Fy).

Let t* = (t, (ny)uet) € Tk (resp. T*) be a marked tree. For every n € N, we define
— z,(t*) the nodes of t at generation n:
Z(t") ={uet, Jul =n},
— Z,(t*) the size of generation n:
Z, (%) = Card(z,(t")),

— M, (t*) the total number of marked nodes up to generation n — 1:

M, (t*) = Z n, forn > 1.

u€et,|u|<n—1

Let us point out that the functions z,,, Z,, M, are all .#,-measurable.

7.3.2 Marked Galton-Watson trees

Let po = (Po(k,7n))kenne(o1} be a probability distribution on N x {0,1}. There exists a
unique probability measure P, on (T*,.%) such that, for all h € N* and all
t* = (t, (Mu)uet) € Tk (resp. T¥), if 7* denotes the canonical random variable on T  (resp.
),

Poo(ri(7) =ri(t) =[] polku(t),m), (7.7)
u€rp_1(t)

We say that the r.w. 7* under [P, is a marked Galton-Watson tree (MGW) with reproduction-
marking law py. As 7* € T{, we have for all marked tree t* € T,

B =) = [[polku(t)n) =Br =1) [] atku®) [] (1—atu®)). @8

uet uct,n,=1 uet,n,=0
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Equivalently, the distribution of a marked Galton-Watson tree with reproduction-marking
law py is also characterized by: an offspring distribution p and a mark function
q: N — [0, 1] with

p(k) = po(k.0) + palk 1), a) = P if ) # 0
(the value of q(k) has no importance if p(k) = 0), or equivalently
po(k. 1) = p(k)a(k),  po(k,0) = p(k)(1 - q(k)). (7.9)

This approach (giving p and q) consists in first picking a Galton-Watson tree with offspring
distribution p then conditionally on the tree, adding marks on every node, independently
of each others, with probabily q(k) where k is the out-degree of the node.

We will then write P, or P,  depending on the adopted point of view, or simply P when
the context is clear.

Under P, , the random tree 7* satisfies the so-called branching property that is
— The random variable ky(7*) is distributed according to the probability distribution p;
— Conditionally given {ky(7*) = j}, the root is marked with probability q(j);

— Conditionally on {ky(7*) = j}, the j sub-trees attached to the root are i.i.d. random
marked trees distributed according to the probability PP, .

As a consequence, if we set Z,, :== Z,,(7*) and M,, := M, (7*), we have for every n, p € N*,
the following equality in distribution under P}, ,

Zn,
Moy @ M, + 3 M, (7.10)

i=1

where (Mi,p)iz1 is a sequence of i.i.d copies of M, and independent of .%,,.

7.4 Kesten’s tree and condensation tree

Let 7;(p) denote the random tree defined by:

there are two types of nodes: normal and special;
the root is special;

normal nodes have offspring distribution p;

Ll .

special nodes have for offspring distribution the biased distribution p on N[ J{+o0}
defined by:

_ .~ | kp(k) ifkeN,

p(k) '—{ L~ ifk = +oo.
5. The offsprings of all the nodes are independent of each others;
6. all the children of a normal node are normal;

7. when a special node gets a finite number of children, one of them is selected uniformly
at random and is special while the others are normal.

8. When a special node gets an infinite number of children, all of them are normal.
7,(p) represents a limit tree for the rest of the document.
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We can notice that:
— if pis critical, 7;(p) = 7 (P);

— if p is sub-critical, 7;(p) = 7¢(p).
We denote by p* := (p*(n) = M) the corresponding size-biased distribution of
neN

the Kesten's tree. We define an infinite random tree 7 (p) (the Kesten’s tree) whose distri-
bution is described in [2] Sub-Section 3.2. This tree has one infinite spine and all its nodes
have finite degrees. We denote by 7} (p, q) the marked Kesten’s tree, the mark function is
the same since it is independent of the offspring distribution.

We define an infinite random tree 7¢(p) (the condensation tree) whose described in [6]
Sub-Section 3.2. This tree has exactly one node of infinite degree and no infinite spine. This
tree has been considered in [19] and [20]. We denote by 7/ (p, q) the marked condensation
tree, the mark function is the same since it is independent of the offspring distribution.

Now we consider the marked limit tree. In the both cases, the mark function stay the
same as the original MGW with offspring distribution p and mark function q.

oo

&)
WN] @

<)

Marked Galton Watson tree
: with offspring distribution p
and mark function q

b
A

Figure 7.3 — Marked Kesten’tree and condensation tree
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7.4.1 Marked Kesten’s tree

In this subsection, we write 7 for 75 (p, q) and 7 for 7x(p).

Proposition 7.1. Let 7;; be a Kesten's tree associated with a critical offspring distribution p and a
mark function q satisfying and respectively. Then we have, for all marked tree t* € T
and x € Loy(t) :

P(r* = 5°(t"))
P(0)(1 = q(0))
Where X is a random variable with distribution p, and o, = q(j)n.(t) + (1 — q(j))(1 — n.(t))
forall j € N.

P(r € T(t*,z)) = E[Xay.,). (7.11)

Proof. Lett* € T, x € Ly(t), we denote by 7, for 7,(t).
First, according to Sub-section 2.4 of [7], we have for t € Ty, x € Ly(t):

P(r =t)
P(rx € T(t,2)) = ——, 7.12
which implies:
. ‘ P(r =1) ST
Plric e T ) = — o2 TT aku(®) T 1-a (k)Y ipGos.
p uet,glyéa: uet,ggéa: 7=0
P(r* =t%) ( e 1= )
= + E(Xax.,
b \a0) " T q() ) FE
And we easily conclude as for = € £,(t), we have:
1—q(0) )
P(r*=8*t") =P =t") (1 —n, + e |-
(=) =B =) (1 LA,
That concludes the proof. O

7.4.2 Marked condensation tree

In this subsection, we write 7, for 75(p, q). If u(p) < 1, for all marked tree t* € T, z € t,
we set:

P(r = §°(t"))
p(O)(1 — a(0))

Proposition 7.2. Let 7}, be a condensation tree associated with a sub-critical offspring distribution
p and a mark function q satisfying (6.1)) and (6.2) respectively. Then, we have for all t* € T{, x € t,
ke N:

P (5 € T4 (6,2, k) = (6", 2) (1 = 4(P)) oo + E [(X = kuo(6)), axalxong]) . (714)
with C(t*, z) defined in (7.13) and z, = max(z,0) for z € R.

Ot z) = Pr o) (7 = Zu(t?)). (7.13)
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Proof. Lett* € T¢, x € t, k € N, we denote by n, for n,(t), and we have:

P(re € T+ (6,2, k) = [ [ p(ku(t)) J] atku(®) ] (1—alk(t)

ugt e ueh e
5 Kkt =k (t
. ((1 — 1) (ool + (1 — (o0 (1 = ne)) + 3 bk *”T‘U) -
Jj=0

Indeed, x is a special node. Thereby, if # has an infinity of children we obtain the term at the
second line, otherwise we have the probability p(k+ j)(k +j) to have k + j children, and we
must to choose the special node knowing that it cannot belong to the &, (t) children from t,

which give us the term L_i_kx(t) Thus we have:
J
P75 e T (t* x, k . .
(e €T R) () o+ 57 plk + Hoapelh +J — ka(t)
C(t*, x) =
=(1—u(p)) 0+ E [(X - k:r:(t))Jr O‘X,I]I{XZK}} ‘
That concludes the proof. O
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Chapter 8

Local Limits of Conditioned Marked
Galton Watson Trees

This chapter reflects work that is currently submit in a journal and available in [4]. Plus,
we consider p has a moment of order 2. We begin to give another convergence criterion that
permits to have our local limits of conditioned MGW.

8.1 Convergence criterions

We adapt the convergence criterions seen in [7] and [6].

Let (T},)nen+ and T be To.-valued (resp. T-valued) random variables. We denote by
dist(7") the distribution of the random variable 7' (which is uniquely determined by the
sequence of distributions of 7, (1) (resp. 7,(1")) for every h > 0), and we denote :

dist(7,,) — dist(7),

n—-+00

for the convergence in distribution of the sequence (7},),en+ to 7. Notice that this conver-
gence in distribution is equivalent to the finite dimensional convergence in distribution of
(ku(T0))ueu to (ky(T))ues when n goes to infinity.

We deduce from the portmanteau theorem that the sequence (7},),en+ converges in distribu-

tion to 7" if and only if forallh € N, t T

lim (1, 0(T) = t) = P(ry.00(T) = t) (resp._lim P(r(T,) = t) = P(ra(T) = t)).

n—-+o0o —+400

From now on, we endow the sets of marked trees, with the distance, for t*, t" € T’ (resp.
T*):

& (7, 1) = 27 max{heNy o (#)=r] o (¢)) (resp. dF (6, %) = 2~ max{hEN,r;‘L(t*):r;‘L(t/*)}) .
The following results stay true when we restrict to T*.
Proposition 8.1. The distance d7_ is ultra-metric.
Proof. Lett*,t™,t"* € T}..
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— We have d’_(t*, t"*) > 0 and d}_(t*, t*) = 0 according to the definition.

— Separation:
According to the definition of rj, ,

& (67, 17) = 0 = 27 maxlheNr L ()= o () —
= VheNr; (t7)=r; (t7)
=t =t"

— The symmetry is obvious.

— To prove ultrametric inequality, we denote by
¢ :=max{h € N,rj (t*) =1, (")}, € :=max{h € N,r}; (t"") =1} (")}

and (" := max{h € N,7i, oo (t7) = 77, (67)}
If (>0 ort¢>{",wehave:

di (65, 17) < max{d’_(t"*,t"),d5 (t*,t"")}.

The case ¢ < " and ¢ < ¢” is impossible since t* and t"* are identical on ¢” generations
and t"* and t" are identical on ¢’ generations, thus we must have t* and t™ identical
on min{¢”, ¢'} generations, but min{¢”, ¢'} > ¢, thus, this case is impossible.

Which proves our result. U

Consider the closed ball B2 (t*,27") = {t* € T%_, d* (t*,t”*) < 27"} for some t* € T%_and
h € N, we have B: (t*,27") = r; 7' (r} . (t*)). Since the distance is ultra-metric, the closed
balls are open and the open balls are closed, and the intersection of two balls is either empty
or one of them. We deduce that the family (r}; (t*),t* € TS h e N) is a 7-system, and
Theorem 2.3 in [9] implies that this family is convergence determining for the convergence

in distribution.
Proposition 8.2. Forallt* € T} , x € t and k € N we have T (t*, x, k) is closed and open.

Proof. — Let (t* ®, s, s, € T, ky(t ®; s,) > k)nen+ be a sequence of T, (t*, x, k) that
converges to z € (T, d%,).
For all n € N*, §*(t* ®, s},) = S*(t*), the forest that contains only the k,(t) first trees
above x on t* ®, s} equals .%,(t*) and the marking on x is the same.
Thereby, » = t* ®, s*, with s* the limit of the sequence (s;,n € N*). Thus z €
T, (t* z, k).
T, (t*, z, k) is closed.
— Let s* € T, (t*, 2, k) and ¢, = max(k, Ho(t) — 1). We have, according to the definition
of s*:
By (5%,27%) =17, oo (17, oo(57))

Ck,00 Ck ,00

- r:kaoo_l (TCImOO(S)v (Ufﬁ)uer%m(s)) C T+ (t*, x, k)

Thus, T, (t*, x, k) is open.
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We have the following two lemmas.
According to lemma 2.1 in [7]:

Lemma 8.1. Let (1)}),en+ and T be T*-valued random variables which belong a.s. to T§ U T7. The
sequence (1)}),en+ converges in distribution to T™ if and only if for every t* € T§ N T* and every
x € Lo(t), we have :

lim P(T7 € T(t*,z)) = P(T* € T(t*,2)) and lim P(T: =t*) = P(T* = t*). (8.1)

n—4o00 n—-4o00
According to lemma 2.2 in [6]:

Lemma 8.2. Let (1)) ,en+ and T* be T?_-valued random variables which belong a.s. to T§ U T%5. The
sequence (1) en+ converges in distribution to T* if and only if for every t* € Tf, x € tand k € N,
we have :

lim P(TF € Ty (t* 2, k) = P(T* € T, (t*,2,k)) and lim P(T* =t*) = P(T* =t). (8.2)

n—-+o0o n—-+o00

We only prove [Lemma 8.2, [Lemma 8.1| has a similar proof and similar to the one of
Abraham and Delmas in [7].

Proof. The subclass .# = {T(t*,z, k)N (TyUT;), t* € To,z € t,k € N} U{{t*}, t* € T;} of
Borel sets on Tj; U T; forms a 7-system, since we have:

— F # () because T} C .Z.

— Lett],t5 € TS, v1 € t1, 22 € toand ky, ky € N,
we denote by 7 o := T, (t], z1, k1) N T4 (t3, 22, k2) and we have:

( T+(t:,$i, kz), if t;k S T(t;,[L’J) and T; € ij,i 7é] S {1,2}

T+(tj,[[’i, k’l \% k?j), if t;k c T(t;,lb) and €T, = Zlfj,i 7&] S {1,2}

{t:}, if t;k € T(t;7$J) and Z; ¢ Axl U {fL’Z},Z 7é] € {1,2}

T2 = * 1% SOk 4% % gx 4% 1%
{t2®$2t }7 lftl_t ®x2t 7t2_t ®a:1ta
ke, (t2) > ki and kg, (t1) > ks, see Figure[8.1],
L0, in the other (non-symetric) cases.
°
| B )

[ ]
Y t//::<

T )

t*

Figure 8.1 — An example for the fourth case.
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For every h € N and every t* € T, we have that s* belongs to r;, ..~ ({t*}) N T} if and

only if s* belongs to some T, (t*, z, k) N T with « € t such that |z| = h and ¢* belongs to
oo [({t*}) N'Ty with = € t'. Since T; is countable, we deduce that .7 generates the Borel
o-field on Tj; U T%. In particular, .# is a separating class in T U T5.

Since A € .# is closed and open as well, according to Theorem 2.3 of [9], to prove that
the family .7 is a convergence determining class, it is enough to check:
forall t* € T; UTs and h € N, there exists A € .Z such thatt* € A C B% (t*,27").

o If t* € T}, this is clear that {t*} = r} ~'(r} (t*)) = B (t*,27") for all h > H.(t).

o Ift* € T}, for all s* € Tf and = € s such that t* € T(s*, z, k), with k = k,(s), we have
t* € T, (s*,2,k) C B (t*,271l=). Since we can find such a s* and z such that |z|__ is
arbitrary large, we deduce that there exists A € .Z such that t* € A C B (t*,27") for
all h € N.

This proves that the family .# is a convergence determining class in Tj; U T5. Since, for
t* € T§, x € t and k € N, the sets T, (t*, x, k) and {t*} are open and closed, we deduce from
the portmanteau theorem that the equivalence in the lemma holds for every t* € Tj, x € t
and k € N. O

8.2 Change of offspring distribution and conditioning

Let p be a distribution on N satisfying (6.I), X be a random variable with distribution p
and q be a mark function satisfying (6.2). Let 7* be a MGW with offspring distribution p and
mark function q and 7*(py, qg) (noted 7;) a MGW with offspring distribution py and mark
function qp.

We want to show that the conditional distributions of 7* given {M (7*) = n} is the same as
the conditional distribution of 7; given {M (7;) = n}, which allows us to prove the conver-

gence in distribution of 7* given {M(7*) = n} in the sub-critical case, ( see [Corollary 8.1
(Corollary 8.2|and |Corollary 8.5().

For every 6 > 0, we recall the function py defined on N by

Vk >0, pg(k) == 0" 'p(k) (coa(k) + 1 — q(k)),
where the normalizing constant ¢ is given by:

1—E [6*1(1 - q(X))]
E [0X~1q(X)]

Cyp ‘=

We denote by I the set of § such that py defines a probability distribution on N. We have
¢ € I if and only if > 0 and:

g(0) = E[0¥] < +ooand [() = E[0™ (1 — q(X))] < 0 (8.3)

Moreover, as p satisfies (6.1), we can prove that for all § € I, py is an offspring distribution
satisfying the first two conditions of (6.1)). Indeed:

e According to (8.3), ¢y > 0, thus we have py(0) = 5p(0) (coq(0) +1 — q(0)) > 0,
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e Since p satisfies (6.1)), there exists i € N such thati > 1 and p(7) > 0. Thereby, py(i) > 0
and py(0) + py(1) < 1.
The generating function gy of py is given by:

az) = 7B [(:0)" (e (X) + 1~ q(X))]. 84
We define also a modified mark function qy on N by:
W) = o e ) a1 - (&)
and note that qy satisfies (6.2), and for all £ € N:
po(k)ao(k) = cod*'p(k)a(k), (8.6)
po(k)(1 — ay(k)) = 6 'p(k)(1 — a(k)). (8.7)

Moreover, we have, for all £k € N:

po(k)qe(k) > 0 < p(k)q(k) > 0.

Then, throughout the rest of the chapter, 7*(py, qq) (noted 7;) denotes a MGW with offspring
distribution py and mark function qy.
The introduction of these modified distribution is motivated by the following proposition:

Proposition 8.3. Let 7* a sub-critical MGW with offspring distribution p satisfying and q its
mark function satisfying (6.2). For every 6 € I, let 7;; be a MGW with offspring distribution py and
qp its mark function. Then the conditional distributions of T* given {M (7*) = n} and of 7 given
{M(71;) = n} are the same.

Remark 8.1. The proposition allows us to prove the convergence in distribution of 7* given { M (1) =
n} in the sub-critical case, (see|Corollary 8.1} |Corollary 8.2|and |Corollary 8.5).

Proof. For all t* € T, using (7.4), and (8.7):
P(r; =t*) = [ [ po(ku(®))as(ku(t)) [ [ po(ku(t))(1 — au(ku(t)))

uefi qué
=[]0 O " p(ku(t) [ ] coalku(t)) [] (1 = alku(t)))
uct uct, uct,

= 6’_109M(t*)IP’(T* =t").

We deduce that
P(M(rj)=n)= > Py =t)= > 0 ¢ P(r* =t
t*€T} t*€T}
M(t*)=n M(t*)=n

=07"¢," Y P(r=t") =0""¢,"P(M(7") = n).

t*eTy,
M(t*)=n

Finally, for every marked tree t* € T, such that M/ (t*) = n, we have
P(ry =t*) 0 '¢y"P(r* = t)

P =MD =0 = By = )~ 7 e PG = )

=P(r* =t*|M(7") = n).
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8.3 Generic and non-generic distributions

Here, we consider sub-critical or critical offspring distribution p and note that the mean
of py is equal to:
p(pe) = E [ X057 (coq(X) +1 —q(X))] . (8.8)
If there exists 6 € I such that:
:u(pG) =1,
p is said generic, and non-generic otherwise.
The aim of this section is to find criteria for determining whether p is generic or not.

Remark 8.2. The results of this section have been obtained in the particular case q(k) = Lyca with
A C Nin [6].

Proposition 8.4. The following composition rule holds: for all § € I and for all { € R such that
0¢ € I, we have :

Poc = (Po)e- (8.9)

Proof. Let 6 € I and ¢ € R such that 6/ € I. We consider X a random variable with distribu-
tion p and its mark function q, and X a random variable with distribution py and its mark
function qp.

For all £ € N we have:
1—E[(00)* (1 —q(X))]

Pac(k) = (60""p(k) (coralk) +1 = alk), e = —rgpcmigmeyy

and _ _
1—E (X711 - qy(X))]

E [(X-1qq(X)]

(Po)e(k) = " 'pg(k) (Geap(k) + 1 — qo(k)), & =

Using again and (8.7), we have:
(Po)e(k) = (60)* ' (k) (Gecoa(k) + 1 — q(k)).
We have our result if ¢,cy = cyp, which is true as:

+oo

E 61— o(X)] = Y000 p(k)(1 — a(k) = E[(00) (1~ a(X)] .

B [ 100(X)] =X (00" "p(k)a(k) = e [(00q(X)]

Finally, we find ¢,cy = cyy. [
Notice that [ is an interval of (0, +00) which contains 1 and let:
0s :==supl € [1, p(p)]. (8.10)

with p(p) the radius of convergence of g, the generating function in and we define the
function [ by:
16) = E [05 (1 — a(X))] . (8.11)

and note that its radius of convergence p;(p, q) satisfies p(p) < pi(p, q).
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Lemma 8.3. Let p be a distribution on N satisfying the two first conditions of (6.1) and q satisfying
(6.2). For 6 € I, we have:

lDa) > 0 p(pe) < 1.

Proof. Since p satisfies the two first conditions of (6.1)), then py satisfies the two first condi-
tions of (6.1) for all § € I such that § < 6, ( see Section[8.2]). Thanks to the composition rule

d
(8.9), it is enough to prove that @,&(]ﬁ)g) > 0atf = 1if u(p) < 1, with p satisfying and
p(p) > 1.
For k € I, we have:

d o (Parn) — p(pe) . HPegny) = 1(Px)
it (Pe) = Jimg h = h
. N((pn)(1+ﬂ))_ﬂ(pn> 4 (d
~im 2 - (d—nu<<pn>n>)nl
Therefore, we assume that
d .
(geon) > 0itutp) <1 312)
lo=1

We apply the result in (8.12), with § = n and p = p,.

1—E[0X Y1 -q(X
We recall Dcp = [ (1 —a(X))]

E[6*~1q(X)]
Let 6 € I. To make the calculations easier, we write the following formula:
(py) — E[X] = E [X0Xq(X)] d(0) + E [6¥q(X)] h(0) _._J)
E[0¥q(X)] E[0¥q(X)]

with, d(f) =1 —E [#*~!] and h(d) = E [X6* '] — E[X].
Moreover, we have f(1) = d(1) = h(1) = 0 and the functions f,d and h are of class C* on
[0, p(p)) (we recall that p(p) < pi(p, q)). Notice that

(iu(pe)) () EXq(X)]d(1) +Ea(X)] K1)
dé o E

[a(X)] E[q(X)]
E[Xq(X)]
=—— L1 -EXD)+E[X(X —1)].
Bratoy (1~ EXD +ELX(X -1
Since E[X] < 1 and E[X(X — 1)] > 0 by assumption (6.1), we deduce that f'(1) > 0,
which concludes our demonstration.

]

Lemma 8.4. Let p be a distribution on N satisfying (6.1)) and q the associated mark function satis-

fying (6.2). The equation
7(6) = p(po) =1 (8.13)

has at most one solution in I. If there is no solution to (8.13), then we have p(p) < 1, 0, belongs to I
and p(pe,) < 1. The unique solution of (8.13)) in I, if it exists, is denoted by ...
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Proof. We mimic the proof of Lemma 5.2 in [6].

If u(p) < 1, we satisfies thus the fact that (8.13) has at most one solution, is a

direct consequence of this lemma. Indeed, if it exists another 6 satisfying (8.13). Then for all

d
e>0andv €|l —e,0+¢|, d—u(py) < 0 and it is a contradiction of [Lemma 8.3
14

We set m = min I € (0, 1). Notice that I(m) = m.
Indeed, m satisfies (8.3), thus we have I(m) < m, with [ continuous on /. The function
[(0) : 60— E[6*(1 — q(X))] is convex and less than the identity map on (m, 1] since (1) < 1.
If [(m) < m by continuity of /, it exists m’ < m such that I(m') < m’ and g(m’) < 400, which
is absurd by definition of m.
Since, I[(m) = m, we have ¢,, = 0. Thanks to a convexity argument and the fact that the
function [ is less than the identity map on (m, 1], we can deduce that E [Xm* (1 — q(X))]
is strictly less than 1. Then use to deduce that:

Jim p(p) =E [Xm™ (1 — q(X))] =1'(m) <I'(1) = E[X(1 - q(X))] < 1

To conclude, we deduce that }9n§ p(pe) < 1. Hence, if u(p) > 1 then (8.13) has at least one
€

solution, since ;1(p1) = p(p).
Thereby, if there is no solution to (8.13), this implies that ;(p) < 1 and thus:

w(pg) < 1foralld € I. (8.14)

Now we want to prove that §; € I and we only need to consider the case §, > 1. Since
s < p(p), we have p(p) > 1. Since u(p) < 1, the interval J = {6; ¢(f) < 0} is non-empty,
1 € J. On J( I, we deduce from that ¢, > 1 and then from that p(pg) > ¢'(6).
Thus we have ¢'(f) < 1 on J () I, that implies § — ¢() — 6 is decreasing and that 7 ()(1, +o0)
is a subset of J, since for all > 1, g(f) — 6 < g(1) — 1 < 0. The properties of g imply that
J=1{6; g(6) < 6}.

This clearly implies that g(6;) < 6, since 0 < I(6;) < g(6;), then {(6;) < 6,. Thereby, (8.3)
holds for 6; that is 6, € I. Then conclude using (8.14). O

Definition 8.1. Let p be a sub-critical distribution on N satisfying (6.1) and q a mark function

satisfying (6.2). If (8.13) has a (unique) solution in I, then p is called generic. If (8.13)) has no
solution, then p is called non-generic.

In the next lemma we write p for p(p).

Lemma 8.5. Let p be a distribution on N satisfying (6.1), such that j1(p) < 1 and q a mark function
satisfying (6.2).

1. If p =1, then p is non-generic.

2. Ifp=+occor(l <p<+ooandl'(p) > 1), then p is generic.

3. If1 < p<+ooandl'(p) <1, then,
p is non-generic if, and only if:

1 —1(6,)

E[Xt¥~1q(X)]
<0, —1(0,)

E[tXq(X)]

G(6,) , with G(t) == (8.15)

Moreover, if ¢'(p) < 1, we have 6, = p.
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Proof. Let 6 € I, notice that:
pupo) —1=GO)(0 - 1(0)) - (1 -1(0)). (8.16)

1. If p=1,wehavef, =1 € I,and p(p1) = pu(p) < 1. Thus, p is non-generic.

2. If (p = +o0 and there exists k € N*, k # 1, such that p(k)(1 — q(k)) > 0) or
(1 < p<+ooand!l'(p) > 1),sincel is convex, I’ is non decreasing and then there exists
m € (1, p) such that I'(m) = 1.
Thus, we have [(1) > I(m) + I'(m)(1 —m), since {(1) = E[1 — q(X)] and E [q(X)] > 0
(6.2), we have I(m) < m. Since 1 < m < p, g(m) < +oc which implies that m satisfies
(8.3).
This implies, thanks to (8.16), that x(p,,) > 1.
If p=+ocoand forall k € Nk # 1, p(k)(1 —q(k)) =0. Foralld € I,

ulpo) = 1 (G(O)6 — 1)(1 — L(0)) + GO)(PO)(1 — a(0))) = 0,
with1—1'() =1 —p(1)(1 —q(1)) > 0and G(#) > 0. Furthermore,
kEf’“p(iﬂ) +0p(1)(1 —a(1))
GO0 = 6T a0)) T S 000 T Ip(D( —a(l))

k>1

since p = oo, the right term tends to 1 when 6 tends to infinity, and ;(py,) > 1. Then
there exists m < 6, such that p,, is critical.
Therefore, p is generic, in any cases.

3. If 1 < p<+ooandl'(p) < 1, p is non-generic if ;(py,) < 1, thatis:

1- l/(08>

G(6s) < 91060 10,

If ¢'(p) < 1, wehave l(p) < g(p) < p. Thereby, p satisfies and we have 6, = p € 1.
O

8.4 Marked Tree Decomposition

To prove our results, we need to construct a model adapted to the one introduced by
Minami [27], Rizzolo [30] or Abraham and Delmas [6]].

In other words, let a marked tree t* € T};. We define a map ¢ from {u € t,n, = 1} into

the set |J Ty of forests of finite trees as follows.
n>1

To begin with, for u € t we define SI(t*) the sub-tree rooted at v with no marked descen-
dants by
S3t) :={w € uS,(t), A, NASN{vet,n =1} =0}

We also define C3(t*), the set of leaves of S3(t*) that belong to {u € t,n, = 1}, in other words
Ca(t™) == {v € Si(t), ky(t) =0, = 1}.
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1233 3111 3332 3334

/ \‘ 333 351
31 33

Figure 8.2 — The sub-tree S5'(t*) in bold and orange, and the elements of C5'(t*) in gold.

We set

and we set ég(t*), the set of leaves of Sjl(t*) that belong to {u € t,7, = 1}.

1233 3111 3332 3334

/ \‘ 333 351
31 33

112 122

/

1

22

Figure 8.3 — The sub-tree Sg(t*) in bold and orange, and the elements of ég(t*) in gold.
Let Ny(t*) := |Ci(t*)|. Then the range of ¢ belongs to ’]I‘éV o) Moreover if

up < up < -+ < Uy, are the elements of ég(t*) ranked in lexicographic order, we set for

every 1 <i < Ny(t*), ¢(u;) := 0, where () denotes the root of the i-th tree in ’]I‘év‘z’(t*).

We then construct ¢ recursively: if i, = 1 and ¢(u) = v (which is an element of the i-th
tree), we denote by u; < uy < --- < uy, the elements of C4(t*) ranked in lexicographic order
and we set for 1 < j <k, ¢(u;) = vj@.

Finally, we set .7, (t) = ¢(t).
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1233 3111 3332 3334

3332 3334

112 122 1233 3111

1 22 31 33 351

Figure 8.4 — A marked tree t* and the forest .%(t) with 5 trees.

Let 7" be a MGW with offspring distribution p and mark function q. Let us describe the

distribution of .%4(7).
We define p by
p(k)(1 —q(k)), itk #0,
p(k) == { (8.17)

+oo
p(0) + le(j)q(j), otherwise.
i=

Note that p(0) > 0 and its mean satisfies u(p) < +oc as p(0) > 0 and pu(p) < +oo.
By construction, Sj'(7*) is distributed as a sub-critical MGW with offspring distribution

p. On 5’;(7*), only leaves can be marked, and any unmarked leaf in this tree was already

unmarked in the original tree 7. We denote by L the number of leaves of 5’;‘(7*) and we
denote by N the number of marked leaves. Let X be a random variable with distribution p.

Proposition 8.5. Let p satisfying (6.1), with a moment of order 2 and mark function q satisfying
(6.2). If n(p) < 1 assume that q satisfies and (6.8). Then, L admits a moment of order 2 and:

B p(0)
T—EX(L - q(X)]

E[L]

p(0) + E[X(X — 1)(1 — q(X))|E[L]”
1 -E[X(1 - q(X))]

E[L?] =

Proof. Let Y, given X, be a Bernoulli random variable with parameter q(X). We determine
E[L] thanks to the generating function of the random variable L.
Let s € [0, 1), by decomposing according to the number of children of the root:

X

>

L 2. Li
E[s"] s=1 Tix>0,y=0}

p(0)s+E

p(0)s +E [E[s"]" (1 - a(X))Lix=0p] = P(0)s + Zp(i)(l —q())E[s"],  (8.18)

where (L;);>; are independent copies of L and independent of (X,Y’). L; represents the
number of leaves of the tree rooted in ¢. Differentiating the equation (8.18), we obtain, for
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every s € [0,1):

E[Ls" Y] = —— b() : (8.19)
1= 2 p(0)(1 - (i) E[s) !

Since we have E[X]| = 1 or E[X] < 1 and q satisfies (6.8), the right member admits a limit
when s tends to 1, and consequently:

p(0)
B = T e

we differentiate (8.18) a second time and we have our result as X admits a moment of
order 2:

EM#“Pﬁbwﬂ—q@ﬁ@—DH%F2

E[L(L — 1)s"7?] = — (8.20)
1— i:le(i)(l —q(i))iE[s"]"!
Thereby, we have for s tends to 1:
_ ELPEX(X -1 —q(X))]
M= =" g R - g
and we obtain
12— B(O) + ELX(X — 1)1 - q(X)JE[L]
1 -E[X(1 - q(X))] '
OJ

Proposition 8.6. Conditionally on L, the random variable N := Ny(7*) has a binomial distribution

Ela(X)]
p(0)

Proof. Forall k € [0, L], {N = k} means that 361(7) has k marked leaves among the L leaves.
So, we have a sum of L independent Bernoulli variables with unknown parameter and

with parameter (L, ), that we denote by py.

we can conclude if we show that this parameter is equal to E[;((—O))(ﬂ:
P(N=1,L=1) Zp(k)q(k) Elq(X)]
PN =1|L=1) = —— == ) kel = =P
S 50 p0)
O
Let us define Z" by:
x @)
ZW =3 "Ny, (8.21)
k=1
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where X is distributed as X condltlonally to be marked, and (V;);en is a sequence of
mdependent copies of N, independent of X V). Note that:

p(k)a(k) E[Xq(X)]
E[q(X)] ° E[q(X)]

and for typographical simplicity, we denote by p(") the distribution of Z(), and by (V) its
mean.

Lemma 8.6. Assume that p satisfies (0.1)) with a moment of order 2 and q satisfies (6.2). We have
the three following properties:

P(XM =k) = and E[XW] = (8.22)

1. if u(p) < 1, 0r pu(p) = 1, then pV < 1, or uM = 1, respectively;
2. there exists k € N* such that p™(0)p™ (k) > 0;
3. if pi(p,q) = 1 then p(pV) = 1.
Proof. 1. Using[Proposition 8.5, Proposition 8.6, and (8.22), we have:
Elq(X)] _  EXq(X)]
p(0)  1-E[X(1-q(X))]

E[ZzV] = E[XW]E[L]

Thus:
E(ZW] <1 <= E[Xq(X)] <1 -E[X(1 — q(X))] < E[X] <

<1,
E[Z"] = 1 <= E[Xq(X)] = 1 - E[X(1 - q(X))] <= E[X] = L

2. (6.2) implies that there exists k¥ € N* such that p(k:)q(k) > 0 and thus, according to

k)aq(k
822), P(XV = k) = % > 0. Since p satisfies (6.1) we have P(L > 1) > 0.
Consequently:
x@®
p™(0 (ZN_0>>IP W = PN = 0)F > 0,
x (1)
pW (k (ZN _k> > P(XMV = k)P(N = 1)F > 0.

3. Let gV and gy be the generating functions of Z() and N, respectively. For all z > 0, as
N~ A(L, ]E[q(o))]) conditionally on L:

where p(z) = p(0) (1 —a(0)) + Ela(X)]= and note that if z > 1 then ¢(z) > 1. As L

p(0)
is stochastically larger than X 1—g;, with Y, given X, be a Bernoulli random variable
with parameter q(X'), we obtain:
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Since p(p,q) = 1, if 2 > 1, we have that [(p(z)) = +oco implying that ¢V)(z) = +oc.
Consequently, p(p™)) = 1.
]

Note that the forest .%(7) is distributed as N independent GW with offspring distribu-
tion p(V.
Let (Zfl))ieN* be a sequence of independent copies of Z @, independent of (N;);en+. Then,

we define (W,)nen+ and (S, )nen by Wo = Sy = 0 as, and for n € N*: W,, :== > N, and
=1

Sy, = S zW,
We use the decomposition of the MGW with respect to the descendants of () in .%(7) and
Dwass formula (see [15]): for every j € N* and every n > j, we have

P; (|77a| =n) = %IP(S” =n—j). (8.23)

= —E[N1s,+n=n}]- (8.24)

More generally, we have for j,n € N*

% ; 7 1 j
Pj(M(T ) = TL) = Z]P)(VV] = Z)]P)i(‘qu‘ = n) = EE[VV]]I{SnJrWJ:n}} = EE[N]I{Sn+Wj71+N:n}]7

ieN
(8.25)
with N independent of S,, and W;_;.

We explain the difference between P(M (t*) = n) and P;(M(t*) = n), with an example,
for a marked tree t*, n = 6 and j = 4.

Figure 8.5 — A marked tree t*, with 6 marks.
When we determine P(M(t*) = 6), we look the whole tree like on the figure To

determine, P,(M (t*) = 6), we look at all the decomposition of our tree t* in 4 sub-trees such
that the sum of the marks on the 4 sub-trees equals 6, it can looks like the figure
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—_— ® e ©

Figure 8.6 — A marked tree t*, with 6 marks and 4 sub-trees.

8.5 Main results

We want to prove that a MGW 7* with offspring p and mark function q satisfies that, the
conditional distribution of 7* given { M (7*) = n} converges in distribution to a Kesten's tree
Tj = T (P, q), in the critical case. And, in the generic and sub-critical case, the conditional
distribution of 7* given { M (7*) = n} converges in distribution to a Kesten’s tree 7}; (py., qv.),
and converges in distribution to a condensation tree 7 (p, q), in the non-generic and sub-
critical case.

We use the notations from Section [8.4{ for Z(!), p() and N. We assume that (N;);cy- are
independent random variables distributed as N with distribution py, (Z (1))i€N* are inde-

7

pendent random variables distributed as Z(!, and that two sequences are independent. We
recall that Wy =0, Sy = 0 and forn € N* W,, = > "N, and S,, = ZZz‘(l)~
i=1 i=1

1=

8.5.1 Ciritical case

In this section, we consider trees that belong to T*.

Theorem 8.1. Let p be a critical offspring distribution that satisfies (6.1) admitting a moment of
order 2. Let 7% be a MGW with offspring distribution p and mark function q satisfying (6.2).

dist(7*|M (7*) = n) — dist(7(p,q)),

n—-+00
where the limit has to be understood along a subsequence for which P(M (7*) = n) > 0.

Proof. According to (8.1), we have dist(7*|M (7*) = n) - dist(7} (p, q)) if and only if, for
n—-+0oo

every finite marked tree t* € T and every leaf x € Ly(t),

P(r* e T(t*,z)|M (") =n) — P(ri(p,q) € T(t",x)) and P(7* = t*|M (") =n) — 0.

n—-+o0o n—-+o0o

Let a marked tree t* € T§ and x € Ly(t). The second limit is immediate, since for every
n >t
P(r* =t*|M(7") =n) = 0.

We assume that p'! is aperiodic. If p(!) is periodic, the results stay true if we consider a
subsequence (Sy(n))nen, with 1 a growing, positive function, such that E[N1(s, 1 N=yn)}]
is positive, to apply lemmas obtained in the appendix.
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The event "7* € T, (t*, x), M (7*) = n” is explained as following. We use an example for
n=2~8:

1 2 3

Figure 8.7 — A marked tree t* (1), the sub-tree S*(t*) (2) and the tree obtained by grafting a
tree at = on t*, such that M (7*) = n (3).

P(r = 57(t"))
Letm := M (t*) and D(t*,z) := , thanks to (8.25), we have:
() and PIE 0= Doy - q<o>>
_ I

P(r* € T(t*,z), M(7*) = n)

P(m* = 8*(
Zp 7). P ") =n—m)
p(0)(1 —a(0)) <

x)zp(j)%‘,mn

with for all j, o, == q(j)7.(t) + (1 = a(j))(1 = 7x(t))-
In particular, according to (8.24), we obtain:

J
mE[N]l{Sn+m+Wj—1+N:n_m}] )

N]}-{S +W:_1+N=n— m}]
P(r* € T(t*,z)|M (1) =n) = T (i) .j LaRAS
= jz@; E [N1s,+n=n}]
- nm§ p a]m.] ]i[]f — )
jEN [ {Sn+m+N:n_m}}

= D(t*a I>5n,mBn—m,07
n E[N]I{Sner-i-N:n—m}}
n—m ]E[N]I{Sn—l—N:n}] ’
Notice that (8.33), in for I' = N and R = 0, implies that

lim 6,,, = 1.
n——+00

Moreover, according to[Lemma 8.18|, for [ = 0, we have
lim B, o= E[Xq(X)]n.(t) + E[X(1 —a(X))](1 —n.(t)) = E[Xax,].

n—-+o0o

Thereby, according to , we get:

with §,, ,, :=

lim P(r* € T(t", z)|M(7") =n) = D(t", 2)E[Xax ] = P(7x(p,q) € T(t", z)).

n——+o00

This proves the first limit. O
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8.5.2 Sub-critical case

8.5.2.1 Generic case

According to [Definition 8.1} it exists 6, such that py, is critical. Thanks to the
and [Theorem 8.1|, we have:

Corollary 8.1. Let 7* be a sub-critical MGW with offspring distribution p satisfying (6.1)), admitting
a moment of order 2 and mark function q satisfying (6.2). If p is generic and py, admits a moment of
order 2 (always true for . < p), then:

dist(7*|M (7*) = n) — dist(75(ps.,qs.))-

n—-+o0o

Proof. As dist(7*|M(7*) = n) = dist(r; [M(75) = n), according to [Proposition 8.5, we have
to prove that py, and qy, satisfy respectively (6.1) and (6.2). As 6. € I, see the beginning of

Section |8.2} it remains to prove that Z k*py, (k) < +00, in other words:
k>0

> k6 p(k)(co.alk) + 1 —a(k)) < (co, + 1) E[X?0X 7] < +oc.

k>0

Since 0. € I, either . < p the convergence radius of g which is C>(] — p, p[), thereby
E[X?0X '] < 400, or §, = p and p, admits a moment of order 2. O

Corollary 8.2. Let 7 be a sub-critical Galton-Watson tree with offspring distribution p satisfying
(6.1), admitting a moment of order 2 and a mark function q satisfying (6.2). If p is generic, that is
there exists . € I such that py, is critical, then if py, admits a moment of order 2 (always true for
6. < p(p)) we have

dist(7|M (1) =n) — dist(7x(pe,))

n—-+o0o
Proof. According to (8.1), we have dist(r|M(7) = n) - dist(7x (pe,)) if and only if, for
n—-+0o0

every finite marked tree t € T, and every leaf x € L(t),

P(r € T(t,z)|M(7) =n) — P(1x(py.)) € T(t,z)) and P(7 = t|M(7) =n) — 0.

n—+oo n—+00

Letatreet € Ty and = € Ly(t). The second limit is immediate, since for every n > |t|:
P(r =t|M(7) =n) = 0.

We just have to show that for every finite tree t € T, and every leaf 2 € L(t):

P(r € T(t,z)|M(1) =n) — P(tx(py.)) € T(t,z)).

n—-+0o

First, if ¢ : T* — T, is defined by v (t*) = t,[Proposition 8.3|implies:

P(r € T(t,z)|M(r) =n) = Z P(r* € T(t*,z)|M(T) =n)

teTE, o (t*)=t

= Y B €T, 0)|M(m) =n).

tETE, o (t*)=t
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As the previous sum is finite (|{t* € T;, ¥ (t*) = t}| = 2/l),[Theorem 8.1{implies that:
lim P(r € T(t,x)|M(7) =n) = Z lim P(7* € T(t*,z)|M(1) =n)

n—-+o0o n—-+o0o
t* 6?1'3 W (t*)=t

= Z P(7i(Po., 0.) € T(t", 2)) = P(7x (po.) € T(t, 2)).

t Ty, ()=t

This proves the first limit. O

8.5.2.2 Non-generic case

We recall that in this case we suppose that p satisfies and q satisfies (6.2), and,

if ¢4, = 1, (6.8). Thereby, we have that p(p) = pi(p,q) = 1.
Indeed, we have
Lk
o(0) =Y = Y 20

k>0

implying again that p(p) = 1. Recall that:
1(0) => 0" p(k)(1 - q(k)),
k>0
we have to distinguish two cases:

— lq # 1 and clearly p(p) = pi(p, q);
— otherwise, as (6.8), there exists § > 2 such that:

p((1 — (k) = 2,

implying again that p(p) = pi(p, q).

Theorem 8.2. Assume that p satisfies (6.1)), , u(p) < 1, admitting a moment of order 2 and q
satisfies (6.2), (6.7) and, if (o, = 1, (6.8).

dist(7*|M(7%) =n) — dist(75(p, q)). (8.26)

n—-+o00

Proof. According to (8.2) it is enough to prove for all marked tree t* € T{, x € tand k € N:

lim P(7* € T, (t*, x,k)|M(7") =n) = P(7&(p,q) € T, (t*, z,k))

n—-+o0o
and lim P(7* =t*|M(7") =n) = 0.
n—-+00

Let a marked tree t* € T, x € t and k¥ € N. The second limit is immediate since, for
every n > [t|:
P(r* =t*|M(r") =n) = 0.
Letm := M(t*) and [ := k,(t).
We assume that p(! is aperiodic. If p(!) is periodic, the results stay true if we consider a
subsequence (Syn))nen+, with ¢ a growing, positive function, such that E[N1 s, +nv=y(n)}],
Cyn),0(0) and Cy ) 1(—1) (see (8.84)) are positive, to apply lemmas obtained in the appendix.
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Using Dwass Formula (8.25), we have

B(r* € Ty(t", 2, k), M(*) = n) = 3 O(t",2)as1.p(j + DB, (M(r*) = n —m)

Jj=k—l
=C(t"x) > up()P(M(7*) =n —m)
j>max(l+1,k)
= C(t ,:E) Z p(])aj,xn — mE[N]I{Sn_m+ij1fl+N=n—m}]7
j>max(l+1,k)
withforall j € N, o, := q(j)n.(t) + (1 —q(y))(1 — n.(t)). We recall (7.13) that

(77 = Fu(t?)).

The event "7* € T (t*,z,k), M(7*) = n” is explained as following. In the same way of
Figure 8.7, we use an example for n = 9and k = 3:

Figure 8.8 — A marked tree t* (1), the sub-tree S”(t*) (2), the forest .%,(t*) (3) and the tree
obtained by grafting a tree at z on the right of t*, such that M (7*) = n and k,(t) > 3 (4).

Henceforth, we have:
k—1
P(r* € T, (t* z,k)|M(7*) =n) = C(t*, 2)0pm (Bn_m,l(x) — Z p(j)aj.(j — l)an_m7j> ,

with for ¢ € Z and n € N*:

E[NLis, 1w, i i+N=n}]
E[NT(s,4n=n}]

Byi(x) == Zp(j)am(j — 1) j, Gpj =

j>t

n E[Nﬂ{sn+m+N:n—m}]
n—m E[N]l{gn+N:n}] .

Notice that more precisely (8.33) for 7' = N and R = 0, implies that

lim 9,,, =1,
n—+oo

and 6, ,,, :=
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and |Lemma 8.10implies that

lim a,; = 1.
n—-+0o0o

Then use[Lemma 8.20]to get:
nETmP(T* e T, (t",z,k)|M(T") =n)
= C(t",2) (1 = u(p)) (Lqma(t) + (1 = £q) (L = 7a(t))) + Elax o (X — D Lixon]) -
]

In the same way of generic case, we are also interesting to the distribution of the GW
instead of the MGW, so we have:

Corollary 8.3. Assume that p satisfies (6.1), , 1(p) < 1, non-generic, admitting a moment of
order 2 and q satisfies (6.2), and, if {4 = 1, (6.8). We have that:

dist(7|M (1) = n) e dist(7c(p)). (8.29)

The proof is similar as the one of the

8.6 Appendix

8.6.1 Preliminaries and Key Lemmas

Recall the definition of N in Section (see [Proposition 8.6), N = # (L, %), where

L is the number of leaves of Sé’(r*) with offspring distribution p (8.17). X be a random

variable with distribution p, Y, given X, be a Bernoulli random variable with parameter
x 1)

q(X), and introduce Z(® whose definition is very similar to Z(!) (8.2T), Z(1) = ZN’“ where
k=1

X is distributed as X conditionally to be marked, and (1V;);en is a sequence of independent
copies of N, independent of X.

In other words:
x(0)

Z0 =3 "Ny, (8.30)
k=1

where X© is distributed as X conditionally not to be marked, and (1V;);cn is a sequence of
independent copies of N, independent of X©.

Moreover, throughout this section, for j € {0,1}, p¥) denotes the distribution of Z) and
©9), its mean.

Note that the existence of k such that 0 < p(k)q(k) < 1, ensures that X(? is well defined and

we have:
p(k)(1 —a(k))
1 -E[q(X)]

Lemma 8.7. Assume that p satisfies (6.1), with a moment of order 2 and q (6.2). If u(p) < 1,
7O ¢ [? and:

P(X© =k) =

oy EX(1-q(X))] E[q(X)]
E[Z] = 1= E[X (1 - q(X))]|E[l — q(X)]
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Proof. According to N € L?and (6.1) implies that X(? is in L? too. Consequently,

using for instance the generating function, Z(*) € L? and we have:

E[X(1 — q(X))] Ela(X)]
1-E[q(X)] 1-E[X(1-q(X))]

E[ZY)] = E[XV]E[N] =

]

Lemma 8.8. Let p satisfying (6.1) admitting a moment of order 2 and q satisfying (6.2). If u(p) < 1
assume that q satisfies and (6.8). Then Var[Z W] is finite.

Proof. Let’s prove that Var[Z()] < +oco. We have, according to N € L? and
(6-1) implies that X (¥ is in L? too. Consequently, using for instance the generating function,
ZW € [? and Var[ZW)] is finite.

O

Let (Zi(l))ieN* be a sequence of independent copies of Z @), independent of (NV;);en+. Then,

we define (W,,)nen+ and (Sy,)nen by Wy = Sp = 0 a:s, and for n € N*, W,, = ZNi and

=1
5;:2;49

We assume that:
pV =1or (uV < 1and, forall § > 0,E[eez(1)] = 400). (8.31)

and that p!!) is aperiodic (that is P(S,, = n) > 0 for all n large enough). According to [22] or
[28], we have the following strong ratio limit property for all m, v € Z:

iy EEntm =7 — u)
n—-+00 ]P)(Sn = n)

= 1. (8.32)

Proposition 8.7. If p(p\V) = 1, then, for R a random variable equals to ZW), X, L or N, we have
forall § > 0, E[e’F] = 400 .

Proof. Since p(p!V) = 1, then p;(p,q) = 1 and p(p) = 1 according to (8.11) and [Lemma 8.6,

Thus the proposition is true for Z() and X. As N, conditionally on L, has a binomial dis-

tribution with parameter (L, E[fl (X)]
N p(0)

We recall the equation for the generating function of L (8.18) for all s € R:

), if the proposition is true for L, it is also true for

+oo
Thereby, E[s”] converges if Y p(i)(1 — q(i))E[s"]" = I(E[s"]) converges. Since, pi(p,q) = 1
i=1

and s — E[s"] is increasing, we need to have E[s"] < 1, so s < 1. Thus, the convergence
radius of the generating function of L is 1, the condition is satisfied. O
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Lemma 8.9. Assume that p®V) is aperiodic and satisfies (8:31). Let T and R random variables inde-
pendents of Z such that 0 < E[T] < +oc. Let m, k € Z, we have:

E|T1 —n—
lim (T1(s, iRt T=n—1})

=1, 8.33
n—+4o0 E[T]l{sn+R+T:n}] ( )

If pW is periodic, then (8.33) still holds along the subsequence for which the denominator is positive.

Proof. We shall mimic the proof of Lemma 8.3 of [6]]. Since p!) is aperiodic, the denominator
of (8.33) is positive for n large enough and it is enough to prove the result for m = 1 and k
such that p™M (k) > 0.

Denote p%l)(k) = %Z]I{Z_(l):k}, we have:
=1 K

E[Tp (k)1(s, +rir=n}] = E

1 n
g (E;H{Zf”zk}> ]l{Sn-I—R—I—Tn}]

=E []l{ZT(Ll):k}T]l{Sn+R+T:n}]
- p(l)(k)E [T]I{Sn71+R+T:n—k}] . (834)

Thus, we have:

E[T1s,, +Rr+T=n—k}] B 1’ E[ (k)]l{sn+R+T:n}] 1
E[T1s,+r+1=n}] (k) [T1(s,+RT=n}]
) [ ‘ W (k) — pM (k) ]1{sn+R+T:n}}
o (k>E[T1{Sn+R+T:n}]
e E [Tﬂ{ pSP(k)—pm(k)>e}]1{sn+R+T="}}
SP0® T pORET s i)

for every ¢ > 0.
It remains to prove that:

y E {T]l{‘pg})(k)_pu)(k)’%}]l{sn+R+T:n}}

E[T1{s,+Rr+7=n}]

converges to 0 for all € > 0. We have:

E|T1
T B
In < < P (lo® (k) — p®(k
S T ETLsamr] - ElLsnirn) (IpM (k) — M (k)| > ¢)

_ EMPS.=n) B
- ]E[T]I{Sn—I—R—i-T:n}} P(Sn = ’fl)
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Accordi 28], end of page 2954, we have lim - (o) - 0 ®)] > )
ccording to [28], end of page , we have P(S, =n)
E [T P(S, =n)

= 0. We

denote I,, :=

E[T1s,+r+7=n}]
limit property (8.32)), we have:

, for all n € N*, by Fatou’s lemma and using the strong ratio

E|T|P(S, =
n-+oo N SR (per—ip|P (S = 1 — ) Liicny
i=0
E[T
= lim Jsrup = | p]s
n—+00 n=n_i
QE[H{MH}]W““S”}
E[T]

.o P(S,=n—i)
hrn 1nf Z E[T]l{R+T=i}] ﬁ]l {7,§7L}

E[T] ET]
co . Sp=n—1
;E[T]l{R-I—T:i}] 1}}_{22{5 —Pl(p(gn:n) M i<ny
Since ¢ > 0 is arbitrary, we deduce that lim J, = 0. O

n——+oo

We recall the Lemma 8.6 of [6]. The proof is same in our case.

Lemma 8.10. Assume that p\V) is aperiodic , with u™ = 1 or (™ < 1 and p(pV) = 1).
Forall m € N, k € Z, we have:

EIN1 —n
lim (N1, 4+ W+ N=n—k}]

=1 8.35
n—+oo E[N]]-{Sn-i-N:n}] ( )

If pW is periodic, then (8.35) still holds along the subsequence for which the denominator is positive.

Lemma 8.11. Assume that plV) is aperiodic , with u™™ = 1 or (1Y < 1 and p(pV) = 1).
Forall m € N, k € Z, we have:

E (115, 0+ N=n—k}]
li KR =1. .
notos  P(S, =n) (8.36)
If pY is periodic, then (8.36) still holds along the subsequence for which the denominator is positive.
Proof. We mimic the proof of the Lemma 8.4 of [6]. Let m, k € Z. We define for all j € N:

P<Sn+m =n—Fk—
P(S, =n)

D and d, () = ()t

bn(j) = pn(J)

Thanks to the strong ratio limit (8.32) we have lirf bo(j) = pn(j) and lim d,(j) = p(j).
n——+00

n—+400
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Moreover, using with T = k and R = 0, we have:

=n—k)
d n+1+m =N :
% P(S, =n)
and lim Y. d,(j)=1=YpW(H) = hm dn (7).
n—+00 jeN jEN JENT

Then, since it exists j, € N* such that p( ]O)q( jo) > 0, we have:

x (1)
p"(j) = (ZN J) >P(XW = jo) (ZN —y)

>P(XY = jo)pn(7)pn(0)° " =: Cpn(j).

Thereby, for all j € N, b,(j) < C~'d,(j), and the dominated convergence theorem in [21]
(Theorem 1.21), implies that

E [1(s, .+ N=n—#)]

ngrfoo P(Sn = n) B "EIEOO Zb ngrfoo b Z PN
JeN JjeN jeN
O
8.6.2 The sub-critical case: some properties
We add some properties on the random variables in the case where pV < 1.
Let us recall that we assume in this case that:
p(k) = L (k)k~ 1+, (8.37)
where a > 2 and .Z is a SV function, and that q admits a finite limit at infinity (6.7):
nl_l}I}_loo a(n) =Ly, lq € 10,1]. (8.38)
A useful lemma concerning SV functions is the following, Lemma 2 in [16]], pp.282:
Lemma 8.12. If £ is a SV function, for every 0 < a < b < 400, uniformly for ¢ € [a, b]:
. ZL(cx)
i gy =1 9

The following corollary is a direct consequence of the previous lemma in the case of
regularly varying functions:

Corollary 8.4. Assume that f : RT* — R™* is defined by:

where oo > 0 and £ is a SV function.
Moreover, let us consider two positive functions u, v satisfying:

lim M:A< lim M:B.

x—+o0o I x—+oco I
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Then, for any ¢ > 0, for x large enough and for all y € [u(x), v(z)):

(-2 _fly) _(1+2)
B SRS S (8.40)

Remark 8.3. Note that we can easily adapt the previous result if -~ A(x) when x goes to
infinity. In this case, for any ¢ > 0, for x large enough and for all y € [u(x), v(z)]:

f@) _ (1+9)
fle) = Al (84D

According to Section L is the number of leaves of Sg‘ (7*) with reproduction law (8.17):

~ P —a(h). kA0,
p(k) = p(0) + Zp(j)q(j), otherwise.

We denote by X a random variable with distribution p.

8.6.2.1 Case /y € [0,1)

According to Remark 4.8 of [7], L is, also, distributed as the total size of a GW with
offspring distribution given by the distribution of:

PN (Xk+ _ 1) (8.42)

1

Q

?

where G is a geometric law with parameter p(0) independent of (Xk.+ Jwen-, @ sequence
of i.i.d. random variables, distributed as X given {X > 0}. Thus, for all n € N*:

Z(n)(1 —a(n))
W (1= p(0)
implying that P(G = n) = o(P(X, = n)), when n goes to infinity. Thus, applying Theorem 2
of [10] and [Lemma 8.12

P(?:n>~E[g—1]P(X+—1:n)N%ﬁﬂg—w.

P(X, =n)= (8.43)

Then, using the representation theory ([16], p.282), we have for all n € N*:

Y ty(n)Z(n)
where /4 (.) is a positive function satisfying hrf ly(n) = %.

Using Dwass formula [15], we have that,

P(L_n>_IP’<§n:n—1>

n
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with S, = > Y}, and (Yk)keN* is an i.i.d sequence with distribution Y.
k=1

As a > 2in (8.44), we can apply Theorem 1 of [12]; as IE‘L[S}] < 1, there exists ¢ > 0 small
enough such thaté :=1—E[Y] —¢ > 0,and asn — 1 > nE[Y] + né, when n goes to infinity:
P (sn —n— 1) = nP (f/ — {n(l - E[?])J) (1+o(1)).

Moreover, ensures that:
E[Y]=E[G - E[X; — 1] =1-E[L]".
Finally, when n goes to infinity, using

P(L=n)~P (Y/ = tn(l — E[Y])J) ~P(Y = n)E[L]""*;

So, we can write:

lr(n)Z(n)
P(L = n) = W, (845)
where //(.) is a positive function satisfying nl_l}Ifoo lr(n) = (1—4q) E%g;a.
We recall, that the random variable IV defines the number of marked leaves among the L
Elq(X
leaves, thus N, conditionally on L, has a binomial distribution with parameter (L, %)
Elq(X
and we can consider the i.i.d sequence (B;);en+ with distribution law B ~ # ( [?((O) ) ) ,
p
such that 5
N=> B.
=1
We have the following result:
Lemma 8.13. Forall n € N*:
In(n)Z(n
pn(n) =P(N =n) = % (8.46)
where {(.) is a positive function satisfying nl_l)rfoo In(n) =(1- Eq)% =:Cp.

Proof. Since (B;)en is a family of i.i.d random variables with Bernoulli distribution %4(¢),

Elq(X)] =

with ¢ = ~5(0) and assuming that this sequence is independent of L, Z B, equals N in
p i=1

k
law and we define for all k € N, W, = Z B;.
=1

Thus, for ¢ > 0, we have:

[20-9)] [20+)]
P(N=n)= Y PL=kPWy=n)+ >  P(L=FkPW;=n)
k=n k=|2(1-¢)|+1
+ > P(L=kPW;=n)
k> | 2(1+¢) |
=L+ 1+ I (8.47)
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We can easily show that I; < P(WLQQ—E) | > n), using Hoeffding’s inequality, we obtain:

L <P <WL%(1_5)J > n) <P (WL%(I_E)J — L%(l _ E)J &> 77,6) < 6—267152’

and with a similar reasoning, we can show the existence of a positive constant C' such that
for n large enough:

I3 <P (VNVL%(HE)J E(l + 5)J ¢ < —ne) <P <‘WL%(1+€)J L%(l + E)J 6‘ > ns) < Ce~2%ne’,

In view of what we want to prove, I; and 5 are negligible.

Corollary 8.4 gives that for n large enough and forall k € [|2(1 —¢)| + 1, [2(1 +¢)]]:

and consequently, to study the asymptotic behavior of /5, we just have to look after:

|2(1+e) |
P(L=n)"" > P(Wip=n)=PL=n)"L
k=|2(1-¢)|+1
Moreover, we have that:
[2(1+9)] 2
i ~n _ =\k—n _x1
Z P(Wy =n) < Z(n>c (1-2¢) ¢, (8.48)
k=] 2(1-¢) | +1 k>n

and, the proof of the negligibility of I; and /5 implies that:

[20-9)]
lim I = lim PWe=n)— > PWe=n)— Y  PWy=n)
n—-+0oo n—-+0oo
k>n k=n k> | 2(1+¢) |
. T . k ~n ~k—n ~—1
= i RO =) = i 57 ()0t

Finally, when n goes to infinity

then, we obtain:

In(n)Z(n)
n1+a

where (n(.) = g()lL(.), £1(.) is defined in (8.45) and ¢(.) is a positive function satisfying

lim g(n) = ¢*. And we obtain our claim result as:
n——+oo

pn(n) =P(N =n) =

Y

Jim Ly (n) = p(0) T I1-EX(1-qX)]
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Now, we can determine the asymptotic behavior of p(Y)(n) = P(Z(") = n) where
x (1)
U = 3" N,. Recalling that, for all n € N,
k=1
Z(n)q(n)
E[q(X)]ntte

According to Theorem 1, (iii) of [10],[Lemma 8.12|and |Lemma 8.13, when n — oo:

P(XW =n) =

P(ZW =n) ~E [X<1>] P(N =n)+E [N]*l P (Xu) _ LELJ)

V]
nl—i—aE ] ( X))] (1 - EQ) + gq)
- ZEINY EIX > L L(1-EX])  #(]
nME[ [Xn SEXG ) (8.49)

and we have:
ly0)(n)Z(n)

nl—i—a

pV(n) =P(ZW =n) = (8.50)

where ¢,,(.) is a positive function satisfying 1115{1 ly0)(n) =N,
n—-+0oo

x(0)
Similarly, recalling that Z(®) = Y~ N, we have for all n € N*,
l=1

(1 = E[q(X)])n'+e

and according to the point (iii) of Theorem 1 of [10] and [Lemma 8.12| we have, when n goes
to infinity:

P(Z® =n) ~EXVIP(N =n) + E[N] ' P (X(O) - LE: FN]D
Z(n) (1 - to)EIN] Z(n)

" e BN - EX( —q)) e e 69D

and we have:

lz0(n)Z(n)

pO(n) =P(Z© =n) = Tra (8.52)
where ;) (.) is a positive function satisfying 1_1)13 Cy0)(n) = (1 —Ly)cz0.
8.6.2.2 Case/q =1
In that case, we suppose that, the mark function q satisfies for k € N*,
1—q(k) =k°L(k) (8.53)

with 8 > 2 and £(.) is a slowly varying function. According to Remark 4.8 of [7], L is, also,
distributed as the total size of a GW with offspring distribution given by the distribution of:

Gg—1

V=3 (% -1).

k=1
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G is a geometric law with parameter p(0) independent of the i.i.d sequence (Xk+ )ken+ and
forall k,n € N*, P(X+ = n) = P(X; = n) = P(X = n|X > 0), so according to (8.17) we
have
- Ln+1)L(n+1)
P(X, —1=n)=
T G e (o))

and as the product of SV functions is a SV function, all the results obtained in Sub-sub-
section [8.6.2.1|can be adapted. Consequently, for all n € N*:

Y ty(n)Z(n)L(n)
PY =n) = et , (8.54)
(r(n)Z ()L (n)
P(L=n)= ot ; (8.55)
In(n)Z (n)L(n)
py(n) =P(N =n) = Trats , (8.56)
where /;(.), /(.) and x(.) are positive functions satisfying lir+n (s (n) = ﬁ,
. E[L] 1 to+B8 . ~ E[N]a+B8
il = S and, (o) = =y = e
To determine the asymptotic behavior of p™*) (n), when n goes to infinity, note that:
Z(n)
PXYV =n) v ——
SN T)
Then, we obtain
P(XM = p) ZL(n) 1 nf
B(N =mn) noee Z(n) Elq(X)]ly(n) £(n)°
implying that P(N =n) = o (P(X®" = n)) and according to Theorem 6 of [10]:
1 — Y -1 L _|_" - Z(n) E[N}
Pl = ~E0E (5= g ) ~ T ey
As a result:
ly00(n)ZL(n
pW(n) =P(zV =p) = 22 )7(11zra ) (8.57)
where /) (.) is a positive function satisfying lim /¢,u)(n) = B[N
ere (70 (.) is a positive function satisfying lim £;m(n) = Eiq(X)
Remark 8.4. We can remark that we obtain the same limit of (8.50) taking {4 = 1 in X we obtain
E[N]®
Elq(X)]

For Z, note that
Z(n)L(n)

P(X =n) = niteth(1 — Ejq(X)])’
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and according to the point (iii) of Theorem 1 of [10] and [Lemma 8.12| we have, when n goes
to infinity:

P(Z© =n) ~EXOP(N =n) +E[N] ' P(X© = { n J)

E[N]
_EX(L—a(X)] Iy(n)ZL(m)L(n) | E[N]*PL(n)L(n)
E[1 —q(X)] nltots ntreti(1 —Elq(X)])’

and we have: )
Lo mEm2()

nltaotp ’

(8.58)

E[N]>+8
1=E[q(X))(I-EX(1-a(X))])"

where £, (.) is a positive function satisfying hT 0 (n) = (
n—-+0o0

8.6.2.3 General results

For S,, = Z Zi(l), according to [12]], we have for all ¢ > 0 and uniformly in k& > (u +e)n:
=1

P(S, =k) ~ npM([k —nuM]). (8.59)
Moreover, according to Theorem 2 in [13], since ¥ < +oo, 0% = Var[ZW] < +oo (

Lemma 8.8/) and p!) being regularly varying at infinity with index x < —3, uniformly
in k such that

k*"—\/%‘(l) — +00, when n goes to infinity, we have:
(k—np(1))?
e o (1) (1)
P(S, = k) = — (I+0(1))+np (\_k —np J)(l +0(1)), asn — oo, (8.60)

with 02 = E[(Z() — (1)?],

Lemma 8.14. Assume that p\Y) is aperiodic , with 1™ < 1, p(pM) = 1, Var[ZM] < +o0 and
q satisfies if tq = 1. If T is a nondegenerate positive random variable in L', independent of
(Sn)nen, such that:

vk € N, P(T = k) = S (1= a(k) (k).

where ~y is a positive function such lirf y¥(x) = ¢ > 0, we have
T—r+00

o BT Lsiaron] _ BT]+ (1 u) (1—Ly)e

n—-+00 ]P)(Sn = n)

(8.61)

E[N]* E[Xq(X)]+€q(1-E[X])
Elq(X)]  1-E[X(1-q(X))]

where N :=
Remark 8.5. Note that if {, = 1, the ratio in (8.61)) tends to E[T.
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Proof. Let0 <e <1 — pu, % <d< %, and for n large enough, to determine (8.61)), we need
to introduce these four intervals:

Ji = [0,n(1 — —5)} Jy = |n(1— D —¢e)n (1- ,u(l)) - nd] ,
J3 :}n(l—u(l)) —n? n(l—u(l)) +nd} Iy :}n(l—p,(l)) +nd,n] ,

and for typographical simplicity, we introduce for ¢ € [1, 4]:

E[T1 . o
e [TLis, 7= TG” =S kB(T = k) (S =n—k)

(S" - n keJ;

We recall that S,, and T are positive random variable, so, they cannot take values after n.
We can write for all n € N*, n = nu®™ +n (1 — M) with 1 — ) > 0, so, according to

B59), we have (S, =n) ~ np! ([n(1-u®)]).
n—oo
On J;, note that the exponential term is negligible in (8.60), as a result for n large enough for

all £ € ]1I
P(S, = n—8) __p (L (1= ) ~ )

.62
PG = = PO ({1l A0 (502

Thus, using formula (8.50) or (8.57) and for n large enough and all £ € J;:

P(S, =n — k) 1— O\
<4 . .
P(S,=n) — < 3 (8.63)
The strong ratio limit Theorem gives that for fixed k:
) PSS, =n—k) B
nl—l>Too EP(T = k) PGS, =n) EP(T = k).

Consequently, as T € L', Lebesgue’s dominated convergence theorem implies:

lim I, = lim Y kP(T = k) PS5y = = kP(T = k) =E[T].

n——+oo n—-+oo (S = n
keJi keN

Note that on J,, (8.62) remains valid and using there exists C' > 0 such that for
n large enough and all k € Jy:

< Cpi=dla+h) (8.64)

and as P(T = k) = k~'~*2(k) where .Z is a SV function, for any § > 0, for k large enough
P(T = k) < k°~17*, consequently for n large enough and 0 < § < a:

1 cCn2+o—d(a+1) ~
(1—-d)(a+1) _. 24+5—d(a+1)
I, <Cn E = < 1= 0 = gyas Cn )
keJs

As a > 2and d > Z, we can take § small enough such that 2+ 0 — d(a + 1) < 0 and it implies
that

n—-4o00
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In order to determine the limit of /5, we have to distinguish if ¢, = 1 or not.
Case ly = 1:
CoZ(n)

Recall that when n goes to infinity, there exists C;, > 0 such that P(S,, = n) ~ ==2*. As

no

a result, there exists two positive constants C'; and (5, such that for n large enough, using

Lemma 8.12] for all k € Js:

kP(T = k) < C1L(k)n*Z (k <0 L(k)
P(S,=n) = kP ZLn)ke = kP
Consequently, for n large enough:
kP(T = k) L(k)
< < — =
ke keJs

and liIJ]rn R, =0, % being the general term of a convergent series as £ is a SV function
n—-+0oo

and 3 > 2.
Case {, # 1: We postpone the proof that /; has the same limit at infinity as:

ja E [n(1—pW) L, 1r=nres}]
N P(S, =n) '

Note that, according to and (8.50), for n large enough and all £ € Js:

(1—"Ly)e  P(T=k) (1—"Ly)c
1— < <(1 —_ 8.65
(1=¢) nN _]P’(Sn:n)_( +e) nN (8.65)
Moreover, as d > %, thanks to the central limit theorem, when n goes to infinity:
S, —nud
S PS, =n—k) =P (2" c [—nd—%, nd—%] 1 (8.66)
NLD
keJs
This gives an upper bound for lirJJra I3. Indeed:
n—-+0o0o
. . P(T =k)
limsup I3 = limsupn (1 — u™® — = P(S,=n—k
n—>+oop ’ n—>+<x>p ( H ) Z ]P)<Sn = TL) ( )

keJs

<(1+e)(1—pM) % lim P (S, —nu® € [-n?,n)

n—-+00
(1—"Lg)c
N

And we can obtain the lower bound with the same reasoning. As a result:

T (1, (1—Lg)c
i Ty = (1= ) ==

=(1+e)(1—pW)

Now, to prove that /5 and I; have the same limit, note that (8.65) ensures that there exists
C' > 0 such that for all £ € J; and n large enough:

P(T = k)

P(S, =n) =

¢ (8.67)
n
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and as a result, as d < 3 and using (8.66), when n goes to infinity:

E[|T —n (1 —pD)|Lires s.im=n)]
P(S, =n)

2C

< WP (Sp —nuM € [-n?,n?) <

|13 — js\ <

2C

— 0.
nlfd

It remains to prove that I, tends to 0 to obtain our result. Note that for n large enough
and k € Jy, still true and we have

KP(T = k)

— <
P(S,=n) — ¢

and thus, using again the central limit theorem, when n goes to infinity:

I, <CP (Sn — n,u(l) < —nd) — 0.

We obtain (8.61), since
E [T1(s,+1-n}] (1—Lg)c
" =L+L+1I+1, — E[T)+ (1 —pW)—2—
BS, —n) Dbl o BT (1 -e)

8.6.3 Principal lemmas

In this subsection, we consider the lemmas used in [Theorem 8.1|and [Theorem 8.2|
Recall that ¢y and X are described in|Lemma 8.13|and Assumption (8.49).

Lemma 8.15. Assume that p® is aperiodic , with pV = 1 or (1Y < 1 and p(pV) = 1) and
Var[ZW] < +oc. Let m € N, k € Z, we have:

EIN1 —n
lim [N (s, +N=n}]

1-— fq)CN
n—+00 E[]].{S7L+W7H+N:n—k}] .

=E[N] + (1 — pM) ( N

(8.68)

If pW is periodic, then (8.68) still holds along the subsequence for which the denominator is positive.

Remark 8.6. 1. If u") = 1 or £y = 1, the ratio in (8.68) tends to E[N].

2. Note that the way the limit is written in formula (8.68)) helps streamline the proof. Nevertheless,
in the remainder of this section, it will be more convenient to simplify the expression further by

using that:
o _ Efq(X)] By Ela)]
R EXg(X)]+lg(1 = p(p))] 1 — pu(p) + E[Xq(X)]’
Ly = E[Xq(X)]
1 —p(p) + E[Xq(X)]’
and we obtain:

n—too B[l (s, yw,+nv=n—ty] E[Xq(X)]+q(1 - p(p))
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Proof. First, assume that there exists a > 0, such that for all £, m in Z:

E []I{Sn-‘rerN:nfk}]
nvtoe B [Ns, s n=n)]

—a (8.70)

To mimic the proof of Lemma 8.10|(see Lemma 8.6 of [6]), we introduce for all j € Z:

Co = E []I{Sn‘f‘N:n—k—j}}
" E[Nlgs,in=n}]

(8.71)

and denote by ¢ := (t(j));en and r := (r(j));en respectively the distributions of ,,, and S,,.
Thanks to (8.70), lir+n ¢n,; = a and consequently:

n——4o00 n—+oco K [N]I{Sn+N:n}} n—s-+o0o

E [1 .
lim » r(j)c,; = lim LS mt¥=n—b)] =a=> r(j) lim c,;.
jEN jEN

According to (6.2), there exists j, € N* such that p(jo)q(jo) > 0 implying that
x
P(XW = jo) > 0. As Z{") = " N, for j € N:

i=1

r() = P(Sn =J) 2 P (Z X =mjo, Y Ni = j)

i=1 =1

m KD
>P (Z XY = mjo, Wi = j, Y Ni= 0) > CH(j),

=1 i=m-+1

with C > 0, independent of j. Thus, as t(j) < % for all j € N, by dominated convergence
theorem in [21] (Theorem 1.21), we deduce that

T LRE S e R D tG)ens = Y_tJ) lim e, =a.

noteo [ [N]I{Sth:n}} N tN jEN e

As a result, in order to prove (8.68)), we have to obtain (8.70) but, according to|Lemma 8.10

lim E [N1gs,+n=n}] _ E [Nls,+n=n}] P(S, =n)
n=+oo & []l{Sner—&—N:n—k}} n—too  P(S,=n) E []].{Sn+m+N:n_k}}
E [N1{s,+N=n}]

=1l =: li
Jim P(S, = n) m F,

and it suffices to study the behavior at infinity of R,,.

The case uM < 1 is straightforward by applying|Lemma 8.14|with T = N.

E|IN1 =n —
lim [ {Sp+N= }] _ E[N] + (1 _ M(l)) m'
n—+o00 E[ﬂ{5n+Wm+N:n—k}]
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To obtain the case ;) = 1, we denote by Z,, :== S,, — n = Z (Zi(l) — 1), a centered random
i=1
walk such that E[Z,,| = 0. We have:

E [Nl{z,—_n}] P(Z, = —k)
R, = = kpn (k)
P(Z, =0) kzzo MRz, = 0)
According to [14] (Theorem 5.2 p.132),
.
sup |vVnP(Z, = k) — S
ke o\ 2

tends to zero when n goes to infinity. Thus for all £ € Z we have:

2

€ 2no? 1
P(Z =k) = - 72
(Zn ) o 27m+0(\/ﬁ)7 8.72)

with a uniform error term for all £ € Z. Consequently, there exists a positive constant C'
such that:

sup w < (Cand lim

A 7
kez, P(Z, = 0) n=+o0 P(Z, = 0) (8.73)

for all £ € Z, and with Lebesgue’s dominated convergence theorem:

]

Lemma 8.16. Assume that p"V) is aperiodic, with 1V = 1 or (uV < 1 and p(pV) = 1) and
Var[Z(V] < +oc. Let m € N, k € Z, we have:

i E[Nﬂ{sn+wm+z(0)+N:n—k}]
im
n—-+o0 E[N1(s,+N=n}]

=1 (8.74)

If pY is periodic, then (8.74) still holds along the subsequence for which the denominator is positive.

Proof. First, writing the ratio from (8.74) in the form:

P =n)  E[Niis ]

= UpWy,

one can note that|[Lemma 8.15|gives that w,, tends to an explicit constant w, as a result we

just have to show that lirf v = w
n—-+0o0
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Case puM = 1:
Here, it suffices to prove that hrJlrn v, = E[N]. Using the same notation as [Lemma 8.15
n—-+0oo
for Z,,, we have:
EINT iz, 4w 420 4 N=—1}] P(Z, = —i)
Up = ]P’(Zn — 0) = ZE[N]I{Wm+Z(0)+N=i—k}]m.

1EL

Consequently, (8.73) permits us to apply Lebesgue’s dominated convergence theorem, so:

nl_l)r_{loo Uy — % E[N]I{Wm+z(0)+N:i—k}] = E[N]
Case pM < 1:

Like in|[Lemma 8.15, we can prove that for all £, m € Z:

E/NT o
lim v, = lim | {20+ N=n k}] =: lim z,,
n—+00 n—+00 P(Sn = n) n—+00

and we write:

E[N]I{Sn+m+Z(0)+N:n7k}] E[N]l{sn+z(0>+zv=n}]
E[N]l{sn+z(0>+1v:n}] P(S, =n)

According to[Lemma 8.9, withT = Nand R = Z ), lirf a, = 1 and as a result, we need to
n—-+0oo

determine the limit of b,, and distinguish between the cases depending on whether ¢, = 0 or
not.

Case ( # 0:

Our strategy here is to mimic the proof of Lemma 8.10} in other words, we search (53;) en
such that for all j € N:

=:ayb,.

Zn =

P(Z = j) < B,
and satisfying:
lim > Bica; =Y B; lim ca;, (8.75)

n—+o0 £
jeN jEN

where:
o E [Nl iv=ny)]
" P(S,=n)

Thanks to [Lemma 8.14 with 7" = N, forall j € N, lir+n cnj = w™!, thus, by applying the
n—-+0o0o

dominated convergence theorem in [21]] (Theorem 1.21), we obtain the claimed result as:

lim b, = lim IP’( J)en = E P(Z ) lim ¢,; =w™.
n—-+00 n—-+00 n—>+oo
jEN JEN

To find (5;);en, first note that since hr}ra q(n) = ¢4 > 0, there exists k; such that for all
n—-+0oo
k > ko, q(k) # 0, and c defined by:

Elq(X)] {1—_q(k)}

C T T Ela(X)]keram>o | a(k)
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is finite, and one can write for all k € N, q(k) > 0:

B = 1) = PG < ) = PO = )

Consequently, for all j € N:
x(0)

+oo
P(ZO =) =P(Y Ni=j| =Y P(Wp=j)PX"=k)
=1 k=1

ko

< 2 PO g+ =)
1 & . b
< T=Ejq(X)] Y PWi=j)+p(j) = 8;

k=1,q(k)=0

In one hand, thanks to|Lemma 8.9|and [Lemma 8.14{with 7" = N and R = 0, we have for all
jeN:

lim Zp J)cn; = lim ]E[N]I{S”+1+N:nﬂ =w!,

n—)-l—oo]GN n—+4o00 PG%::H)
implying that, as Jim ey = wh:
; (1
2 ey =w =3 P10 lm e .76
JEN JjEN

On the other hand, for all £ € [0, ko] such that q(k) = 0, we write:

E|N1 =n
S P (Wi = j)eny — e ]

jeN

_ E [N]l{sn+wk+N:n}] E [N]I{Sn—i-N:n}]
E [N, N=n}] P(S, =n)

Thanks to[Lemma 8.10, lim r, = 1 and according to|Lemma 8.14withT" = N,

n—-+oo

= ThSn.

lim s, =w '. Then:
n—-+00

lim P(Wy=1j)cn; =w" Z]P (Wi =) lim ¢, (8.77)

n—+o00 £ n—>+00
JEN JEN

(8.76) and (8.77) imply that (3;),en satisfies (8.75) and we can conclude.
Case (4 = 0:
As in [Lemma 8.15| to obtain lim b,, we need to distinguish between several cases. To

n—+oo
that end, we introduce 0 < ¢ < 1 — p, max (2, %) < d < 2, and for n large enough, we
introduce the same four intervals:

Ji=[0,n(1—pW —o)], Jo=]n(l - p —e),n (1 - uW) —n],
ng}n(l—u(l))—n n(l—u(l))+nd},J4:]n(1—u(1))+nd,n],
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and for typographical simplicity, we introduce for i € [1,4]:

j E [N]].{Sn+Z(O)+N:n,Z(O)+N€J¢}}
L P(S, =n)

Writing the equality in distribution

X041
N+zZ9=Y" N,

i=1
we can apply the same method as (8.52), and we obtain:

_ Uy 70 (n)Z(n)

P(N + 2 = n) =
n o

, (8.78)

where /, ;0 (.) is a positive function such that

lim (o g0 (n) = E[N]*(2 - Ela(X)]) |
noroo N7 (1 —Ela(X))(1 - EX(1 —a(X))])

Then, with a similar reasoning as the one of the proof of[Lemma 8.14with 7T = N + Z ©), we
obtain for i € {2,4} :

I; < EKN"‘ Z(O)) Uis,+204N=n20+Nes}] — 0,
P(S, =n) n—i+o00

and as N € L', (8.63) and the strong ratio limit Theorem allow us to apply Lebesgue’s
dominated convergence theorem and:

. P(S, =n—k)
Jip 1= 3 ] o
keJy
= ZE[N]I{Z(O)+N:19}] = E[N].
kEN

To study the limit of I3, we need more information on /N and, for this purpose, we introduce
three new intervals:

K, = [O,nd} , Ky = [nd—i— l,n(l —u(l)) —nt— 1} ,
K; = [n (1 — ,u(l)) —ndn (1 —,u(l)) —I—nd] ,

and we define forall i € {1, 2, 3}:

Lo E [N]l{Sn+z(0)+N:n,Z(0)+NeJ3,N€Ki}}
372 P(Sn = n) ’

Recalling (8.52)
o) Zm)

nl—l—a

pQ(n) =P(Z© =n) (8.79)
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where ) (.) is a positive function satisfying lir}rl ly0)(n) = (1—Lg)e 0. If N < n¢, accord-
n—-+0o0
ing to there exists C' > 0, such that for n large enouch and for all £ € J5 — V:

P(ZO =k) C
=n) n

< —.
P(S, =

As a result, for n large enough:

Q

13,1g%2j1@(zv:j) S P(S,=n—k—j) < ZE[N] - 0.

j<nd keJ3—j

n

To study I35, we still need further refinement, in other words we decompose J; in three
intervals:

J3 = [n (1 — u(l)) —nin (1 — u(l)) — 5nd}
Ji = }n (1 — u(l)) —entn (1 — ,u(l)) + and}
J3 = }n (1 - u(l)) +endn (1 - u(l)) + nd}

and we define for all i € {1, 2, 3}:

r E [N]l{Sn_:,_z(ﬂ)+N:n,Z(O)+N€J§,N€K2}}
i = P(S, = n)

First, note that if k € J then n — k € [nu™ + end, np™ + nv, and as result for any § > 0,
according to [Corollary 8.4] there exists C' > 0 such that for n large enough and all £ € J3:

P(S, =n—k) C

nd—1D(at1to)

IN

As a result, for n large enough:

C C
1 . .
Lia < s 2o B [N lzovoivern] < ammarms 2 7Pv0)

keJl JEK>
c 20) C 1
< n(d—1)(a+1+9) Z ja < n(d—1)(a+1+4) Z ja—é
j=>nd j=nd
< ¢ ! < ¢ 0
S @ D@rian)  pda—d-1) = 5ald-1-1-3 p i
for 0 small enough, as «(2d — 1) — 1 > 0 since o > 2 and max (£, 112) < 4.

In the second case, the reasoning is very similar; indeed for any 6 > 0, there exists C' > 0
such that for n large enough and all k € [n?(1 —¢),n (1 — pM) —nd(1 —¢)]:

p(k) c
]P(Sn — TL) — pdlat+l)—a+é(d-1)"
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Then, as n?(1 —¢) < Z© <n (1 — pM) — n?(1 — ¢) as., we obtain:

C C
, .
I3, < ndlat1)—ato(d—1) Z JpN{j) < TV R 0

JEK?
In the last case, note that for a n large enough, for all & satisfying —n? < k—nu® < —end,
according to (8.60)
2 2d—1
P(S, = k) < 0°_7
bSO
Consequently, as —n? < S, — nuV) < —en?in I$,, we have:
£2n2d_1
B,<Cc—S " mIN] o 0
3,2 = \/ﬁ]P)(Sn = n) n—too

Finally, with I5 3, we use the same method as|Lemma 8.14{for J; in the case where /, # 1.
We first study the limit of:

E[n (1 - u(l)) 1{5n+Z(0)+N n,Z(O)+NeJs, NEKs}]

I3 =
o P(S, =n)
Let ¢ > 0, according to|Lemma 8.13|and |Corollary 8.4, for n large enough and every k € Kj:
cv _ P(N=k) N
l—¢g)—< —— < —. .
( g)nN_P(Sn:n) _(1+5)nN (8.80)

Thus, for n large enough:

d

(1= pD)ey < 0 _ . :
La<(14e)— 2NN P(zO = j) ST P(S, =n—k — )

nN ,
7=0 keKs

1—
< (1+ g)(s—N)CNIP (2 € [0,2n)) P (S, — nu € [—3n?,n)

and:

’rL

(1—u(” -

7=0 keKs

(e ([ 42)

As our upper and lower bounds are true for every ¢ > 0, using again the central limit

Theorem, we obtain:

) S

We can concludeas lim I33 = lim I 3.3, following the same reasoning for I3 in[Lemma 8.14

n—-+o0o n—-+o0o

thanks to the upper bound in (8.80).
Finally when /¢, = 0:

Y E[N1s, 120 4 n=n}]
im

= E[N]+ (1 - ) 3.
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We can write for all ¢, € [0, 1]:

E[N]l{s +ZO)+N= }] (1—Llg)en

I " M= E[N] 4 (1 — plV) —22

e P(S, = n) [N+ (1= ) —

That concludes the proof of the lemma in the second case. O

Recall that ¢ is explicit and given in (8.51).

Lemma 8.17. Assume that p® is aperiodic , with pV = 1 or (1Y < 1 and p(pV) = 1) and
Var[ZM] < +o0. Let m € N, k € Z, we have:

i E[Z(O)]l{SnJerJrZ(O)JrN:nfk}} B E[Z(U)} + (1 — M(l)) (1— gq) b(()
nrtoc E[N1 (s, +N=n}] E[N] + (1 — uM) (1 — €)%

(8.81)

If pY is periodic, then (8.81) still holds along the subsequence for which the denominator is positive.

Remark 8.7. 1. If ") = 1 or £y = 1, the ratio in (8.81) tends to E[z0)]

E[N]
2. Asin|Remark 8.6 we can considerably simplify (8.81) by noting that:
Cz0) 1 ’ E[Z(O)] _ E[X(1 - q<X)>]E[N],

X 1—E[q(X)] 1 —E[g(X)]

and we obtain:

i B2 s w20 exmny] _ EX( a4 (L la) (L= tP) g 00
n—+00 E[N]l{sn+]v:n}] 1— E[q(X)] . .

Proof. This proof is very similar to those of[Lemma 8.15/and [Lemma 8.16, and as a result, we
begin by writing the ratio on the left-hand side of (8.81) in the form:

]E[Z(O)]l{sn+wm+z<0>+1v:n—k}] P(S, = 1)
P(S, =n) E [N1(s, +n=n}]

gives that w, tends to the denominator of the right-hand side of the equation
(8.81), and consequently, we just have to show that v,, tends to the numerator that we denote
by .4 for typographical simplicity.

The roles of N and Z(®) are completely symmetric, thus following the proof of Lemma 8.16
we easily obtain that nl_1>r+n v, = E[Z©)],if uV) = 1, which completes this case, and if u(V < 1,

= UpWy.

for all &k, m € Z, we have:

E[Z(O)]l{sn+z<0)+1v:n}]

lim v, = lim

n—+400 n—-4o00 ]P(Sn = n)
. . E[Z( )]1{5' +Z0)=n— j}
= Z o) prs, =y i 2

JEN

Thanks to (8:33) and (8.61), with 7' = Z(® and R = 0, we have lim d,; = .4 and:

n—-+0o00

E[Z©1 -
lim Zp(l)(j)dn,] — lim [ {Sn+1+Z(0)_n}] — N = Zp(l)(j lim dng

n——+oo n—-+oo ]P) =N n—-+oo
jEN (Sh )

jEN
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And we have already proved in [Lemma 8.10} that there exists C' > 0 such that for all

j €N, Cpn(j) < pW()).
Using again Theorem 1.21 in [21]:

D Pl =) pa(s) lim dug =4
JEN JEN

Thereby, for allm € N, k € Z:

li E[Z(O)]l{Sn+Wm+Z(0)+N:n—k}} E[Z(O)} + (1 — N(l)) (1- gq)cz%
m = ’
n—-+00 E[N]].{Sn+Nzn}] E[N] + (1 - :u(l)) (1 - Eq) X

That concludes the proof in the case p!) < 1. O

Let a marked tree t* € T, » € t and recall the expression (8.28), for all i € Z and n € N*:

E p ajit an]a

7>
where :

E[N]]'{Sn+wj—l—i+N:n}]
E[NT(s,+n=n}]

e = d(i)na(t) + (1 = q(3)) (1 — n.(t)) and a,,, =

Lemma 8.18. Assume that p" is aperiodic , with pV = 1 or (1Y < 1 and p(pM) = 1) and
Var[ZW] < 4oc0. Forall | < 0, we have

lim By, (z) = E[(X — Dax] + (1 = p(p)) (bana(t) + (1 = £q) (1 = n:(t))) -

n—-+o00

Proof. Recall that for j,n € N*, j <n:

]P)(M<7_ ) = n) = EE[NE{SnJrN:n}]a IP)]<M(7— ) = n) = EE[N]I{Sn+Wj,1+N=n}]-

For: > 0:
E[NTs,+w,_1pitN=n}] . . .
= plj) = (J + 1)
= E[N1(s,+N=n}]
pPU Oé T i =n).
E N]l{s N n} J>Zl Js ]+ ( ) )

We suppose that x is marked on 7, i.e. , = 1. By decomposing 7 under P, with respect
to the number of children of the root of the first tree in the forest (§);). We consider that this
root is associated to x, we get :

Pir (M(7%) =n+1,mp, =1) ZP Pji(M(7%) = n). (8.83)

JEN

We explain this result with an example, for j = 5, and n = 8.
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N2

Figure 8.9 — The forest of 7 by decomposing under P, .

MIVARE

Figure 8.10 — The forest of 7 by decomposing under P, ;, with the first j trees represent the
trees resulting from the children of the root of the first tree on the figure|8.9|.

On the figure[8.9|, the first tree represents the tree with root = on 7. Figure allows to
explain our formula (8.83). In the sum we have the term q(j) because we know z is marked
on 7, since there are n marks on the j + i trees obtained ( as the figure ), we have the
term P, (M (7*) = n).

Thereby, if n, = 1, we have:
nPi+1(M<T*) =N+ 1777@1 - 1)

Moreover, using Dwass formula like in (8.25)) and the fact that 7y, is independent of (W), ),.en
and (.S, )nen, we have:

Bn,—i (I) =

Pii(M(*) =n+1,m9, =1) =Y P(W; = j)Piss (|77 =n+1)P(ny, = 1)

JEN
A |
= Bfa(X)] 3BV = )L LB (S0 =n )
JEN
Elq(X)| ,.
e ,’E/q_(’_ 1)} (ZE[NIL{S,L+1+W¢—1+N:”}] + E[]}‘{SnJrl‘i‘Wi—l'i‘N:n}]) .

Then, thanks to ,forT = N and R = 0,|Lemma 8.10/and [Lemma 8.15|, we obtain:

i EINT s, ev=m]
notoo  E[NTig,nen)]

Ellis,rwien=n] _ E[XQ(X)] + lo(1 = u(p))

lim =
notoo  E[NTg, 4 nen}] Elq(X)]

and as a result:

lim B, i(z) = iE[q(X)] + E[Xq(X)] + £q (1 — p(p)) -

n—-+oo
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Now, we suppose that z is not marked on 7, i.e. 7, = 0. In the same way of (8.83), we
obtain:

Pip1(M(77) = n,mg, = 0) = Zp(j)(l = 4(9) P (M(77) = n),

and we have:

Py (M(7%) = n,mg, = 0) = Y P(W; + 2 = j)P;(|r7| = n)P(ny, =0)

jeN
= (1=E[q(X)]) Y_B(W; + 2% = j)2B(S, = n - j)
jeEN
1 —El[q(X
- %E[(Wi + ZN1 g, s wit2002my)]
1-Elq(X)] ,.
- % (ZE[NH{S"*Wi*l*Z(O)JFN:n}] + E[Z(O)]I{Sn-l-Wi-l-Z(O):n}]) )

Thereby, thanks to|Lemma 8.16|and [8.82], we have:

" E[N1s, 1w, 14204 N=n}]
11m
n—r-+o0 E[N1s,+n=n}]

E[Z(O)]l{Sn+W¢71+Z(0)+N=n}] E[X(l - q(X))] + (1 — eOl) (1 — ’u(p))

=1

S - S N 1 — E[q(X)]
Implying:
Jim By —i(2) = (1 - E[q(X)]) + E[X(1 — q(X))] + (1 = £q) (1 — u(p)).
When we regroup these two results, we obtain the lemma. O

If pV) is periodic, then [Lemma 8.18 still holds along the subsequence for which the
denominator is positive when we use|Lemma 8.10).

We adapt the lemmas 8.8 and 8.9 of [6].

In order to extend |Lemma 8.18|for [ > 0, we give a preliminary lemma and introduce for
I,k € Z,such that [ > k:

Cn,l,w(k) =K [aX,zN(X - l)—&-]l{Sn-l-WX_l_k-i-N:n}} .
We recall z; = max (z,0). Notice that for [ € Z:
Crie(l) =nBy(2)P(M(7%) = n) = Byy(2)E[N1s,+N=n}], (8.84)
thanks to Dwass Formula, (8.24).
Lemma 8.19. Assume p is aperiodic, with y™ < 1, p(pY)) = 1. We have for k,l € Z such that

k<l
Cn,l,m(k>

nrtoo Crya(l)
If pW is periodic, then (8.85) still holds along the subsequence for which the denominator is positive.

=1 (8.85)
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Proof. Notice that acx , N (X —1) is integrable, consequently, mimicking the proof of
we prove for m,u € Z:

lim £ [aX’IN(X _ Z)+ﬂ{5n+m+Wx714+N=n7u}:|

= 1. (8.86)
n—too K [aXJN(X — l)+]l{5n+WX,1,l+N=n}]

Since p!V) is aperiodic, the denominator of (8.86) is positive for n large enough and it is
enough to prove the result for m = 1 and u such that p™) (u) > 0.

Denote pf! )( ) = %ZH{Z(U:U} and v, = E [Oéx,zN(X - l)+P$zl)(U)]I{Sn+wx_1_z+N:n}}/ we
i=1 %

have:
1 n
Yo =E |axN(X =)+ ﬁzﬂ{zgnzu} st wx 1o+ N=n}
=1
= p(l)(u)E [O‘X,J»‘N(X - l)+]]‘{sn—l+WX—1—l+N:n*U}i| .
E [axoN(X — )1 Lis,  4wx i jtNonu
We also denote by ¢, := [aX’ ( )i (S Wy e }] — 1, thus, we have:
E [O{X:JEN(X - l)+]l{S7L+WX_1_l+N:n}]
b= | Vn .
PO WE [axN(X = 1)1 Lis, 1wy 1 +N=n}]
E [aX’IN<X - l)-f— pgll)(u) - p(l)(u)‘ ]]-{Sn+WX—1—l+N:n}i|
<
p(l)(u)E [aX,wN(X - l)+]l{sn+WXflfl+N:n}i|
< € 5 lO‘X"*N (X - l>+]l{)p53)<u>p<1><u>\>a}]l{5n+wx—1—l+N"}]
< + )
pM (u) PO W)E [axN(X — 1) Tis,cwy \ +N=n}]

for every ¢ > 0.
It remains to prove that:

E {OéX@N(X — l)+]l{)pgll)(u)—p<1)(u)‘>a}]l{5n+WX1l+N:n}:|

g, =
]E [axva(X - l)+ﬂ{sn+WX,171+N=n}]

converges to 0 for all ¢ > 0. We have:

[O‘Xw (X =D ]1{\p;1><u>—p<1>(u>\>a}]
Jn <

E [aXI (X 1) ]1{Sn+WX7171+N=n}}
E [OéX xN(X - l)-l-]
N(X

) ]1{5n+Wx71fz+N=”}

Hrm }Pqpswu»—pﬂwuﬂz>@

Efax, N(X—1,P(s, —n)  P(jp!
B E [avaN(X - l)+]1{5n+WX,1,l+N:n}:| ]P)<STL = n)
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A di 28 d of 2954, h li d < Pg)(“) _ p(l)(U)‘ - 8>
ccording to [28], end of page we have n_lffoo P(S, =n)
Elax.N(X —1);]P(S, =n)

; E I:OéXﬂ:N(X - l)+]1{5n+WX,171+N:n}]
strong ratio limit property (8.32), we have:

= 0. We

denote I, , for all n € N*, by Fatou and using the

E[ox.N(X — 1)+]P(S, = n)

limsup I,, = lim sup e

notoo e ZOZP( PN (1) ai(j — )P (S =n—i—W;_1)
=U7
E[ax,N(X —1)4]
Footoo P(Sp=n—1i—W;_1)
lim juf :
}lglglo ;%jzp( P (i) i3 — 1)+ P(S, = n)
- E [O&X,xN(X - l)+]
= Jootoo P(S,=n—1—W;_1)
lim inf aji() —1 -
ZZ()]ZOTL—} oop() w(0)0sail] )+ P(S, =n)
E [aX,mN(X B l)+] -1
T ElaxN(X —1)4] ’
with,
G PSe=n—i W) B Isemnew, i)
BT R A R -
+00 ;
L L\ P(Sp=n—i—h)
=i L F Wi =g

>1

— Y

. P(Sy=n—i—nh)
2 ) B(Wimrt = h)liminf —prgm

foralli,j € N.

Since € > 0 is arbitrary, we deduce that lim J, = 0.
n—+00

We proved the limit (8.86), now we prove a second limit, to proof (8.85). For m,u € Z:

lim £ [O[X’xN(X — l)+1{5n+WX,1,l+m+N:n7u}j|

_1 (8.87)
n—too [ [aX,xN(X - l)+]l{5n+WX—1—l+N:"}]

The proof of (8.87) is the same as that of the second part of the proof of[Lemma 8.15|. In this
proof we use

E [aX,xN(X - l)+]1{5n+Wx_1_l+N:n—u—j}]

E [O[X,xN(X — l>+]1{sn+WX71,l+N:n}:| ’
in (8.71) and the demonstration happens in the same way. That concludes the proof of the
second limit.

Finally, with m = [ — k and u = 0 in (8.87), we get the result. O

Cn 7j =
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Lemma 8.20. Assume that p%) is aperiodic , with ™" < 1, p(pV) = 1 and Var[ZM] < +oc. For
[ > 0, we have

lim By =Elax. (X — 1))+ (1 = pu(p)) (lana(t) + (1 = Lq) (1 —na(t))) .

n——+00

Proof. Letl > —1, We have:

Cn,l,z(_l) =K [aX,J:(X - l)+N]l{Sn+WX+N:n}} = Zp(j)a],x(] - l>]E [N]I{SnJerJrN:n}}

J2l

-1
- Cn,07x(_1) - Zp(])aj7x(] - Z)E [N]I{Sn+Wj+N=n}} —IE [aX,xN]l{Sn+WX+N:n}} 5

j=0
(8.88)
with the convention that ) | = 0. According to|Lemma 8.18|, we have
i Bug(e) = E[Xauca] + (1= () (lame(t) + (1~ L) (1= nu(8))) = Exe
Jjm By, ~1(2) = &x + Elax,]
Using (8.84), we have:
Cn—12(=1) = By o1 (2)E [N1gs, 4 N=n}] o (Exe + Elax,)E [NT(s, 1 N=n}] (8.89)
Cnox(0) |~ &xal [Nlis,1n=ny] (8.90)
Thereby, using (8.90) and [Lemma 8.19
Cnel D) i gy Co0al) g, 891

1m
n—+oo K, [N]I{Sn—i-N:n}} n—+00 Cn,O,x(O)

Using (8.88) for{ =0, C,, _1 ,(—1) = Cp0.(—1)+E [aX,xNﬂ{Sn+WX+N:n}}/ thereby, with (8.89)
and (8.91)), we deduce that:

lim E [OCX,xN]l{Sn—l-Wx—i-N:”}] — lim Cn7717$(_1) — Cn:OaI(_l)
n—-+0o E [N]l{anrN:n}] n—»+00 E |:N]].{SH+N:n}:|

= (éx0 + Elaxa]) — €xe = Elax,). (8.92)
Let [ > 1, according to[Lemma 8.10|and the equations (8.88)), (8.91) and(8.92) we obtain:

-1

Cn,l,:c(_l) . CnO m ip aj x j - Z)E [N1{5n+Wj+N:n}]
E [Nl +n=n}] E [N]I{Snﬂv Y B

E [OCX mN]l{Sn+Wx+N:n}]
E [N]l{anern}]

‘ E [N1{s,+N=n}]

— €xa— Zp(j)aj,xcj — 1) — [E[ox.q)- (8.93)

n—-+o00
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Now, using successively (8.84),[Lemma 8.19|and (8.93)), we obtain:
Chie(—1 Chia(l
lim B,(r) = lim ta(=1) 1(0)
n—+o00 n—+oo [, [N]I{Sn—&—N:n}] Cn,l,a:(_]-)

= E[(X = Doaxe] + (1= pu(p)) (bane(t) + (1 = L£q) (1 = 12(t)))
-1

P(j)aja(i —1)

]

i
o)

=E

—

axa(X =14+ (1= pu(p) (lana(t) + (1 = Lq) (1 = 1:(t))) -
]

If p is periodic, then [Lemma 8.20| still holds along the subsequence for which the
denominators are positive when we use|Lemma 8.10and the expression (8.85).

8.7 Conjecture

We recall that if p;(p,q) = 1 then we have p(p) = 1, since, p(p) < pi(p,q) and g(1) = 1.
Thereby, in the general case we just need to suppose the first one condition.
Unfortunately, we do not find a result in the case where p is sub-critical and non-generic.
However, in this one, we conjecture the following results:

Conjecture 8.1. Let 7* be a sub-critical non-generic MGW with offspring distribution p satisfying
6.1), pi(p,q) = 1, and mark function q satisfying (6.2)). We have that:

dist(7*|M (7%) = n) — dist(75(p, q)). (8.94)

n—-4o0o

To obtain this result we need to have the equivalents for the randomly stopped sum like
in [10] but in a general case. Thanks to this result we obtain:

Corollary 8.5. Assume that p satisfies (6.1), u(p) < 1, is non-generic, 1 < p(p) = pi(p,q) = b;
satisfies (8.15)), p,(p) has a moment of order 2, and q satisfies (6.2)). We have:

lim dist(7"|M(77) = n) = dist(75(Ppp), Ap(p)))

n—-+0o0o

lim dist(7|M (1) =n) = dist(7c(Ppp)))-

n—-+00

Remark 8.8. Recall that:
1(0) = 0" p(k)(1 —a(k)),

k>0
and if (q(k)) k>0 admits a finite limit {4, we have to distinguish two cases:

— Uy # 1 and clearly p(p) = pi(p,q);
— otherwise, as (6.8), there exists § > 2 such that:

p(k)(1—q(k)) = ——5—,
implying again that p(p) = pu(p, Q).
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Proof. We consider the case 1 < p(p) < +o0.

Thanks to [Proposition 8.3} dist(7*|M(7*) = n) = dist(r; |M(75.) = n), then, in order to
apply |Conjecture 8.1to (ps,, qs,) we have to check if we have p;(py,, qo.) = 1 and E[X?p(p)*]
is finite.

For z > 0, we have:
oo, (%) = > 2Py, (j)(1 = qo()) = >_ 2707 p(j)(1 - q(4))
Jj=0 j=0

= TR [0 (1~ a(X)].

Consequently, p;(py,, qs,) =
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Chapter 9

Penalization of Galton—Watson Trees with
Marked Vertices

Another way of getting a tree with an "abnormal" number of marked vertices is to make
a change of measure via a Girsanov transformation with a martingale which gives more
weight to trees with a large number of marks. In order to find such a martingale, a general
method called penalization has been introduced by Roynette, Vallois and Yor [31] 32} 33] in
the case of the one-dimensional Brownian motion to generate new martingales and to define,
by change of measure, Brownian-like process conditioned on some specific zero-probability
events.

We generalize the conditioning on having a large number of marked vertices, in the crit-
ical and sub-critical cases. We also decided to look the Galton-Watson process’s behavior
when we penalize by the total number of mark in the super-critical case. In 2020, Abraham
and Debs [5], obtained some results about penalization without marks, we completed this
research with marks in Section9.2].

A part of this chapter was published in the article "Penalization of Galton—-Watson Trees
with Marked Vertices" [3]], in August 2024, in "Journal of Theoretical Probability".

Moreover, in all this chapter we do not have condensation phenomenon, thereby we do
not need to consider |.| , 7,0(.) and 7, . (.). We recall that saying a probability measure Q
on (Q,.7), where & =/, ., %, is the filtration generated by the restriction functions 7;(.),
is the distribution of 7* defined on (2, &7, P), is equivalent to the following: as 7* € T*, for
every marked tree t* € T* and every n € N,

Qro(77) = 1, (t7)) = P (r(77) = (7)) - ©.1)

9.1 Polynomial penalization

9.1.1 Masses

Let t* = (t, (u)uet) € T* be a marked tree. We then define for every node u € t a new
quantity called the mass of the node u and denoted by m,. We set myp = 0 and the masses
are then defined recursively as follows.
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Let n € N and let us suppose that the masses (m,, |u| < n) are constructed. Let v €
Zn+1(t*) that we write v = uj withu € t and 1 < j < k,(t). Then, we set

2. (M + 1 (t))

My + Ny wE2n (t*),kw (t)=0
i = : 9.2
T Th®) Zna () 2

This formula can be interpreted as follows:

— The first term means that u transmits its mass, plus one if it is marked, uniformly to all
its children;

— The second term means that each childless node at generation n transmits its mass,
plus one if it is marked, uniformly to all nodes of generation n + 1.

We give an example of a tree with this construction.

Example 9.1. We consider a tree with 4 generations.

ma21 = 4 Z3 =1

Figure 9.1 — Example of a marked tree and its associated masses.

For instance to obtain mo;:

Notice that the map t* — (1) ues, (t+) is F,-measurable.
Moreover, by construction, we have the following link between the masses and the number

of marked nodes up to some level:

Proposition 9.1. Let n € Nand t* € T§. Conditionally on .%,,, we have

> my = M, (tY). (9.3)

UE 2z (t*)
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Proof. (9.3) is satisfied for n = 0 as by convention my = 0 and M, (t*) = 0.
We suppose that there exists n € N such that (9.3) is true. Using (9.2), we

ot) Ek O(Wj +m;(t))
My, - j€2n (t*),k; (t)=
Z m, = Z ku(t) n +J€ (t*),k;(t)

V€ zn41(t*) UEzn (£, (£) 0 Fu(t) Zn(t)

W€z (6%) ks (£) 0

= > mutmt)+ D my ()

UEzn (£%),ku (6)£0 J€zn(t*),k;(t)=0
= Z My + Z nj(t) = M,(t") + Z nj(t> = My (t7).
u€zn (t*) JEzn (t*) JE€2n(t*)
The property is satisfied for n + 1. O

9.1.2 Penalization by M,

E []1 An Mn+p]
E[Mnﬂ?] ’

withn € Nand A, € .%, and to determine in the case k = 1. That permits to

introduce and understand the tools and the objects that we use in Sub-section[9.1.3]

We have for all p > n € N, according to (7.10):

The aim of this Sub-section is to determine the limit when p goes to infinity of

Zn
M, +> M,

i=1

E[M,ip| %, =E

%] = M, + Z,E[M,). (9.4)

Moreover we have the following expression for E[M,)].

Proposition 9.2. Forallp € N

o
E[M,] - o A 95)

Y

pE[M,], otherwise.
with E[M;] = E[q(X)].
Proof. M, represents the number of marks at generation 0, thereby M, equals 1 if the root

is marked otherwise M, equals 0. We recall Y} is a Bernoulli random variable of parameter
q(kp) and equals 1 if ) has a mark. ky represents the number of children of (). We have:

E[M] =P(Yy =1) = > p(j)a(j) = E[a(X)].

Let p € N¥,
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Thus we obtain,

1 — P!

E[Mﬂﬁ,

P if p # 1,
E[Mp] = E[MJZMZ =
i=0

(p+ DE[M,], otherwise.

9.1.2.1 The critical and super-critical cases: ;1 > 1

Theorem 9.1. Let n € N, A,, € .%,, and p an offspring distribution satisfing (6.1)) such that 1 > 1
and with its mark function q satisfying (6.2), we have

]E I:]l Ap Mn-l—p]

Z,
— E |1y, —|. 9.6
E[Mpyp]  potoo [ o /ln} ©0)
Proof. Let p > n € N. We have:

Ela, Mnyp]  E[E[Tr, Mnip| Fn]] _ E[LAE[Myip| Fn]]

E [Mn-i-p] E [Mn+p] B E [Mn-i-p]
We suppose 1 > 1, the other case is similar. According to (9.4) and (9.5)), we have

E[M+p| -] _ < M, 1—p 1—pP )
E[

+ Zy
E (Mo aX)| T— e T

(9.7)

The limit of this term when p goes to infinity is —. Moreover we have
W

M, 1-— 1 — P M, Ln
Py 7, ——F +

n < —.
Elq(X)] 1 — pmte L—prtv = E[M] - pm

M, and Z, being in L', the dominated convergence theorem gives the claimed result. O

Remark 9.1. In these cases the martingale is a known one and the associated random marked tree is
a size-biased tree (i.e. Kesten's tree, see [24]) associated with the offspring distribution p and with the
mark function q being unchanged.

9.1.2.2 The sub-critical case: ;1 < 1

Theorem 9.2. Let n € N, A, € .%,, and p an offspring distribution satisfying (6.1)) such that p < 1
and with its mark function q satisfying (6.2), we have

E []lA Mn—i—p]
7 — E[l4, B, 9.8
E[M,.,] »otoo [Lan B (9-8)
1 Elq(X
with By, = 3 (M, + &1 Z,,) is a positive F, -martingale such that By = 1 and &; = iq( I
1 —
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Proof. Let p > n € N. We consider the expression (9.7)). Since p < 1, the limit when p goes to

P )
infinity is —————M,, + Z,,. Moreover, we have
¥ Ela(x)]
M, 1—p
Elq(X)] Ela(X)]

M, and Z, being L', the dominated convergence theorem gives (9.8).
As M, and Z, are .#,-measurable and integrable, it is also the case for B, ;. Thanks to
we already know that B, ; is a positive .%,-martingale. The mean of B,, ; equals 1, as
1
B()71 = 5— (MO + €1Z0) =1. OJ
1
We can describe a new probability denoted by Q, such that for all A,, € .%,,, we have
1
@l(An> = E[]lAan,l} =K ]lAné._ (Mn + len) .
1

Let 7 be a MGW with offspring distribution p and mark function q, and t* € Tj. To
describe this probability measure Q;, let us define a T*-valued random tree 7 (p, q) defined
on some probability space (2, <7, P).

7y is called the weighted tree of type 1. On this tree, each individual v € 7, has a mass
denoted by m,, defined in Sub-section At each generation we have a special node and
only one, the other nodes are normal. Thereby the root is special.

From now on, we present the new offspring distribution associated to this random tree.
On each generation, we choose u as the special node with the probability

Let v an individual of special type, with mass m,, he has £ € N children and has mark
n € {0, 1} with probability:

pi(fo) = Efa(X]
1—p T

Now we can state the for the case k£ = 1 thanks to the characterization (9.1)):

Po(k,7) (Wk + (M + n))

Theorem 9.3. Let 7* be a MGW with offspring distribution p satisfying (6.1) such that ;1 < 1, its
mark function q satisfying (6.2), and t* € T¢. For all n € N we have

Qu(rp(77) = 1, (67)) = P(ry, (1) = 1, (7). (9.9)
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Proof. Let t* € T, according to the definition of Q;, for n € N we have:

Qlr3(r) =) = E [Lisiommsiong (M0 + 52 12,0
1 BN, o) b (o) — oo
~ ¢ (w0 + 52 20) poze) = e

We prove with an induction reasoning.
In the case n = 0, we have P(rj(7*) = rj(t*)) = 1 = P(ri(n) = rj(t*)), Zo(t) = 1 and
My(t) = 0. Moreover,

Qi (rg(77) = r5(t7)) =

thereby is checked.
Assume that is true for n € N. Then, using successively the reproduction law of 7,
formula (7.7) and the definition of Q;, we have:

1 (E [a(X)]

& (52 20+ ¢a(0)) i) = i) = 1,

P(ryg(m) = g (7)) = P(ro(r ) [ polk u(t))
UEzn (t*)
E [q(X)]

(S e M TR )

s+ 22z S

Qi(rp(77) = (¢7)) Elq(X)]

= E[q X)] H pO(ku(t)vnu(t)) Z ﬁku(t) +(mu+nu(t))

Mn(t) —+ 1_ m Zn(t) ‘u?it:n quligtn

1o Elq(X)]
= 20 =50 TT pott)mlt) (0020000 M)

[uloo=n
e e ey (ElaX)
= P = a6 (522000 + 210 (0)
= Ql(r’;kl+1(7_*) = T;+1(t*))>
we obtain our result. ]

9.1.3 Penalization by M

In this section, we consider an offspring distribution p satisfying (6.1) and that admits a
moment of order / € N¥, and a mark function q satisfying (6.2). We denote by p the mean of
p. We study the penalization by M, ,i.e. we look for the limit for alln € Nand A, € .%,

n+p’
. E[]l/\ MK ] . E[]l/\ E[ n+p|y ]]
lim —————— = lim
proo E[M£+p] potoo E[ML, )

To begin with, let us prove that this expression makes sense. Remark first that (6.2)) implies
that E[M!, ] # 0 forp > 1.

n-+p
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Lemma 9.1. Let p be an offspring distribution that admits a moment of order ¢ € N* and let q be a
mark function. Then, under P, for every p € N, Z, and M, have a moment of order .

Proof. We begin to prove that Z, has a moment of order ¢ by induction on p. The result is
clear for p = 0,as Zy = 1.

Let p € N be such that Z; has a moment of order ¢ for all j < p. Let X, (X;,);>1 be ii.d.

random variables with d15tr1but1on p, independent of .%,. We have:
Z " Z
¢
B [Zzurl} =B |E (ZXW) Ip|| =E Z ( ty-- -ty ) HE [th]
i=1 t1+.. At g, =l p k=1

<2l > (.5, JEY|-ElZ]EXT.

tit+...+tz,=¢

where in the last inequality, we use that there are at most ¢ non-zero ¢;’s. As Zf; and X* are
in L' by assumption, we have our first result.

p—1 p—1
The previous result implies that ZZZ' eLf as M, < ZZi we get our second result. [
i=0 i=0

In this Sub-section, we use the multinomial coefficient defined as follows.

For all n, m € N* and natural numbers (%;);c[1,] such that ) *t; = n, we have:
i=1

n n!
R — 9.10
<t1-~tm) il ©-10)

We now give an expression of E [ M}, |.%,] that will be used troughout this Section. Recall
the equality in distribution (7.10). Using the same notations, we get for all p,n € N:

£ Zn j
I [ n+p } - Z ( ) My (Z Mi,p> Fn
J=0 i=1
. j Z
_ ., .
= (J')M” . Z - (tl"'tzn) HE[Mp]- (9.11)
= 14tz =] 1

9.1.3.1 The sub-critical case ;1 < 1

9.1.3.1.1 A new martingale

Before stating the main result of this Sub-section, let us state some integrability lemmas
and introduce some notations.

Lemma 9.2. Let p be a sub-critical offspring distribution that admits a moment of order £ € N*. Let
Zo be the total population size of the associated Galton-Watson tree i.e.

= Card(7 Z Z,,.

Then Z., has a moment of order .
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Proof. Let us denote by g (resp. () the generating function of p (resp. Z..). Then we have,

with (Z; «)i>1 1.i.d. copies of Z, for every s € [0, 1],

X
= 1 Zi 00
Guols) =E [s7] =E |5 m5| o B

_E [E [SZOO]X} — 5g(Gaul(s)).

Since X has a moment of order 1 and g is C!([0, 1)), we have lin% g'(s) = pand gis C'([0,1]).
G is C*([0,1)). Differentiating this relation, we obtain, for every s € [0, 1),

, 9(Goo(s))
Gl = T oG 9.12)

Then, letting s — 1, we have

1
1 —p
Let k € N*, k < (. Since X has a moment of order ¢ then g is C**1([0,1]). Moreover, Z,,
has a moment of order k and G, is C*([0, 1]) and C**1([0, 1)).

We derive (9.12) k-times, then we can prove that G%™ has a finite limit when s goes to 1.
Thanks to Liebniz formula and Faa di Bruno’s formula, we obtain :

k
GEND(5) = 3 ( ¢ ) £ () (s),

=0 \ 7

Therefore, Z., admits a moment of order 1, E[Zoo] = and G, is C'([0, 1]).

with, fO(s) = f(s) = g(Gao(s)), h(s) = T sg’(lG )’ forall1 <i <k, 3 = ilmj and:

KRNI j!
_7ljm]-:z
p ; k . C(GR)\
(¢ 0Go)P(s) = ) ( e, )9(@“)(&0(5))“ <%>
i J=1
Z:ljm]':i

By induction case, Gg@(s) admits a limit when s goes to 1, for all j < k£ + 1. Plus, for all
1 < k+1, g(i)(s) also admits a finite limit when s goes to 1. We always have 3; < k for
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all 0 < i < k. In the case j = 0, all the derivatives are composed by functions ¢ (.) with
0<i<k+1and Gc(fé)(.) with 0 < u < k + 1. In the case j = k, the expression is composed
by functions ¢(.), GY (.) with 0 < ¢ < k£ + 1. And in the other terms, the derivatives only
depends of functions ¢'(.) with ¢ < k and Gg,)(.) with j < k.

Thereby all the terms admit a finite limit when s goes to 1.

Since GgZH)(s) has a finite limit when s goes to 1, G is C**'([0, 1]) and 7., has a moment
of order k£ + 1. By induction case we can conclude, that Z, has a moment of order ¢ . O

Let us denote by M, the total number of marks on the tree. As M., < Z a.s., M., also
admits a moment of order /. We set for every ¢ < ¢

& = E[M.,]. 9.13)
The constants ¢; can be explicitely computed using the following recursion equation:

Proposition 9.3. Let p be an offspring distribution such that 1 < 1, with a moment of order { € N*
and let q be a mark function. Then we have

(1—u)&—§(€)1@ Moy (tlnj'%)ﬁgti ElY (tl"{%)ﬁ&i

=0 \J titettz, =j tit. Atz =t
t;<lVi

Remark 9.2. For { = 1, the expression of &, is the same in :

Proof. First notice that, as M is equal to 0 or 1, we have Mf = M, for every j > 1.
Moreover, forall 1 < j <k, (E[Mg ])p>0 is a non-decreasing sequence bounded above by

E[Z% ], giving the existence and the finiteness of ¢; according to
Using (9.11), we can write:

E[M},,] — pE[MF] = i (2)1@ MY <t1 | 9 tzl) ﬁE[M;f]

Jj=0 ti+.. iz
j <
+E E[ M
> (7, )ITEa
t1+...+t21:k: =1
t;<k,Vi

= k_; (I;)E[Aj,p] +E[B,].

j=

As A;, and B, are non-negative and non-decreasing sequences, we obtain ¢, taking the limit
when p goes to infinity and using the Beppo Levi’s Theorem. O

We can now state the main result of this Section. Let us recall, for ¢/ € N, the definition of
the function f; defined for all s, 2 € N by:

l . z
fe(s, z) = é; (f) s Z <t1 th> lillftj (9.14)

t1+...+t=1
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with the convention f(s,0) = Z—j Notice that this definition is also valid for ¢ = 0 and we
get fo(s,z) = 1.

Theorem 9.4. Let p be an offspring distribution satisfying (6.1), that admits a moment of order
¢ € N* and such that ;v < 1, and let q be a mark function satisfying (6.2). For every n € N and every
A, € %#,, we have

_E []lAnMﬁﬂJ _
Jm EQDL,] E[Ly, fe(My, Z,)). (9.15)

Proof. Let p,n € N. Using (9.11), we get:

l

A j o _
T L ) =

7=0 t1+...+tzn:j
Using again Beppo Levi’s theorem, we obtain

Jim E 10 M) = 6B, (M Z)

and we conclude using
lim E[M;, ] =¢&.

p——+00

Remark 9.3. For { = 1, the obtained martingale is well

1
By = Zn+ —M,,.
&1

9.1.3.1.2 Change of probability and the new random tree

We still consider a subcritical offspring distribution p satisfying and that admits a
moment of order ¢ € N*, and a mark function q satisfying (6.2). We define a new probability
measure Q, on (T*,.%) by

Vn € N, VA, € Z, Qu(A,) = E[Ln, fo(Zn, M,)). (9.16)

To describe this probability measure Qy, let us define a T*-valued random tree 7,(p, q)
defined on some probability space (€2, <7, P).

Definition 9.1. The tree 7,(p, q) is a multitype random marked tree that is defined recursively as
follows:

— The types of the nodes run from 0 to ¢;

— The type of the root is {;

— Let us suppose that the tree r; (1¢(p, q)) is constructed and that the types of the nodes at gen-
eration n are known for some n > 0. Then all individuals at generation n reproduce and are
marked independently of each other conditionally given 7 (7(p, q)) according to its type and
its mass (recall the definition of the mass of a node introduced in Sub-section[9.1.1):
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— an individual w of type 0, has k € N children and a mark n € {0, 1} with probability:

k)(1—q(k)) ifn=0,
oo o (PRI —alk) i
p(k)a(k) ifn =1,
— an individual w of type i € [1,¢] and with mass m,, has k € N children and a mark
n € {0, 1} with probability:

k i\ Ty, ,l{?
pl(k’n) — pO( 77‘2.{Tr(lu 1;—77 );

— We then choose the types of the nodes at generation n + 1. At each generation, the sum of the
types must be equal to (. Moreover, conditionally on z,1(7(p,q)) = 2zn+1, the probability
that the nodes at generation n + 1 have respective types (t,)ues,,, with > t,=4{,is

UEZn 41
E H ftu (mU? ]‘)gtu
UEZn+1
= 9.17
767(tu)uezn+1 (tua u e Zn-f—l) gﬁfE(Mn-i-la Zn-i-l) ’ ( )
with the notation
/ o /!
tus € zny1 ) [1 ta!
UEZn+1

for the usual multinomial coefficient.

Figure 9.2 — Two examples of marked multi-type trees (marked in blue, unmarked in black),
in the sub-critical case for ¢ = 3.
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Remark 9.4. The mass m,, of a node u (and hence its offspring distribution) depends on all extinct
nodes in the past and not only on the ancestors of the node. Moreover, the choice of the types of the
nodes at some generation depends on the size of this generation. Consequently, the tree 7, does not
satisfy the branching property.

Remark 9.5. If all the nodes below generation n are not marked, all the masses m,, for u € z, are
null and hence, for every node u € z, with type i > 1, we have

pi(0,0) = 0.
Therefore, the tree 7,(p, q) cannot die out without any marked node.
Lemma 9.3. Formula (9.17) indeed defines a probability distribution on [0, (] %+,

Proof. This result is equivalent to show that for all » € N, we have

1 l
ff(M’rHZn) = 5 Zzt:e <tu,u c Zn) 1:[ ftu mu7 gtu (918)

u€Ezn

To obtain (9.18), we need to obtain an alternate version for the a.s. limit of E[M! +p\Jn], as
we already know that this limit is &, fg(Mn, Z,) a.s. For this purpose, according to ( and

the branching property, conditionally on .%,, we have:

d
Mn+p (:) Z my, + Mu,p7

u€zn
where the processes (M, ,u € U) are i.i.d. copies of M, independent of .%,. As a result:
¢ '
LAIESES D BN | LICERISEES

S tu=tL Ezn

u€Ezn

= 5 (e I ()i

ST ty=t vE2Zn =0

uEzn

Using Beppo Levi’s theorem:

¢ vy .
lim E[M* Ulmbrig.
T BV =D (twue%)nz(j)mv 6

ST tu=tL v€zn j=0

UEZN

and we easily conclude as, thanks to (9.14),

ty
folm D, =3 (’;?’)mz”fj-

j=0
]

In order to describe the new probability Q,, we need an alternative expression of fo(M, 41, Zp+1):
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Proposition 9.4. For all n € N, we have

fo(Mps1, Znia) = é Zzt_e (twu c 2 ) Hftu My + N, k)t (9.19)

UEzZn
with k., the number of children of the individual v and n,, its mark.

Proof. The proof is similar to the proof of we write

n+p Zmu+77U+Zsz 1

UEzZn

where the processes (M; ,i > 0) arei.i.d. copies of M, independent of .%,, ;. Thus, E[M,, ﬂ,uw]
is equal to:

> ()11

S ty=t

u€zn (
R (I £ ()i

S ty=¢ ritee g, =7

u€zn

ku J
> my, + 771) tv ]E Z Mi,pl) ynJrl
=1

Taking the limit when p goes to infinity, thanks to Beppo Levi’s theorem, we obtain (9.19).

0
Theorem 9.5. The probability Q, defined by (9.16) is the distribution of the tree 7,(p,q) of

ltion 9.11

Proof. According to (9.1), to prove the theorem, it suffices to prove that for all » € N, and all
tre T

Qe(ry, (77) = 1 (87)) = P(ry(7e) = ry(t9)) (9.20)
where 7* is the canonical random variable on T* and where we set 7, instead of 74(p, q).
First, note that:

Qe(ry(77) = (7)) = E [Lyz ()= 60) fe(Mn(77), Zo(77)]
= Je(My (%), Zy,(87))P(ry, (77) = 7, (7). (9.21)

We prove by induction on n.

Forn =0, is true as, for every tree t* (and hence also for any random tree), 7 (t*)
is the tree reduced to the root with mark 0.

Assume that is true for n € N. Using the recursive definition of 7, we have:

P(ry () = 130 (87) = P(ri(m) = 3 (67) [ poku(t).mu(t))

u€zp (t*)

% fe.(m +77u(t)7ku(t))‘
2. et 1 AT ER

> tu_f u6z
uEzn (t*)
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Then, the induction assumption as well as the definition of the probabilities - give

Py (re) = r (89) = Qe (77) = r(69) [T po (ku(t), mu(t))

u€zn (t*)

> Ju(mu(t7),1)&,
y Z < 1 >u€zn(t*)
tusu € 2, () ) Eofo (M (t*), Zn(t%))

ftu mu u(t)aku(t*))
LM
Using Formula (9.21)) yields
1
Pl (me) = rn () = 2P () = (t7)) II poka(t). nu(t)
u€zp (t*)
. ZZW (tu,u c- ) H € ) O

u€zn (t*)

Finally, Equation (7.7)) and [Proposition 9.4/and then Equation (9.21) give

P(ry 1 (1e) = 11 (87) = P(ry, 1 (77) = 1)1 (8)) fo(Miga (87), Zy4a (E7))
= Qu(r n+1( ) = TZH(t*)),

which gives the result for n + 1. O
Remark 9.6. Note that under Q,, the extinction probability of the population is equal to 1. Indeed,
using the definition of Qy, the Lebesgue’s dominated convergence theorem and the fact that Z,, = 0
P-a.s.:

lim Qu(Z, =0)= lim E[lz, —ofi(M,,0)]

n—-+4o0o n—-4o00
1 E[M?
= — lim E[ﬂznfoMé] [ OO] =1.
&p nrtoo &

Moreover under Q,, one can notice that for all n € N*, Z,, does not necessary admit a first moment.
Just assume that Z, (and so Z,,) does not admit a moment of order ¢ + 1 under P, as:

&EQZ [Zn] = &E[an(Mm Zn)]

>E|Z, Y (t1 ‘ )H& —MﬁE{ (ZZig)l

t1+~~-+th =/
t;<1,Vi

Note that E% denotes the expectation with respect to the probability distribution Q.
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9.1.3.2 The super-critical case ;1 > 1

Let us begin with giving an equivalent of E[M] as p — +oc.

Proposition 9.5. Let ¢ € N*. Let p be an offspring distribution which admits a moment of order
¢ € N* and such that j > 1, and let q be a mark function satisfying (6.2). Then, there exists a strictly

positive constant w, such that:
E[M)] ~ puw,. (9.22)

p—o0

Proof. We prove this proposition by induction on /.
We have wo = 1. According to (9.5 is true for ¢ = 1, with w; := E[Ml] . Now, assume
that (9.22) is true forall 1 <i < ¢, for some E > 1, in other words:

E [M]]
g
In order to obtain the equivalent for ¢, we write:

4 E[M, 1A,
“Z( m+1+1 - )ZNPZ m1’

O

= wi(1+o(1)). (9.23)

tation in (9.11) with n = 1 and p = m, (and using again that M] = M, for every j > 1), we
obtain by isolating the case j = ¢:

A, (1 M i\ 1y B
o G, B (o) I

ml
H Jj=0 J titettz, =

| 2 (0, I

mt;
titettz, =L = M
t; <0V

éi( ) jm] + E[By)] (9.24)

with B, =0if Z; < 1.
Note that in B,,, each term of the sum has at most ¢ strictly positive ¢;. Thus, setting

wp = 1and wy := max w; and using (9.23) for m large enough:
<i<

3\° ¢ 3 ¢
0< B, < <§> w! Z (tl---tz> < (§w421> e L' (9.25)

. . L\ .
mliIEOOE[Bm] =k |:m1ir£oo Bm:| =E Z _ (tl ... tZl) e Wi, | == Ce-

121



Chapter 9. Penalization of Galton—Watson Trees with Marked Vertices

A similar reasoning gives that:

-1 -1 . Z1
. ( . N1 J
mglfmz <])E[A]’m] - mlﬁl\IJrrlooz (j) #m(@—j)E M Z ' (tl e tZl) Hwti =0,
7j=1 7j=1 itttz =7 i=1

implying that A,, ~ ™*¢, when m goes to infinity. As a result:

p—1 p—1
A _ m(f—1) ~ _ _
E[Mﬁ] - “pz m+1 pN 'up 12” « UCZ ~ qupcé(luﬁ - :U“) ! = ,ngwﬂ-
m=0 m=0

— ol —00 pP—00
[

We deduce the limit of in the super-critical case.

Theorem 9.6. Let p be an offspring distribution which admits a moment of order ¢ € N* such that
p > 1and let q be a mark function satisfying (6.2)). For every n € N and every A,, € .%,,, we have:

{4
E [, My, _ E {hn Pg(zn)} | 9.26)

potoo B [My,] pe
where Py is a polynomial function of degree £.
Proof. Let p,n € N and note that (9.11)) is equivalent to:

E[M. | Fa] (0 M i \NE&®mMY] K
Mf(:ip) :Z(j> M(£—j)p+ne Z ( )H Mptl-p :Z(j)Dj,p'

breeot
=0 titottz,=j N Zn/ 24 =0

With the same notation and reasoning as those in the proof of [Proposition 9.5, for all j €
[0, £]:

J
Djp < ML (ngﬂ) <oz, 927)

n

where C' is a strictly positive constant and M,, < 7, = ZZZ" the total population up to

i=0
generation n, belonging to L according to

Thanks to[Proposition 9.5, almost surely:

¢ ¢ ’ ' r

. ( . O _ M~ J ]
£ £ 2 (i
j= 7= .

t1+...+th=_j
1 j o
= — . 9.28
IunZ Z (tl .. 'th) Hwtz ( )
t1+...+tzn=f =1
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Using (9.27), (9.28) and |Proposition 9.5, Lebesgue’s dominated convergence theorem gives:

Ry, M) 1 ( j ) -
lim —— P g, — .
prie E (M) { An e t1+..§t:zn=k by---tz, g%

To prove that the sum in the right hand side of the above equation is indeed a polynomial
function in Z,,, let us introduce for 1 < ¢ < /, the set

Syt = {n = (n1,...,ng) € (N)D “myy = } (9.29)

m=1

and forn € S, 4, z € N*,

A, ={(t1,...,t.) e N*, {t1,...,t.} ={n1,...,ng, 0}}.
Then, we have

L

Z (tl : g tzn> ﬁwt" B Z Z Z <t1 ) Hwtz

t1+...+tzn=£ qg=1 HGS,L[ (t1 ..... th)EAn Zn

Yy (m ‘ ) (Hwn> Card(Ay7,)

g=1neS,,

and Card(A,, z,) is clearly a polynomial of degree ¢ in Z,, as it can be written (Zq")bn where
by is a constant depending only of n. O

Remark 9.7. The martingale % already appears in [5l]. By uniqueness property of Proposition
4.3 of [5l], this is indeed the same martingale.

Remark 9.8. The (unmarked) random tree whose distribution is given by the change of probability
using the martingale Py(Z,)/u"™ is already described in Definition 4.4 of [3]. As this martingale
does not depends on the marks, it is not difficult to see that the random marked tree associated (via
the Girsanov transformation) with this martingale has the same mark function q that is:

— The unmarked tree is those of Definition 4.4 of [5l; it is a multi-type Galton-Watson tree,
described as follows:

— The types of the nodes run from 0 to .
— The root is of type (.
— The sum of the the types of the offspring of one node is equal of the type of this node.

— Conditionally on this tree, all the nodes are marked independently of each others and a node u
with k, offspring has mark one with probability q(k,).
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Figure 9.3 — Two examples of marked multi-type trees (marked in blue, unmarked in black),
in the super-critical case for ¢ = 3.

9.1.3.3 The critical case =1

As for the super-critical case, we determine the asymptotic behavior of E[M] when p
goes to infinity in the critical case.

Proposition 9.6. Let p be an offspring distribution satisfying (6.1), that admits a moment of order
¢ € N* and satisfies n = 1. Let q be a mark function satisfying (6.2). Then, there exists a positive

constant &, such that:
RB[MY] ~ p* & (9.30)

p p—00

Proof. The proof is similar to the proof of [Proposition 9.5/. We have @, = 1. According to
(9.5), (9-30) is true for ¢ = 1 with &, := E[M;]. Now, assume that there exists ¢ such that (9.30)
is true for all 1 < i < /, in other words:

E[M] = p* a1 + o(1)). (9.31)

In order to obtain the equivalent for ¢, we write:

p—1 p—1
I []\/[]ﬂ - ZE[MZEH} ~E[M;] = ZAi,
=0 1=0

and we study the telescopic series with general term A,;. According to[Proposition 9.5/, more
precisely (9.24) we obtain:

Ay, Z_: E [Ajvm] + E [Bm]

m2-1) — m2-1) T 2e-1)’
=0
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with A,,,, A; ., and B,, defined in the proof of [Proposition 9.5 with ;» = 1 in our case.
Let z > 1. We set 0y = 1 and @, := Ongaxewj and, for t = (t1,...,t,) such that Vi, 0 < t; < ¢
<<

and Zt = (, weset N(t) := Z]lt >0 the number of positive ¢;. Thus, noting that N(¢) > 2
=1 =1
for every term of the sum in Bm, and using (9.31)) for m large enough:

B, / m2-N() 2 3
0< m2—1) Z ( bty ) m2—1) Hwti(]‘ +0(1))

t1+...+t21=€ =1
t;<tVi

4 0
< (2@6) Z < tl..g. tz, > < <§@£Z1> e L. (9.32)

tit..+tz, =¢

Note that the only terms in B,, that do not tend to 0 a.s. is when N(¢) = 2. Then using
(9.31) and (9.32), Lebesgue’s dominated convergence theorem ensures that:

lim % - F { lim i)} ) [M] Z z < tlétg >@t1wt2 =:dy. (9.33)

m——400 m2(€ 1) m— 00 m2(€ 1 2
ti+ta=

t3<£,Vi

E[A;
A similar reasoning gives that lim Ajm] = 0 and we can conclude with (9.33) that

5 m——+oo m2(£ 1)
A, ~ m*“=Dd, when m goes to infinity. As a result:

201
A, ~ d 200-1) P d, = 215,
Z p—+o0 ZZ p—too 20 — 1 cTp

=0

For the last equlvalent we use the followmg property
m m+ 1 . pm+1
m . . 1 m+l—i 34
E;Z m+1 ( ) ae-om T 9.34)
with 2(¢ — 1) instead of m and «%71' are Bernoulli numbers, see [25]. O

We deduce for the case 1 = 1:

Theorem 9.7. Let p be an offspring distribution satisfying (6.1) that admits a moment of order
¢ € N*and such that u = 1 and let q be a mark function satisfying (6.2). For every n € N and for
every A,, € #,, we have:
E [T, M!
lim M
potoe B [My)]
Proof. Let p,n € N, here we write:

= E[Lr, Zn]. (9.35)

[ [,

¢ ¢ ’
20—1 ; n .. 2(0—j)—1+N(t 2i—N(t
l 6 j
. {—7
= < ) M, Z (t et )VVJ}N(t),Ih
j=0 J t1ettz, =] 1 Zn
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and (9:27) remains true replacing p\‘=P+" by p2(¢=)=1+N 1) giving us an upper bound inde-
pendent of p.
Note that W, y(), tends to 0 a.s. except for j = £ and N(t) = 1 implying that, using (9.30):

E[M: |7, Z,E [M!
g ot E| ’;‘;pl' . —%[ - ol o
p—+00 P p—r+00 peE
To conclude, as in we use (9.30) again and the Lebesgue’s dominated conver-
gence to obtain (9.35). O

Remark 9.9. As for the super-critical case, the martingale is a known one and the associated random
marked tree is a size-biased tree (i.e. Kesten's tree, see [24]) associated with the offspring distribution
p and with the mark function q being unchanged.

%8
) @N @@

A
&)

Marked Galton Watson tree
: with offspring distribution p
and mark function q

Vi

Figure 9.4 — Marked Kesten'tree

9.1.4 Penalization by M/ Z)

This part of the chapter doesn’t appear in [3]. In fact, I wanted to find the martingales
if we do a mixture of the considered functions in [5] and [3]. Since the results are already
known, I decided to publish it only here and not in an article.

Thereby, in this Sub-section, we consider an offspring distribution p satisfying and
that admits a moment of order a +  with «, § € N*, and a mark function q satisfying (6.2).
We denote by i the mean of p. We study the penalization by M +pi +ps 1.6, we look for the
limit foralln € Nand A,, € %, of

E[ly, M2, Z° E[la,E[M2 25, | F
im [ Ay n+pﬁ n+p] _ 1m [ An [ n-+p Bn+p| H . (9.36)
potoe BIM 70 )] proo EMR 2]
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Remark that (6.2) implies that E[M¢, ,Z7, ] # 0 for p > 1. Thanks to and the fact

p+n—1
that M2, 71, < (Z Z) o E[Mg Z0, ] is finite.

n+p~n+p
section. Recall the equality in distribution (7.5) and (7.10). Using the same notations, we get
forall p,n € N:

S (B0 (62 1

— <>Mw ZZ ( >< Btzn)lszMtZt] (9.37)

j=0 t1+ +t

We now give an expression of E [M o 78 ‘ n} that will be used throughout this Sub-

We recall the expression of E[M,] (9.5) and we give the one of E[Z’]:

B { BlalO1, i,

pE[a(X)], otherwise.
1-— ,u .
p—1 2p
E[Z2] — Var[X]ﬂ 1 ,U/ + ,U lf ,U 7é 17 '
pVar[X]| + 1, otherwise.

Moreover we have the following expression for E[M,Z,].

Proposition 9.7. For all p € N*

[ o Bxa(0)] + wfaCx)] (521 i
E = — ! ar| X|—1) — Lo ar 9.38
(MpZp) = +(p—1) [ MV [X] -1 i u)QV [X]) : (9.38)
\ PE[Xq(X)] + p(p2— 1)Var[X]E[q(X)], otherwise,

with E[M, Z,] = E[Xq(X)].

Proof. We prove only the case p1 = 1, it is similar for the other case.
Let p € N*. The expression is satisfied for p = 1.

E{My11Zp1] = E[M, Zps] + E +E

3 > 3% i

) 0
D M XY
=1 i=1j=1,5#i

= pE[M,Z,| + p’E[Xa(X)] + (E[Z;] — p”) uE[a(X)].

We have by induction:
E[Mps1Zp1] = E[M,Z,] + E[Xq(X)] + pVar[X]|E[q(X)]

= (X)) + 22D Var( X]Ela(X)] + E[Xa(X)] + pVar(X]E[a(X)

= (p+ DEX 0] + 22 D var )Rl ()]
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That concludes the proof. O

9.1.4.1 The sub-critical case: ;1 < 1
Let us begin with giving an equivalent of E[MZ”] as p tends to infinity, with o, 5 € N*.

Proposition 9.8. Let o, 8 € N*. Let p be an offspring distribution satisfying (6.1) which admits a
moment of order o + 3 and such that < 1, and let q be a mark function satisfying (6.2). Then,
there exists a strictly positive constant c,, g such that:

]E[M;Zf] ~  pPpUcy . (9.39)

p—0o0

Proof. We prove this proposition by a double induction on o and 5. We have ¢y = 1. Ac-
cording to (9.38), [Proposition 9.8|is true for o = 5 = 1, with

-1

E/Xq(X
cva = PRI gy (2
It I—p
Now, assume that|[Proposition 9.8|is true forall 0 < i < a, 1 < j < j3, (4,) # (a, 5) for some
a, > 1, in other words:

Vrfx] - 1).

E [MyZ]]
piup

In order to obtain the equivalent for («, ), we write:

= ci;(1+ o(1)). (9.40)

p—1 a7 p—1
arzf3 m+1 m-l-l} E[MmZm] . Am
M Z :up ( m+1 o um T ’up Z ,um+1’ (941)

tation in with n = 1 and p = m, (and using again that M] = M, for every j > 1), we
obtain by isolating the case j = a and only one ¢; = :

A, ( ) tt)u N (D) ( j ) ( 3 ) o E[MLZE]
_— E M ~ ~ : T
maflu ];0 t1+2+;_] me— 1 ty--- tZ1 ty---t E mtzﬂti>0’ti>0,u 17,50
fitetiz, =0

mN() a B Z1 E[Mtizt"-]
nl 2y () () T e
1++tz, = 7

ti+4iz, =B
| Vi, (ti,i)# (o, B)

le< > jm] + E[B] (9.42)
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with B,, =0if Z; <1.

Let z > 1. According to (9.13) ¢1,0 = &, and ¢, 5 = 0cs DBX . Cig and, for t = (ty,...,t,)
<i<a,0<5<

andt = ({;,...,t.)suchthatVi, 0 < t; < j < a,Vi, 0 <t < Band Y t; = j, S .t; = 3, we
=1 =1

set N(f) := Y 1;., the number of positive ¢;, and N(¢,¢) := > t;1, (7,0 the sum of the ¢,

i=1 i=1

when we have a positive couple (¢;, ;). Note that N(¢) > 31, ;. > 0and 1 < N(f). Plus
=1

N(t,t) = jif forall t; > 0, {; is also positive.

In A,_1,, using (9.40) for m large enough:

3 otf a—1 3 3 otp
<A, .. <|Z%¢ T R o/ L'. 94
0% datm = (26‘1"3) 2.2 ( )(tl---tz) = (26 ? 1) DR

t1+-- +tZ =a—1
t1+-+tz, =8

Note that the only terms in A, ,, that do not tend to 0 a.s. is when N(f) = 1 and
N(t,t) = a— 1. Using (9.40) and (9.43), Lebesgue’s dominated convergence theorem ensures
that:

lim E[A,_1,,=E| lim A, 1m} =K [M1Z1] co-1-

m—-+00 |:m%+oo

A similar reasoning gives that lim E[A;,,| =0,foralll <j<a—1and

m——+00

m——+00 m—-+00

lim E[B,]=E { lim Bm} =E[Z1(Z1 — 1)] aCa_1.5¢10,

implying that A, ~ m® = ™7, 5, with 7 g := aca—1 5c10E [Z1(Z1 — 1)]4+E [M1Z1] ¢o-1,5 Wwhen
m goes to infinity. As a result:

E[MSZ8) = i Z m+1 o~ L 1Zm ~aﬁp:mup Corf
using the property (9.34).

We deduce the limit (9.36) in the sub-critical case.

Theorem 9.8. Let p be an offspring distribution satisfying which admits a moment of order
a + [ with

a, 8 € N* such that ;1 < 1 and let q be a mark function satisfying (6.2). For every n € N and every
A, € %, we have:

E [1a, M2, 200
lim B [nAnZ—:] . (9.44)
pP——+00 ]E |:Mn+pZn+p:| %
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Proof. Let p,n € N and note that (9.37) is equivalent to:

JUENE I
pepnte = \i)
: Zn i 7t
) ZZ » tt)lupNt) j 3 H E[M} Zk]
W P Mn+p ty-- 'th El .. .on P ptiﬂti>0,{i>oﬂpﬂ{i>o
t1+-+tz, =0

30

With the same notation and reasoning as those in the proof of [Proposition 9.8/ for all
7 € [0,a]:

/3 Jj+B R
Djp < My™ (—éa,an) <CZetP, (9.45)

where C is a strictly positive constant and M,, < 7, = ZZ“ the total population up to

i=0
generation n, belonging to L*™ according to

Thanks to [Proposition 9.8, almost surely:

¢ . Z
. 14 . pN J B 1
lim ()D = lim ( )MO‘ J < )<~ - Cp 7
p—r+o0 jz:; §) 7P poeo ]z:; . ;;_j D Iuner T TWAVES H titi
t14-+iz, =8
Zn,
= _nca75' (9'46)
W

Using (9.45), (9.46) and |Proposition 9.8, Lebesgue’s dominated convergence theorem gives:

lim
PR Mg, 2

n+p~n-+p

n

sl g

Remark 9.10. As in|Remark 9.9| we obtain a marked Kesten tree in the sub-critical.

9.1.4.2 The critical case: =1

As for the sub-critical case, we determine the asymptotic behavior of E[MZ’] when p
tends to infinity, with a, 8 € N*, in the critical case.

Proposition 9.9. Let o, 5 € N*. Let p be an offspring distribution satisfying (6.1)) which admits a
moment of order o + [ and such that y = 1, and let q be a mark function satisfying (6.2). Then,
there exists a strictly positive constant c,, g such that:

EM2Z0) ~ p** P ey s. (9.47)

pP—00
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Proof. We prove this proposition by a double induction on o and 5. We have ¢y, = 1.

According to (9.38), (Proposition 9.9) is true for a = g = 1, with ¢;; := Var[X]E[q(X)].
Now, assume that (Proposition 9.9) is true forall 0 <i < ¢, 0 < 5 < 3, (4, ) ¢ {(a, 62), (0,0)}
for some «a, 5 > 1, in other words:
E [M,Z]]
pRiti—1

In order to obtain the equivalent for («a, ), we use again 9.41)):
E[M?Z] = Z A,
and we study the telescopic series with general term A,,. To begin with, taking the expec-

tation in (9.37) with n = 1 and p = m, (and using again that M = M, for every j > 1), we
obtain by isolating the case j = a and only one ¢; = :

A 2 /o
m2la—D+8 Z <]) (9.49)

j=0
el S5 () G e
X ~ ~ =
1 ' m2 a— 1 -‘rﬂ tl e tzl tl e tzl . m(2ti+ti_1)(1ti>o+ﬂfi>0_]1ti>o]1t~,->0)
ti++tz, =J =1
Bt =B

E D (o N\ B[} 7]
+ Z Z m2(a— T 2(a—1)+8 ty -tz {1 .. .{Zl H (2ti+t—1)(Le; >0+ 1,50~ Le;>017,50)

t14-- +tzl =« =1 m
b1tttz =0
| Vi (ti,t:)#(ex,B)

i( ) im] +E[Bn] (9.50)

with B,, =0if 7, < 1.

Let 2 > 1. We set ¢, 5 = o HEX_ Cij and, for t = (t;,...,t.) and t = (¢,...,t.) such that
<i<ao,0<5j<

Vi, 0<t; <j<aVi,0<t;<Band Y. t; =3, > t;=f
=1 j=
weset N(t,1) := Y 14,20 + 15,59 — 115015~ the number of couple (¢;, ;) # (0,0).

=1

Thus, noting that N(¢) > 2 for every term of the sum in B,,, and using (9.48) for m large
enough:

3 a+p8 6 3 a+p .
vsms(g) - EY (,0) 600 = (Gen) e o

i+ +tz, =«
ti+ttz, =8
Vi (ti,0:)#(,B)
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Note that the only terms in B,, that do not tend to 0 a.s. is when N(¢,7) = 2. Using (9.48)
and (9.51), Lebesgue’s dominated convergence theorem ensures that:

lim E[B,]=E| lim Bm]
m—-+00 _m—>+<>o

— ]E E % Ctl thtQ to = fa,ﬂ.
tltg
t1+tr=a

t1+i2=p
| Vi (ti,ti)7(a,B)

A similar reasoning gives that lim E[A;,,| =0, forall 1 < j < a and implying that

m——+00
A, ~ m2@=D+Br o when m goes to infinity. As a result:

p—1 p—1
amfBl _ 2(a—1)+p ~ 20+3—1
E[MyZ]] ZOAm o Zom Tag ~ P Ca s
m= m=

using the property (9.34).

We deduce the limit (9.36)) in the critical case.

Theorem 9.9. Let p be an offspring distribution satisfying which admits a moment of order
a + [ with

a, 3 € N* such that . = 1 and let q be a mark function satisfying (6.2). For every n € N and every
A, € %, we have:

E [nA Mo Z,/f+]
lim T Ry, 2. (9.52)
—+00
» E | Mgy 20|
Proof. Let p,n € N and note that (9.37) is equivalent to:
a B
E[Mn+pZn+p}ﬁn] Z( )M‘l Y pAtB- Ntt)< j )( 3 )
2a+5—1 p2atB—1 e -
Pty j=0 tittt g, =] 7 btz ) Ntz
tit-4iz,=8

E[M;; Z]

Zn
H 2tl+t Tlt >0+ﬂ£i>07]lti>0]lfi>0)
i=1

-3 (o)
With the same notation and reasoning as those in the proof of |Proposition 9.9|for all
7 € [0,a]:

) 3 Jj+B _
Dj, < Mo (—Qﬁzn) <CZotP (9.53)
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where C' is a strictly positive constant and M,, < Z, = ZZ“ the total population up to

i=0
generation n, belonging to L*™ according to

Thanks to [Proposition 9.9} almost surely:

14

12 p2IHA=N( (t.9) j 3 Zn
) o h a—j i i i
pginoo Z (3) Dip pEIJPoo ( )M Z Z 2a+ﬁ Lo\t -ty £ H Cti i
Jj=0 Jj=0 ti4-+tz,=j "
t1++iz,=8

= cha,ﬁ- (954)

Using (9.53), (9.54) and |Proposition 9.9, Lebesgue’s dominated convergence theorem gives:

E [nA Mo fo+]
lim P R0, 2],
—+00
e g (g, 20

Remark 9.11. The[Remark 9.9, is the same in this case.

9.1.4.3 The super-critical case : ;1 > 1

As for the sub-critical and critical cases, we determine the asymptotic behavior of E[M Z/]
when tends to infinity, with «, 8 € N¥, in the super-critical case.

Proposition 9.10. Let o, 3 € N*. Let p be an offspring distribution satisfying (6.1) which admits
a moment of order oo + [ and such that ;1 > 1, and let q be a mark function satisfying (6.2). Then,
there exists a strictly positive constant c,, g such that:

EM2Z8] ~ pretPe, . (9.55)

p—o0

Proof. We prove this proposition by a double induction on a and 5. We have ¢y = 1.

Elq(X Var| X
According to (9.38), |[Proposition 9.10|is true for o = 8 = 1, with ¢; ; := {q( ) + (;H[ ])2.
—p o (I —p
Now, assume that|{Proposition 9.10|is true forall 0 <i < a, 0 < j < 3, (4, ) # (a, 5) for some
a, 8 > 1, in other words:

EDMLZ] 0 vo) (9.56)
Mp(i+j) o ' )

In order to obtain the equivalent for (a, ), we recall (9.41):

o Mg, 70 ] E[MaZP]
MZﬁ MZ( :1+1+ o _MZ m+1’

©m

tation in ( with n = 1 and p = m, (and using again that M{ = M, for every j > 1), we
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obtain by isolating the case j = a and only one ¢; = j3:

RO ()
m 04+B - 1 s “ e n m(l; ~i
14 ( ) = J t1+ i 11 tZl paiey 1 (ti+ts)

b+ tiz, =B

B\ i E[M!ZE)
E » 5 —mml
+ t ;tz ( ) (tl oty 11 pemtitts)
1 Zl_a 1=

t14-+iz, =B
i, (ti,ti)#(,B)

ZZ( ) jm] + E[Bp] (9.57)

with B,, =0if Z; < 1.

We set ¢, 5 1= max ¢ j, in B,,, we have at most a + /3 couple (t;, t;) # (0,0), and
’ 0<i<a,0<j<B

using (9.56)) for m large enough:

3 a+p 1 3. a+p
s () S ()0 () e e

t1+4-- +t21_a 1
t1+-+iz, =B

Using (9.56) and (9.58), Lebesgue’s dominated convergence theorem ensures that:

lim E[B,|=E [ lim Bml
m——+00 m——+00

Z1
ZZ B s
-k ( ) (f - Hctifi = Tap:
P —, 1 24/ G2
1
t14-+iz, =B

| Vi, (ti,t:)7#(c,8)

A similar reasoning gives that lim E[A;,,] =0, forall 1 < j < o and implying that

—+00

A, ~ pm™etB7, o when m goes to infinity. As a result:

MaZﬂ /1J Z 71 Mm(oﬂrﬁ) 7 5 o~ (a+ﬂ)ca,ﬁ~

m+1 p—)oo p—o0
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We deduce the limit (9.36) in the super-critical case.

Theorem 9.10. Let p be an offspring distribution satisfying (6.1) which admits a moment of order
a+ Swith o, B E N* such that ;x> 1 and let q be a mark function satisfying (6.2). For every n € N
and every A,, € #,, we have:

E [1n, M2y, 20

wipdnt Pais(Zn
- pEmtp :E[mn%}, (9.59)
e g Mgy, 20, p

where P, 3 is a polynomial function of degree oo 4 f.
Proof. Let p,n € N and note that (9.37) is equivalent to:

B ) . Zn g
]E’ |:Mn+pZn+P } J ] o Z Ma j Z Z p(j+’8 ] /8 H ]E[M;;l Z;l]
p(n+p)(atB) N M(n+p)(a+ﬁ) 11y pp(ti+t)
j= ti4-+tz,=j neoa=
ti4- g, =P

Sy

D .
()0
=0

J

With the same notation and reasoning as those in the proof of [Proposition 9.10| for all
j € [0,a]:

/3 i+8 _
Dj, < Mo (—emzn) < CZotP, (9.60)

where C' is a strictly positive constant and M,, < Z, = ZZ“ the total population up to
=0

generation n, belonging to L™ according to

Thanks to|Proposition 9.10L almost surely:

4 . Z

/ ppU+0) j s n
1 L= 1 oa—j -
- (j)DJ,p—,,Effm ()M 2.2 e ety )\ ooy [T

Jj=0 j=0 ti+-+tz, —g i=1
t1+- +th =4
Zn
a B
- 2 () () e 051
tit+tz, —a n nsog=1

ti+ttz, =B

Using (9.60), (9.61) and |Proposition 9.8, Lebesgue’s dominated convergence theorem gives:

E [1n, M., 20 N PN
i L2 g 2 (L0 ) (G ) e
B M3, 20, L Cas 8 +/ i
| t1+Atz, =8
_ [ Pa+6(Zn)
=B e |-

Remark 9.12. We can do the same remarks of|Remark 9.7|and [Remark 9.8, but with { = o + .
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9.2 Exponential penalization

We now consider a penalization of the form st with s,¢ € [0,1]. Contrary to the
previous study, this function gives weight to trees with a small number of marks.
The case s = 1 has already been studied in [5].

To begin with, let us set for p > 1, s,t € [0, 1], ¢,(s,t) = E[sM*tZ]. For s € (0, 1) fixed, we
consider the function f, defined for ¢ € [0, 1] by

fo(t) = r(s,t) = Zp )t*(sa(k) + 1 — a(k)).

Proposition 9.11. We have:

wp(s,t) = fL(1), (9.62)
with fP = fo...o f is the p-th composition of f.
Proof. We prove this result by induction on p. For p = 1 we have, (s, t) = fs(t) = f1(¢).

Thus the assertion is checked.
Let p € N* such that ¢,(s,t) = f?(¢), we have:

<,0p+1(8,t) =K [SMPHtZPH} =E [SMerzZlMth%ZXW] =K [IE [ MI’SZMZ1 ZXW 40/\])]]
=B [s"E ["2]%] = o, (s,01(5,1)) = (5, /(1)
= F200) = 270,

That concludes the proof.
O

As fsis € on [0, 1), increasing, convex and satisfies 0 < f; < 1, f;(1) < 1, the function
fs admits a unique fixed point denoted «(s) on [0, 1]. Indeed:

Proposition 9.12. f has an unique fixed point on [0, 1], denoted by x(s).

Proof. We suppose the distribution of X satisfies (6.1). In the other case, 0 is a fixed point.
Since f; is increasing we have forall ¢ € [0, 1]:

0< £,(0) < £u(H) < fu(1) < 1

Let h(t) := fs(t) — ¢, since f;is C*°([0, 1]), it is the same for h. Moreover, h(0) = f;(0) —0 >0
and h(1) = fs(1) — 1 < 0, according to the intermediate value theorem, it exists x €0, 1],
such that h(z) = 0, thus fs(z) = x.

We suppose it exists two fixed points denoted by z; and x5, such that z; < z,, the case
xy < x is similar. Since f; is convex we can apply the "inégalité des pentes" to 71 < 23 < 1,
and since 5 < fs(1) < 1, we obtain:

< fs(1) —x < fs(1) — @

< 1.
- 1—1'1 - 1—1'2

Thereby z1 = 25 and f, has an unique fixed point. O
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Using the [Proposition 9.11, we obtain,

Lemma 9.4. Le s € (0, 1) we have:

vt €[0,1], lim E[s"t%] = lim fP(t) = k(s).

p—+o0 p—+00

Proof. fs is defined as follow:

>t ift€[0,k(s) |,
fs(t){ St it = (s)
<t ifte]r(s),1].

We define the sequence (uy,),en, such that ug € [0, 1] and u,+1 = f5(u,), then u,, = ¢, (s, up).
If ug = k(s), u, is stationary and the limit is x(s).
If up < k(s), then u,, € [0,x(s) [foralln € N.

Indeed, it is true for wy, if we suppose it il also true for u,, we have by increasing of f;

Unt1 = f(un) € [fs(uo), fs(r(5))[C [0, 5(s) [

By induction, it is true for w,;. Thereby, by definition of f;, we have u,+1 = fs(u,) > u,.
(uy) is increasing and increased, so it converges to ¢ € [ 0, x(s) |. When n goes to infinity in
Un+1 = fs(u,), we have f(¢) = {, thereby, by uniqueness of the fixed point, we have ¢ = x(s).

If ugp > k(s), then u,, €] (s),1] for all n € N. the proof is similar of the case uy < k(s)
Thereby, by definition of f;, we have u,+; = fs(u,) < u,. (u,) is decreasing and reduced, so
it converges to ¢ € [ 0, x(s) |. We have ¢ = k(s), in the same way of the preceding case.

That concludes the proof. O
1 ............................. : 1 .............................
f: 7.
01 k(s) 1 0| k(s) 1
(1) 2)

Figure 9.5 — Examples of the function f; and its fixed point «(s). Case p(0) > 0 (1) and case
p(0) =0 (2).

Note that x(s) = 0 if and only if p(0) = 0. Therefore, we must study separately the two
cases p(0) > 0 and p(0) = 0.
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9.2.1 Casep(0) >0

Theorem 9.11. 1. Let p be an offspring distribution satisfying (6.1)) and such that p(0) > 0, and
let q be a mark function satisfying (6.2). For every t € [0,1] and s € (0,1), for every n € N,
A, € %, we have:

E [Ln, sMmtwtZnen] . .
E s ntZer]  pome DA ()7 (9.63)

2. The probability measure Qs defined on (T*,.%) by
vneN, A, € . Qui(A,) =E [1a, s k()]
is the distribution of a MGW with reproduction-marking law p;  defined by :
Vk €N, Vn€{0,1}, pso(k,n) = polk,n)s"k(s)" (9.64)

where po(k,n) is defined by (7.9).
Proof. 1. Thanks to the branching property and (7.10), for p,n € N, we have:

E [sMrrtZnin| F,] = M [sMrgZr]) P = sMn (1) 20, (9.65)
As sMn fr(t)?» < 1, by dominated convergence theorem and according to ,
we obtain:
E [1,,sMrtrtZntr E [T, sM" fP(t)%n
e TE[sMeiZen] e [T() "

2. Let 751 be a MGW with the reproduction-marking law p,  defined on some probability
space (2, .o, P). According to (9.1)), to obtain our result, it suffices to prove that:

Vi e T, Vne N, Qi(r (7)) =ri(t7)) = P(r)(1s1) = 7 (t")).

Lett* = (t, (Mu)uet) € T*. As > (kyu(t)—1) = Z,(t*) — 1, we obtain our result since:

UErn_1(t)
P(T;(TS,I) =7, (t")) = H ps,O(ku<t>7nu(t))
UETH_1(t)
= JI polku(t),nu(t))s(s)k«® =" sm®
UETH—1(t)
* S k61
— Mal(t ),{(S)u@nﬂ(t) H po(ku(t), nu(t))
u€rn_1(t)

= ()P () = ()
= Qui(r(r) = 73 ().
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Remark 9.13. Note that , we already obtained this reproduction-marking law. Indeed, when we do
the conditioning with a change of measure in Section It is sufficient to consider s = cp and

0 = k(s) in (6.3).

Remark 9.14. By definition of ps (9.64), the greater the number of children, the lower the prob-
ability. Then contrary to Section which privilege trees with a large number of children and a
large number of marks. Here, we privilege trees with a less number of marks and a less number of
individuals.

As in [5], the previous penalization can be generalized by looking at the penalization
Hy(Z,)sMrt?» where H, is the (-th Hilbert polynomial defined for ¢ > 1 by

1 _
:0
Recall the definition of the set S; ;. of (9.29), for £k < i € N:
Sik = {(nl, ...,n;) € (N*)i,znj — k} .
j=1

Using Faa di Bruno’s formula, we have for any functions f, h of class ¢™*:
!

g Z Hh( ") (s zk:il!-f(i)(h(s)) > ) ( ml'?'mk )ﬁ <h(j)‘!(s))mj

,,,,, =1 mi+...+mp=1, J=1

= Z ( ml.l.g.mk ) f(ml+...+mk)<h<s)>1—[ (h(j).(s)>mj

!

= (fon) (s). 9.66)

We first need asymptotics for the derivatives of the p-th composition of f; as p tends to
infinity.

Lemma 9.5. Let p be an offspring distribution satisfying (6.1)), and that admits a moment or order
¢ € N*, and let q be a mark function satisfying (6.2). Then, for all s € (0, 1), there exists a positive
function Cy such that for all t € [0, 1]:

(DO)  ~  fils(s))Colt). (9.67)

p——+oo
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Proof. Note that f!(x(s)) € (0, 1) since f; is convex, increasing on [0, 1], f5(0) > 0 and by

(1) <1
To prove for ¢ = 1, we use a similar proof to that in [8] p.38. We study the function

Qp(t) := fi(k(s)) ™" (fE(t) — K(s)) - (9.68)

This function can be derived and we have:

: '<t - t ( ( SUF(D) 1))
D= Tt H AEOIE AV ACO)

We fix t € [0, 1] and show first that @}, (¢) admits a positive limit Q' (¢) when p goes to infinity.
The positivity is clear as f7(¢) € [0, 1) implying that f.(f/(¢)) > 0
The existence of this limit is equivalent to the convergence of the series with general term
a; = |fL(n(s)) — £ (D).
Lete > Obesuch that0 < k(s)+¢ < 1l and lety := fl(x(s) +¢) < 1. According to[Lemma 9.4
there exists jo such that forall j > 0, f7*0(¢) < x(s) +e. Let j € N. Since f? is increasing and
max(r(s), fI77°(t)) < k(s) + ¢, thanks to the mean value inequality, we have:

ajjo = 1fi(6()) = FLAT ()] < [k (s) +)l(s) — I (1)),
With the same arguments applied to f. and using the fact that f,(x(s)) = x(s):

[1(s) = FIH ()] < AT () = FITH(E)]-

o
By iteration, we obtain: a;;, < f”(k(s) + )77, since 0 < v < 1, we have Z a; < 4oo0.
=0

Therefore, f(,(ﬁ)(s) Q’ (t), implying (9.67) for ¢ = 1 with C4(t) = Q'(¢).

The proof is 51m11ar of the induction step of Lemma 3.2 in [5]. We assume that (9.67) is
true for all j < ¢ — 1. We use Faa di Bruno’s Formula (9.66), and we obtain:

(O (O ("
> = f (fo(t (9.69)
e G = P Z ) (Z)SH
Since for every 2 < i < ( and every (ni,...,n;) € Siy, n; < { for all j < i, we can use the
induction hypothesis:
P) : fi ' (T .
> OO Ly O prke. o
(n1,...,n4)€S; ¢ I=1 P (n1,...,n3)€S8; ¢ =1

with Kj a positive function.
and the continuity of f; 2 imply that
lim O (f2(1)) = f£(s(s))

p—+o00

forall j > 1.
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Moreover, since f!(x(s)) < 1, Equations and (9.70) imply that:

)
p+1)(£) P\ (£) (s i
({S;_+1>),(g) <( )),éz;) p%ioo ;f!(/{(s)) ( ( 2> KQ(t) ~ f;(/{(s))pK(t),

(@) poo
with K(t) a positive function.
Since 0 < fl(r(s)) < 1, we have on [0, 1]:

: (Y ( (O ) (/5 (t))
0 < Cu(t) == lim =2 = + : < Ho0.
Z( ) po+oo (fg) (t) ; P+1 (f?)/(t)
The previous result is equivalent to ( MY @) ~ Co(t) (f7) (t), and we conclude with the
p——+00
induction hypothesis and Cy(t) := C,(t)Cy(t). O

We can now show the results of the limit with the penalization function H,(Z,)s"rt#»~*

Theorem 9.12. Let p be an offspring distribution satisfying (6.1)) and that admits a moment of order
¢ € N*, and let q be a mark function satisfying (6.2). Let n € N A, e Z,te0,1and s € (0,1)
fixed, we have

E [1a, H(Zpip)sMmtrtZnir] sMn 7, k(s)%n 1
E[Hy(Znip)stmvtZoer] - portoo " SR

Proof. The proof is inspired by those of Theorem 3.3 in [5].
Let s € (0, 1) be fixed. Let p,n € N, according to (9.65) and Faa di Bruno’s formula (9.66),
we have for every t € [0, 1]:

Matp4Znsp—t s 9 z
E[H,(Z,)s" 0| 7,] = = o (£20)™)
M Zn—1i fp ("]
‘ ZH ey [[E0
(nl 7777 )esl/ ] 1
§Mn Z Hi(Z,) fP (1) %Ry (1). (9.71)

Applying (9.67), as 0 < f!(k(s)) < 1, we obtain for alli > 1 and ¢ € [0, 1], as tends to infinity,

Ri(t)
F(w(s))
for some strictly positive function ¢;. Thereby, using in (9.71), we get a.s.:

= ci(t) fo(k(s))") + o (fulr(s))PY) (9.72)

lim ]E[He(Zp+n>8Mp+ntzp+nie|ﬁn} — (t) MnZ ( )Zn—l'
P00 J'(k(s))P 4

Note that (9.72) implies the existence of a positive function C, such that, for all ¢ € [0, 1]:

max o) _
2% Pty = “0
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and since s < 1, fP(t) < 1 forall ¢ € [0, 1]:

E [Hg(Zp+n)3Mp+nth+n—€|yn] ¢

0< <C(t H;(Z,).
EO) (02 M)
As H;(Z,) is integrable, we have by dominated convergence:
- E[1p, Hy(Zyen)sMrtnt?rn ] ci(t) Zn—1
1 d —E|1 " e .
p—lgloo f(k(s))P E[ A8 Znsi(s) ] ©.73)

Note that, since in the case i = 1, there is only one term in R;(t), according to we
have ¢ (t) = Cy(t).
Furthermore, according to

E|H,(Z n MP+nth+n*£ p+n )\l
lim [He(Zpin)s ] ~ g YO f’(ﬁ:(S))ncl(t).
P f'(k(s))P p—rtoo 01 f'(k(s))P /!
We obtain our result taking taking the ratio of these two quantities. O

In order to describe the new probability Q; » defined on (T*,.%#) by:

sMn 7 k(s5)%n 1

fis(s)m ]

we need to introduce the following marked random tree:

VA, € Z,, Qs2(A,) =E |14, (9.74)

Definition 9.2. A special random marked tree is a multi-type random marked tree 7, » described as
follows:

— the nodes are normal or special;
— the root is special;
— the reproduction-marking law of a normal node is p o (see (9.64));

— the reproduction-marking law of a special node is

Ps,1(k,n) = Pso(k,n) )

— at each generation, conditionally on the number of individuals at that generation, there is a
unique special node chosen uniformly among all the individuals of this generation.

Remark 9.15. Contrary to the Kesten tree, here, the special node can be choose uniformly among all
the individuals. So there isn’t a special lineage.

Using the same arguments as in the proof of [Theorem 9.5, we have the following result:

Theorem 9.13. The probability Q » defined by (9.74) is the distribution of a special random marked
tree defined in
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9.2.2 Casep(0)=0

Henceforth, we consider the case where p(0) = 0 implying «(s) = 0. We denote by
r = min{j > 0; p(j) > 0} and a,(s) := p(r)(sq(r) + 1 — q(r)). We begin to give an
equivalent of in this case. It permits to prove the result about the penalization
with Hy(Z,)sMt%» =% for all k € N.

Lemma 9.6. Assume r > 2. For every { € N, every s € (0,1) and every t € (0, 1], there exists a
positive function K (t), such that, as p — +o0,

(F)O(#) = Kor(t)re™ (1 4+ o(1)), (9.75)
where
@)
_|_ —(J-H ( ) ]
Z ARy
Proof. The case ¢ = 0 is inspired by the proof of Lemma 10 in [17]. First, note that for all

€ (0,1],
fs@) =E [s"t7] <E[s"] = y(s) € (0,1).

fs being non decreasing, we have:

£2(t) => sy (s),

j>r

and with an obvious induction reasoning f7(t) < y(s)”" " for all p € N*,
Moreover, as for 0 < t < 1, fP(t) # 0, we can write:

) ayr(5)
v 9.76
SO~ e 079
implying:
f§+1(t) D CY];Hn(S) rp—1 Oéj+7-(5) . o1
0 e LSS (t) ; () S 7(s) ; ol As)"TCL (9.77)

As In(1 + u) < u for every nonnegative u, we have:

Fr1 (1) PO e
m(%(s)ﬁ’@))Sar(s)fﬁ’(t)’“ L) O

and therefore, b : (0, 1] — R is well defined since:

5 o () -t ()

p=>0 p>0

Using the telescopic property of the series:

i)~ i (J;j(l() ) Int+ Z . (fﬁ(;() )) - %m(fg’(t)).

Jjzp
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and

L (0N ) TR0

j%;rjﬂl (fs() )_1 " +]Z>;7’J+1 ( )fj())
_ ln(ozT(S))::pl L0 (:—py(s)f“) .
As a result:
in(72(0)) = 0(t) — D40 (3.

giving:

J2(8) = 0p(s) 7™ (1 + 0(1)) = K, o(t)e™ (14 0(1)). 9.78)

The result for ¢ = 1 is very similar to the previous one. As Z; € L', for all s € (0,1),
fs € €1((0,1]), and for t € (0,1], we have:

() (1) = (7Y @O LUFP@) = (7Y (0) D (r + foen fR(E)H L

Jj=0
This implies with (9.78):
)W) N D)
V= (O (®)rag(s) fE(t)r—1 —1= ; ru(s) fr(ey
Jj>1 T

where K| is a positive function. Using again that, for all u > 0, In(1 4 u) < u, we have:

S (paers ) <

p>0

Thanks to Equation (9.78), we have:

(') N (/7Y ()
ln<<f§’)’(t)mr(s)f§’(t)“1>IH+°°1 <(fs)()re’“” ”b(t))’
thereby, it gives:

fp-‘rl) fp+1 (t)r p—1—rPTb(t)
Zln< £)rer =D =>_In £)r—pe—r7b0) < 00

p>0 p>0

b(t) being telescopic, we have:

o (rp(egr?gg(t)) = b(t) - Z In ((fs) <(f;:€33 (T>1)b(t)) = b(t) + o(1), (9.79)

Jjzp
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and as a result: ~
(f7) (1) = et PO (1 4 0(1)), (9.80)

which is the claimed result for ¢ = 1 with K, := !t
We conclude the proof by induction on ¢: assume that there exists ¢ > 2 such that (9.75) is
true for j < ¢ and recall (9.69):

(SOM) (DO S 1 £ ()
e O

N4

For all 1 <14 < ¢, according to the induction hypothesis, there exists a positive function C; ,
such that:

> L Y0 g, gy, 9.81)

t”*i(ﬂ—!@.)!ar(s) +o(t""), ifi<r
ilay(s) 4+ o(1), otherwise.

Consequently, as f?(t) goes to 0 when p goes to infinity, using (9.81):

(@ () ot (r —=2)!

p+1)(0) (¢ P)(©) (¢ = . ! ol
(fs ) ( ) (fs) ( ) ~ rp(Z—l) Z _( p(t))rfl r O(T(S)O@s(t)er (i—r)b(t)
t
J4
+ P Z E!ai(s)C’m(t)erp(i_T)b(t)

~ e, ()00 (7") Koo(t) 7'Cio(t) =: K (t)r?*Y),
- [

where K, is a positive function.
Since 7! > 1, the series diverge and the partial sums are equivalent, which gives:

-1

(") (1) 3 ie-1) 0-1) 72

Yo 0 o ST R (), ~ DR (),
p——+00 = r ( ) " ( )

’ p—+00

and we conclude using (9.75) for ¢ = 1. O

Now we can state the second part of concerning the limit with the penaliza-
tion function H,(Z,)sMrt%~* for all ¢ € N when p(0) = 0.

Theorem 9.14. 1. Let p be an offspring distribution satisfying the two last properties of (6.1),
p(0) = 0 and which admits a moment of order { € N* and let q be mark function q satisfying

©2).
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Let r = min{k € N, p(k) > 0}. Let t € (0,1] and s € (0, 1) be fixed. We have for all n € N,
and all A,, € .F,,

E [T, He(Znyp)s"mrtPnir]
7 — E[1a,Bspnor] 9.82
E[Hg(Zn+p>SM”+Pth+p] p——+00 [ An ) 707] ( )

with

(")

My (8) ™ 7, ifr =1,
Bs,n,O,r - M .
srag(s) 1 g, ifr > 1

2. The probability measure Qs defined on (T*,.7) by
Vn € N7 An S yn; QS,O,T(An> =E []lAnBs,n,O,r] )

is the distribution of a reqular r-ary tree whose each node is marked, independently of each
others, with probability

sq(r) ,
sq(r) +1—q(r)

Proof. We only prove part (1). The proof of (2) follows the same lines as in the proof of
[Theorem 9.11] (2).

We begin with the case ¢ = 0 and r = 1. Using (9.65)), we obtain:

E [sMrirtZnin |7, sMufr(t)Zn M ()%
0< — < <
R St ad ey T ()

1
IR0 0.83)

since the mean value inequality, applied to fI' on [0, 1], gives:
FE() = I20) = £2(0) 2 (£2) (0)£2(8).

As 0 < (f1)(0) = E [sM1z,24] < 1, we can use (9.83) to apply Lebesgue’s dominated
convergence theorem and we just study the a.s. limit to obtain our results.

For r = 1, according to Lemma 10 in [8] and taking the notations in the proof of
we can define:

Q) = / L@@ e

such that ligl Q,(t) = Q(t) and Q) is a positive function.
p——+00

Since x(s) = 0, and thanks to the expression (9.68) we have

i ~  f(0)P
1)~ S0P, 0.84)
with f/(0) = E[s"14,_]. Thereby:
E SM"+ptZ"+p|ﬁn / —1)—n - 1 —n
I[E[SMnerther] ] bt oo SMnfs(())p(Zn 2 Q(t)zn ! 1:0 SMnfs(O) ]lanla

since s < 1, f1(0) < 1, giving us our result.
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Henceforth, we consider ¢ = 0 and > 1. According to (9.65) and [Lemma 9.6 we get:

M, Zn, Z Moy, Zn, —(r"=1)
E |:S +ptentp |¢/TL:| _ S ff(t) N SM"ar (Zn—l)e,r.nerb(t)(ZnT n_1) N SMn (T_l 1 lznzrn
E [sMn+pth+p] f;H_p (t) p—+o00 P—00
since b(t) < 0. To conclude this case, ensures that for p large enough:
1 P

2~ a, ($>,~_T11€pr(t) -2
implying that for p large enough, as Z,, > r™:

B [sVortor | ] s (), (3T e
]E[sMn+pth+p] - Sner(t) — n+p(t) §2(§) OéT(S)

thus we can apply dominated convergence.
Now, we suppose { > 1and r = 1. According to|Lemma 9.5} (9.71) and (9.84) we have:

Y

E[Hg(zn+p)8M"“’tZ"+p_£|y Z 7 fp (nj)
Hi(Za) 207 Y H
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¢
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p—r00 4 1z.-

The rest of the proof is the same as the one of [Theorem 9.12|as the following upper bound
remains true in our case:

E [Ho(Zyyp)sMmert?ntr=t| 7, ] ’
0< <0 H(Z
: 20y <02

Finally, we consider the case ¢ > 1 and r > 1. According to we have for every
1 <i</andevery (n,...,n;) € Sl-g,whenp — +o00:

> H U0 gt ),

(nl ~~~~~ ) Sz ¢J

with K;(t) a positive function, since all the terms in the sum are positive and of the same
order. According to (9.71) and (9.78), when p goes to infinity:
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where a,, is a positive constant. Note that for p large enough, as Z,, > r™:

an

E [He(Znan)SM"”tZ"”*qﬁ]

n i f
rPler™TPb(t) - Tpéer’“‘pb Z H fp( ) Z H

(nl ----- )ESZ VA J 1
M'n (_) Z H (t)’f’"—i

as Z,, € L. As aresult, Lebesgue’s dominated convergence theorem gives:

( 7777 GS[] 1

STRE0

=K []lAnsM"an]lZn:rn} .
The previous formula is true for n = 0 and Ay = T*, consequently:

E [y, Ho(Zy )Mot Zntn=]

a
lim =FE |1y sMr ™21, _ | = E[1, s r b1, _n].
. _ . . . —(r"-1)
Since sM»r—"b, 1, _.» is a martingale with mean 1, b,, = ra,.(s) 1 . O
nilZ, n

9.2.3 Cases =0

For the sake of completeness, we consider the case s = 0, that is we penalize by the
quantity
Ho(Zp) Lo, —ot™.
As the proofs are very close to that of the previous sections, we only state the main results
and give some ideas for the proofs.
Here, we introduce ¢(t) := E [1,,-0t?*], 7 := min{j > 0; p(j)(1 — q(j)) > 0} and & the
smallest positive fixed point of .

We begin with the case 7 = 0, where 0 < & < 1 and we obtain:

Theorem 9.15. Let p be an offspring distribution satisfying (6.1) that admits a moment of order
¢ € N* and let q be a mark function satisfying (6.2) such that ¥ = 0, and let t € (0, 1]. We have for
alln € N, A, € &,

E []lAn HZ(Zn—&—p)]aner:OtZHﬂ)} E [ﬂAnBO,n,l] ) lfﬁ =0

R 9.85)
E [H(Znsp) Lty i p=otZriv]  poroo E 1, Bons), otherwise,

=Z
n’f n

o 2 Zp—1 . !
where BO,n,l =K ]an:Q and B()m,g T AT ]an:().

The proof of this result is based on that of [ITheorem 9.11| and [Theorem 9.12, and the
following asymptotic behavior:

vt e [0,1], W) O(t) ~ W(R)PCu(t). (9.86)

p—+00

where C} is a positive function (the proof is similar to that of [Lemma 9.5).
Under the probability Qo ; defined on (T*,.%) by Qo :(A,) = E[1La, By, for:
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— 1 =1, 7" isa MGW with the reproduction-marking law:
po.(k,n) = po(k, MR*0y0:

— 1 =2, 7" is a two-typed random marked tree, there are normal and special nodes. The
reproduction-marking law of the normal ones is p,; and the special ones’ is:

/{/‘Iik 1

p072(k7 7)) po(]{? 77) 77Z) (H) 67707

and at each generation, there is a unique special node chosen uniformly among all the
individuals of this generation.

Henceforth, we consider the case 7 > 1. We begin to present a lemma similar to
for the case 7 > 1.

Lemma 9.7. Suppose 7 > 2. For every { € N, and every t € (0, 1], there exists a positive constant
K,(t), such that

@) Ot) = Ko(t)r"e™ (1 + o(1)),

w0-Ereon(5)

Thereby we obtain the following theorem:

where

Theorem 9.16. Let p be an offspring distribution satisfying the two last points of (6.1)) that admits
a moment of order { € N*, and let q be a mark function satisfying (6.2) such that ¥ > 1, and let
t € (0,1]. We have foralln € N, A,, € F,,:

E [1a, He(Znsp) Lat, ot 7] Ellapo(l O)i}nMT)O’Z"I] 7 fr=1

— e
E [Hg(Zn+p)]1Mn+p:0tZ”+P] p—+o00 E ]lAﬂpo(T 0) ]an—O Zn=7" | 5 lfT > 1.

The probabilities obtained with these martingales are Dirac masses at 7-ary regular trees
with no marks.
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Chapter 10

Conclusion

The conditioning of Galton—-Watson trees began in 1986 and has since evolved, becoming
increasingly general. It was observed that conditioning on the number of leaves or the total
number of individuals could be reduced to conditioning on the event "the number of indi-
viduals whose number of offspring belongs to a certain set A". This type of conditioning
can be interpreted as marking individuals depending on whether their number of children
belongs to A or not, and then conditioning on the number of such marks in the tree.

The natural next step was to introduce some randomness in determining which individ-
uals would be of interest. In other words, knowing that an individual has % children, with
k € N, does not necessarily determine whether that individual is marked. To address this,
we introduced a function q : N — [0, 1] that gives the probability that an individual with k
children is marked.

One of the goals of my thesis is to characterize local convergence under conditioning on
the number of marks(g).

I began by investigating the distribution of a MGW conditioned to have a large number
of marks. Assuming that the offspring distribution has a finite second moment, we obtain,
in the critical case, local convergence towards a marked Kesten tree. This tree is itself a
Galton-Watson tree conditioned on non-extinction, with an infinite lineage. Consequently,
it is infinitely large.

I considered the sub-critical case, still with the hypothesis of moment of order 2. We can
distinguish two cases. The generic case, there is a critical biased law, depending of the initial
reproduction-marking law, such that we obtain a local convergence into a marked Kesten
tree with the biased reproduction law and the biased marking function. The non-generic
case, it is not possible to make a link with the critical case. According to the study, in the
deterministic case, of Abraham and Delmas [6], the expected result was a local convergence
into a marked condensation tree. Contrary to the Kesten tree, this one has an infinite height
and it is infinitely large. Indeed, one of the node of the special lineage can have an infinity of
offspring. However, to obtain this local convergence, with marked Galton-Watson trees, it is
necessary to understand how we mark the "infinity node". That is why, it was necessary to
add additional hypothesis on the mark function and on the offspring distribution. Assuming
that the reproduction law is a-stable and the marking function admits a finite limit at infinity,
we obtain a local convergence towards a marked condensation tree.

Thanks to these results, I completed the one obtained by Abraham, Bouaziz and Delmas
[2]. Indeed, in the sub-critical case, conditioning to have a large number of marks, a generic
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GW converges to a Kesten tree with a biased reproduction law and a non generic GW con-
verges to a condensation tree. Contrary to the results of [2] obtained with only a moment of
order 1, we need to add a moment of order 2 on the offspring distribution. Unfortunately,
we did not obtain a general result in the non-generic sub-critical case. However, we conjec-
ture that similar results can be obtained. To achieve this, we need more general results on
local probabilities of randomly indexed sums.

Another way of getting a tree with an "abnormal" number of marked vertices is to make
a change of measure via a Girsanov transformation with a martingale which gives more
weight to trees with a large number of marks or with a very small number of marks. Thereby,
we can generalize conditioning to have an abnormal number of marks, by penalizing our
MGW by its number of marks (9).

The first penalization function used is the following ¢ (Z,, M,) = M2 Z?, with o, 5 € N,
then we assume that the offspring distribution admits a moment of order o + 3. The case
a = 0 was already treated in [5]].

I began with the case 3 = 0 and described the MGW's behavior under the new measure
of probability, defined thanks to the obtained martingale. In the critical case, the behavior
of the MGW under the new probability is the same of a marked Kesten tree. In the super-
critical case, the behavior is described by a multi-type tree, see [5], marked with the same
mark function q. Contrary to the two preceding cases, the sub-critical case wasn’t already
know. The difficulty was to interpret the obtained martingale to describe the trees under the
new measure of probability. Thereby, we need to introduce the notion of mass (9.1.1), the
obtained tree is a multi-type tree, where all type have an associated reproduction-marking
law. In other words, the individual obtains its mark and its number of children at the same
time. Since the mass is in reproduction-marking law, we lose the independence between the
generation and the tree obtained is not a MGW.

After that, I was interested by the case a, 5 € N*. In the sub-critical and critical cases,
we obtain the behavior of a marked Kesten tree and in the super critical case, we obtain the
same multi-type marked tree describe in [5], with the same mark function q.

This penalization function privileges trees with a large number of marks. We decided, to
consider a penalization which makes weight on tree with a less number of marks. For that,
I consider the function ¢ (Z,, M,) = H,(Z,)s"*t?, with s,t € (0,1) and Hy, the ¢-th Hilbert
polynomial, assuming the offspring distribution admits a moment of order /. We distinguish
different cases, depending of the fact that we have a probability positive or not for to have
0 children. If the probability to have any children is strictly positive, then we can obtained
two types of trees. If / = 0, we obtain a MGW with a marking-reproduction law defined
thanks to the initials marking et reproduction law. Otherwise, ¢ > 0, we obtain a multitype
tree with two types. The marking-reproduction law of the normal nodes is the same of the
preceding case, the one of the special nodes is biaised. Contrary to the Kesten tree, there
isn’t special lineage and at each generation the special node is chosen uniformly among all
the individual of the generation. In the case where the probability to have any children is
null, we obtain a r-ary marked tree, with r the smallest integer such that the probability to
have r children is positive. We also considered the case where s = 0, we obtained similar
trees with the condition we had any marks.
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Sonia Boulal
Conditionnement et pénalisation d’arbres de Galton-Watson marqués

Résumé :

Le processus de Galton-Watson est un modele tres simple d’évolution de population ot chaque individu se reproduit aléatoirement et
indépendamment de tous les autres selon une méme loi fixée. Il est connu que dans le cas o1 le nombre moyen d’enfants par individu est
inférieur ou égale a 1 ( sous-critique ou critique), la population s’éteint en temps fini presque stirement. Certains auteurs ont décrit cette
population (ou plutdt I'arbre généalogique associé) lorsqu’elle est anormalement grande et ont mis en évidence 1'événement exceptionnel
permettant d’obtenir ce comportement particulier. D'un point de vue mathématique, cela consiste a conditionner la loi de I’arbre T par un
éveénement de la forme { A(T') = n} ot A est une fonctionnelle de I’arbre T" (par exemple, A(T') est la derniére génération survivante, ou
bien le nombre total d’individus dans la population,...) et & regarder la limite (en loi) lorsque n tend vers l'infini.

Dans un récent travail, Abraham, Bouaziz et Delmas ont considéré d’autres types d’éveénements faisant intervenir une source d’aléa
supplémentaire. Dans leur article, chaque individu est marqué aléatoirement avec une probabilité dépendant de son nombre d’enfants. Ils
ont conditionné par 1'évenement "Le nombre d’individus marqués est égal a n". En utilisant des techniques similaires aux cas classiques, ils
ont obtenu la limite en loi de I'arbre conditionné dans le cas critique. Une partie de ma thése poursuit ce travail pour obtenir des résultats
dans le cas sous-critique. Ainsi, j’ai pu décrire la limite en loi de 1’arbre marqué dans les cas critique et sous-critique, sous certaines
conditions de régularité concernant la loi de reproduction et la loi de marquage.

Une deuxiéme partie de ma these consiste a considérer une autre fagon d’obtenir des arbres avec un nombre anormal de sommets
marqués. Une technique possible est de faire un changement de mesure via une transformation de Girsanov avec une martingale. Afin
de trouver une telle martingale, nous avons utilisé une méthode générale appelée pénalisation qui a été introduite par Roynette, Vallois et
Yor en 2006 pour le mouvement Brownien. J'ai adapté cette technique dans le cadre des arbres discrets. En effet, j’ai biaisé la loi de 1’arbre
par une fonction du nombre de marques, qui soit les favorise, soit les défavorise, et j’ai décrit I'’arbre obtenu sous cette nouvelle loi. J'ai
traité les trois cas possibles, sous-critique, critique et sur-critique (le nombre moyen d’enfants par individu est strictement supérieur a 1).
Dans les deux derniers cas, j'obtiens des arbres limites déja connus, tandis que dans le premier cas, je décris un nouvel arbre, que 1'on
nommera "arbre & poids". Ce dernier est un arbre multi-type marqué, caractérisé par une notion de masse se transmettant de génération
en génération. Il faut noter que, cet arbre n’est pas un arbre de Galton-Watson marqué.

Mots clés : Arbre de Galton-Watson marqué - Pénalisation - Transformation de Girsanov - Comportement asymptotique - Arbres aléatoires

- Conditionnement

Conditioning and penalization of marked Galton-Watson trees

Abstract :

The Galton—-Watson process is a very simple model of population evolution where each individual reproduces randomly and indepen-
dently of all others according to the same given distribution. It is well known that in the case where the average number of offspring per
individual is less than 1 (sub-critical or critical case), the population becomes extinct in finite time. Many authors have focused on the des-
cription of this population (more precisely, the genealogical tree associated with it) under the condition that it reaches an abnormally large
size. From a mathematical point of view, this consists in conditioning the distribution of the tree T' by some event of the form {A(T") = n}
where A is a functional of the tree T' (for instance, A(T') is the height of the last surviving generation, or the total number of individuals
in the population,...) and to study the limit (in distribution) of the tree when n tends to infinity.

In a recent paper of Abraham, Bouaziz and Delmas, the authors explored alternative types of conditioning involving an additional source
of randomness. In their paper, each individual is randomly marked with a probability depending on their number of children. They then
conditioned the tree on the event "The number of marked individuals is equal to n". By adapting techniques from the classical framework,
they obtained the limiting distribution of the conditioned tree in the critical case. Part of my PhD research extends this work to the sub-
critical regime. Rather than studying the limiting distribution of the tree T', my focus is on the marked tree with its marks, allowing me to
describe its asymptotic behavior in both critical and sub-critical cases. These results were obtained under certain regularity assumptions
on both the offspring distribution and the marking mechanism.

The second part of my thesis investigates a different approach to generating trees with an unusual number of marked vertices. One
natural method is to perform a change of measure using a martingale, through a Girsanov-type transformation. To find such a martingale,
I used a general method called penalization, introduced by Roynette, Vallois, and Yor in 2006 for Brownian motion. I adapt this method
to the discrete tree setting by biasing the distribution of the tree according to a function of the number of marks, either favoring or
disfavoring them, and then analyzing the obtained trees under this new probability measure. I treated all three regimes : sub-critical,
critical, and supercritical (where the average number of offspring per individual exceeds 1). In the critical and supercritical cases, I
recovered known limiting objects. In contrast, the sub-critical case led me to identify a new limiting structure, which I refer to as the
"weighted tree". This is a multi-type marked tree, characterized by a notion of mass that is transmitted from one generation to the next.
Note that, it does not correspond to a marked Galton-Watson tree.

Keywords : Marked Galton-Watson tree - Penalization - Girsanov transformation - Asymptotic behavior - Random trees - Conditioning
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